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Abstract—This study presents a new two dimensional (2-D) 

direction of arrival (DoA) estimation method. In the proposed 

method, an L-shaped array with non-uniform subarrays is 

used. By vectorizing of the covariance matrices of the subarrays 

along x and z axes, two new vectors are obtained. Using these 

vectors, two covariance matrices with Toeplitz structure are 

constructed. Applying the MUSIC algorithm to each Toeplitz 

covariance matrix, the azimuth and elevation angles of sources 

are estimated independently. To perform pair matching of the 

estimated angles, an extended vector can be obtained by 

concatenating the received signal vectors. By Eigen 

decomposition of the covariance matrix of the extended signal 

vector, the estimated azimuth and elevation angles are paired. 

Simulation results reveal that the proposed method improves 

the estimation accuracy of 2-D DoA estimation, and it can pair 

the azimuth and elevation angles with high probability of 
correct matching. 
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I. INTRODUCTION 

Two dimensional (2-D) DoA estimation is a fundamental 
problem in array signal processing, which has attracted 
attention in recent years due to its wide applications in various 
areas, including radar, sonar, source localization, 
communications, etc. [1]–[5]. Many geometrical arrays, such 
as L-shaped array [6], [7], circular array [8], [9], and 
rectangular array [10], [11] have been presented for 2-D DoA 
estimation.  

Numerous algorithms, such as MUSIC [12], ESPRIT 
[13], and JSVD [14], have been proposed for DoA estimation, 
which can be applied to the received signal vector of an L-
shaped array. Thus, the L-shaped array has attracted more 
attention in 2-D DoA estimation. The most existing methods 
for 2-D DoA estimation using an L-shaped array are based on 
the uniform linear subarrays. To increase the number of 
resolvable sources and to achieve high estimation accuracy, 
the number of antennas must be increased. Therefore, the 
computational complexity and hardware cost will be 
increased. 

Nowadays, non-uniform linear arrays have attracted 
considerable attention due to the capability to reduce mutual 
coupling, enhancement of the estimation accuracy, and 
increasing the degree of freedom (DoF). The nested arrays 
[15] and the co-prime arrays [16] are two important classes of 
the non-uniform linear arrays. In [17], a 2-D DoA estimation 
method using an L-shaped array with two-level nested 
subarrays has been proposed. Using the cross-correlation 
matrix of the subarrays, the signal subspace is divided into two 
extended signal subspaces, and the azimuth and elevation 

angles are estimated independently. Also, a pair matching 
method for estimated azimuth and elevation angles has been 
presented, which are not suitable for the case that two or more 
sources have the same elevation or azimuth angles. 

In this paper, a new 2-D DoA estimation method is 
presented. In the proposed method, two covariance matrices 
with Toeplitz structure are constructed using the received 
signal vector of the subarrays. Azimuth and elevation angles 
of the sources are estimated by applying the MUSIC algorithm 
to the obtained matrices. Then, a new vector is constructed by 
concatenating the received signal vector of two subarrays. 
Using the Eigen decomposition of the covariance matrix of 
this vector, the estimated azimuth and elevation angles are 
paired. 

The paper is arranged as follows. In section II, the system 
model is introduced. The proposed 2-D DoA estimation 
method is described in section III. The proposed method for 
pair matching of the estimated azimuth and elevation angles is 
presented in section IV. In section V, simulation results are 
demonstrated. Finally, we conclude the paper in section VI. 

II. SYSTEM MODEL 

Consider an L-shaped array consists of two non-uniform 
linear subarrays on the x and z axes, as shown in Fig. 1. The 
antennas of the subarrays are located in the set of positions 

𝒮𝑥 = {𝛼1 , 𝛼2, … ,𝛼𝑀𝑥
}𝑑𝑥  and 𝒮𝑧 = {𝛽

1
, 𝛽

2
, … ,𝛽

𝑀𝑧
} 𝑑𝑧. 

The spacing unit between antennas in both subarrays is equal 

to half-wavelength, i.e. 𝑑𝑥 =  𝑑𝑧  =  𝜆/2. 

Assume that the 𝐾 narrowband signals are impinging on 
the array form the distinct directions. The direction of the k-th 

signal is (𝜃𝑘 , 𝜙𝑘), where 𝜃𝑘 denotes the azimuth angle and 𝜙
𝑘
 

is the elevation angle. The received signal vector of the two 
subarrays can be represented as follows: 

 𝐱(𝑡) = 𝐀𝑥(𝜽)𝐬(𝑡)  + 𝐧𝑥(𝑡) 

 𝐳(𝑡) =  𝐀𝑧(𝝓)𝐬(𝑡)  + 𝐧𝑧(𝑡) 

where 𝐬(𝑡)  =  [𝑠1(𝑡), 𝑠2(𝑡), … , 𝑠𝐾(𝑡)]𝑇 is the signal vector, 

𝐧𝑥(𝑡) and 𝐧𝑧(𝑡) are the noise vectors of the x and z axes. Also, 

𝐀𝑥(𝜽)  and 𝐀𝑧(𝝓)  are the steering matrices along x and z  

axes. The k-th column of 𝐀𝑥(𝜽) and 𝐀𝑧(𝝓) are defined as  

 𝐚𝑥(𝜃𝑘) =  [𝑒𝑗𝜋𝛼1 𝑐𝑜𝑠 𝜃𝑘 , … , 𝑒𝑗𝜋𝛼𝑀𝑥 𝑐𝑜𝑠𝜃𝑘]
T
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Fig. 1.  L-shaped array with non-uniform linear subarrays. 



