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Abstract 
A natural approach to solve resource allocation problems is to model them as cooperative games. In this paper, 
a solution concept of cooperative game theory is used for solving resource allocation problem in cloud computing. 
After the presentation of some basic definitions, the focus will be on the nucleolus, a well-known single-valued 
solution to cooperative game theory that is a stable allocation for players belonging to a coalition that no player 
has any intensive to deviate from it and form a different coalition. Then, we introduce the cloud cooperative game 
that allows us to model coalitions and investigate the stability of coalition structures. 
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1. Introduction
Cooperative game theory studies situations involving multiple players who can cooperate and take joint

actions in a coalition to increase their wealth. Von Neumann and Morgenstern [4] who were the originators of 
multiperson cooperative games proposed the first solution concept for such games known as the stable set. In 
1953, Gillies [1] introduced the concept of core as the set of all undominated payoffs (i.e., imputations) to the 
players satisfying rationality properties. Also in 1953, Shapley [8] wrote three axioms which would capture 
the idea of a fair allocation of payoffs and developed a simple, analytic, expression to calculate the payoffs. 
Shapley value can be computed easily by using a formula regardless of whether or not the core is empty. 
However, when the core is non-empty, Shapley value may not be in the core and under some conditions the 
allocation scheme in terms of Shapley value may result in an unstable grand coalition [2]. 
An alternative solution concept known as the nucleolus was introduced by Schmeidler [9] in 1969 who 
proposed an allocation scheme that minimizes the “unhappiness” of the most unhappy player. It was shown by 
Schmeidler [9] that if the core for a cooperative game is non-empty, then the nucleolus is always located 
inside the core and thus assures the stability of the grand coalition [2]. 
Clouds are large-scale distributed computing systems built around concepts such as computing as utility, 
virtualization of resources, on demand access to computing resources, and outsourcing computing services 
[10]. These concepts have positioned the clouds as an attractive platform for businesses enabling them to 
outsource some of their IT operations [5]. Cooperating cloud resources can be a solution for interoperability 
among multiple clouds, enabling the formation of a pool of resources used for providing on demand services. 
Virtualization is a major breakthrough enabling cloud providers to abstract the physical infrastructure, and to 
hide the complexity of underlying resources. They create a pool of virtualized resources which are offered to 
users as different types of virtual machine (VM) instances [3]. 
The primary requirements for forming coalitions of cloud providers are discussed by Rochwerger et al. [7]. In 
order to support these requirements, Rochwerger et al. [6] introduced the Reservoir (resources and services 
virtualization without boundaries) model which allows two or more cloud providers to pool their resources 
together in order to provide services as a coalitional cloud. However, Reservoir does not provide any 
mechanism for forming cloud coalitions. Buyya et al. presented the vision, challenges, and architectural 
elements of coalitional cloud computing environments. Their proposed framework supports scaling of 
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applications across multiple cloud providers. Celesti et al. introduced a cloud architecture that allows a cloud 
to build a coalition with other clouds. Goiri et al. provided models that assist a cloud provider in making 
decisions on forming coalitions with public clouds in order to maximize its profit. 
In this paper, formation of cloud coalition is modeled as a cooperative game, where cloud providers decide to 
form a coalition for allocating VMs dynamically based on users’ requests. The cloud coalition aim is to 
maximize the total profit obtained by serving the users’ requests. 
 
2. Preliminaries 
    In this section, some basic definitions and concepts of cooperative game theory are presented. 
Basic definitions 
Definition 1: An n-person cooperative game with transferable utility in characteristic function form is a pair 

,N v , where 1, 2,...,N n is the set of players and the characteristic function : 2Nv R  provides the 
worth or utility of subset (i.e., coalition) C N  which satisfies ( ) 0v . The characteristic value of the 
coalition C , denoted by (C)v , is the payoff that all players in the coalition C  can jointly obtain. 
 
Definition 2: An imputation is a payoff vector 1 2, ,..., nx x x x  satisfying: 

i)  x (i)i v , i N , and 

ii) x ( )i

i N

v N . 

Condition (i) guarantees that the profit obtained by each player participating in the grand coalition ( N ) is not 
less than its profit obtained by acting alone (called individual rationality). Condition (ii) ensures that the entire 
profit of the grand coalition is divided among all players (called collective rationality or Pareto efficiency). 
 
Definition 3: The core is a set of imputations satisfying x ( )i

i C

v C , C N . That means, the profit of 

any coalition is not greater than the sum of the payoffs of its participating cloud players in the grand coalition 
(called individual rationality). The existence of a payoff vector in the core shows that the grand coalition is 
stable. 
 
Definition 4: The excess of coalition C  at imputation x  is defined as 
 

e(C, x) v(C) .i

i C

x  

We take this number as the complaint that coalition C  has against the imputation .x  
 
Definition 5: The nucleolus solution is defined as an imputation 1,..., nx x x  such the excess of any 
possible coalition C  cannot be lowered without increasing any other greater excess. With this definition, we 
find that the nucleolus of a cooperative game is a solution concept that makes the largest unhappiness of the 
coalitions as small as possible, or, equivalently, minimizes the worst inequity. 
To find the nucleolus solution we first reduce the largest excess max , ,e C x C N  as much as 
possible, then decrease the second largest excess as much as possible, and continue this process until the 
imputation x  is determined. 
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3. Cloud cooperative game
    In this section, we provide an example of cloud cooperative game ,N v  as a cooperative game with 
transferable utility, where each cloud provider in N  is a player in the game, and v  is the characteristic 
function on coalition C N that is the profit obtained when the cloud providers of C  cooperate as a 
coalition and the nucleolus as its stable solution is obtained based on the following lemma. 
 
Lemma: The nucleolus solution 1 2 3, ,y y y y  of a three-player cooperative game in characteristic function 
form is computed as 
 

(123) ( ) ( ) 2 ( ) , , , 1, 2,3 . (1)
3i

v v ij v ik v jk
y i j k and i j k  

 
Proof: Since we shall minimize the excesses of all possible coalitions to find the nucleolus solution, we first 
compute these excesses at an imputation 1 2 3, ,x x x x  as follows: 
 

1 2 3

, ( ) , 1, 2,3, (2)

, ( ) ( ) (123) , , j, k 1, 2,3 j k, (3)

123, (123) 0. (4)

i i

i j k

e i x v i x x i

e ij x v ij x x v ij v x i and i

e x v x x x

 

 
Regarding to the collective rationality assumption, we have 123, 0e x  in (4) and this assumption is then 

used to find the equalities in (3). The maximal excess is one of 12,e x , 13,e x and 23,e x . So , in order 
to minimize the maximal excess to find the nucleolus solution, we should change the imputation 

1 2 3, ,x x x x  to minimize the maximum of 12,e x , 13,e x and 23,e x . Without loss of generality, 

we assume that 12,e x  is the maximum. Then we reduce the value of 3x  and increase the values of 1x  and 

2x . But this raises the excesses 13,e x and 23,e x . As a result, 12,e x  must be equal to the maximum 

of 13,e x  and 23,e x . For example, if 12, 13, 23,e x e x e x , we can then reduce the values of 

2x  and 3x  but increase the value of 1x to make both 12,e x  and 13,e x  smaller. But this increases the 

excess 23,e x . So, the minimization process terminates only when 12,e x , 13,e x  and 23,e x  are 

equal. Therefore, by solving equations (3), the nucleolus 1 2 3, y , yy y  is computed as (1).    
 
Example: Consider a cloud cooperative game with three cloud providers 1, 2,3N  and  characteristic 

values as 42v N , 12 20v , 13 30v , 23 40v and 0 ,v i i N . 
 
Using the relation (1), we find the nucleolus solution as 4,14, 24y . Regarding to the definition of 
nucleolus and its mentioned properties, this is a stable resource allocation. 
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4. Conclusion 
    In this paper, we applied nucleolus solution as a stable allocation and presented a lemma for solving the 
resource allocation problem in cloud computing. Based on the obtained results, no cloud provider has any 
intensive to deviate from the nucleolus allocation and form a different coalition. 
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