 𝐚𝑧(𝜙𝑘) = [𝑒𝑗𝜋𝛽1 𝑐𝑜𝑠𝜙𝑘 , … , 𝑒𝑗𝜋𝛽𝑀𝑧 𝑐𝑜𝑠𝜙𝑘]
T
 

The covariance matrices of 𝐱(𝑡)  and 𝐳(𝑡)  can be 
represented as follows: 

 𝐑𝑥 =  𝐸{𝐱(𝑡)𝐱H(𝑡)}  =  𝐀𝑥(𝜽)𝐑s𝐀𝑥
𝐻(𝜽) + 𝜎2𝐈𝑀𝑥



 𝐑𝑧 =  𝐸{𝐳(𝑡)𝐳H(𝑡)}  =  𝐀𝑧(𝝓)𝐑s𝐀𝑧
𝐻(𝝓) + 𝜎2𝐈𝑀𝑧



where 𝐑𝑠  =  𝐸{𝐬(𝑡)𝐬𝐻(𝑡)} and 𝜎2  denotes the variance of 

noise. Also, 𝐈𝑀𝑥
 and 𝐈𝑀𝑧

 are identity matrices. In practice, the 

covariance matrices can be estimated using 𝑁 snapshots of the 
received vectors as follows [18]: 

 �̂�𝑥   =
1

𝑁
 ∑ 𝐱(𝑡)𝐱H(𝑡)𝑁

𝑡=1  

 �̂�𝑧   =
1

𝑁
 ∑ 𝐳(𝑡)𝐳H(𝑡)𝑁

𝑡=1  

III. PROPOSED 2-D DOA ESTIMATION METHOD 

In this section, a new 2-D DoA estimation method is 
presented. By vectorization of the covariance matrices of two 
subarrays, the following vectors can be obtained as follows: 

 𝐲𝑥  =  vec(𝐑𝑥)  = 𝐁𝑥(𝜽)𝐩 + 𝜎2vec(𝐈𝑀𝑥
) 

 𝐲𝑧  =  vec(𝐑𝑧)  = 𝐁𝑧(𝝓)𝐩 + 𝜎2vec(𝐈𝑀𝑧
) 

where ⊗  stands for the kronecker product, 𝐩 =
[𝑝1, 𝑝2, … , 𝑝𝐾]𝑇 is the signal power vector and 

 𝐁𝑥(𝜽) = [𝐚𝑥
∗ (𝜃1) ⊗ 𝐚x(𝜃1), … , 𝐚𝑥

∗ (𝜃𝐾) ⊗ 𝐚𝑥(𝜃𝐾) ] 



 𝐁𝑧(𝝓) = [𝐚𝑧
∗(𝜙1) ⊗ 𝐚𝒛(𝜙1), … , 𝐚𝑥

∗ (𝜙𝐾) ⊗ 𝐚𝑥(𝜙𝐾) ] 

                                                                                          (12) 

𝐲𝑥 and 𝐲𝑧 are equivalent to the received signal vectors of 
two linear arrays with 𝑀𝑥

2  and 𝑀𝑧
2  antennas with the set of 

positions: 

 𝒟𝑥 = {(𝛼𝑚  − 𝛼𝑛)
𝜆

2
, 1 ≤  𝑚, 𝑛 ≤  𝑀𝑥} 

 𝒟𝑧 = {(𝛽𝑚  − 𝛽𝑚  )
𝜆

2
, 1 ≤  𝑚, 𝑛 ≤  𝑀𝑧} 

Considering the distinct elements of 𝒟𝑥  and 𝒟𝑧 , two 
uniform linear arrays with the following measurement vectors 
will be obtained [19]: 

 𝐫𝑥  ≜  𝐉𝐲𝑥 = �̃�𝑥(𝜽)𝐩 + 𝜎2𝐞𝑥 

 𝐫𝑧  ≜  𝐉𝐲𝑧 = �̃�𝑧(𝝓)𝐩 + 𝜎2𝐞𝑧 

where 𝐉𝑥  and 𝐉𝑧  are two selection matrices with the size of 

(2𝛼𝑀𝑥
+ 1) × 𝑀𝑥

2 and (2𝛽𝑀𝑧
+ 1) × 𝑀𝑧

2, 𝐞𝑥 and 𝐞𝑧  are two 

vectors with the length of 2𝛼𝑀𝑥
+ 1  and 2𝛽𝑀𝑧

+ 1 , 

respectively. The k-th column of �̃�𝑥(𝜽)  and �̃�𝑧(𝝓)  are 
defined as: 

 �̃�𝑥(𝜃𝑘) =  [𝑒−𝑗𝜋(𝛼𝑀𝑥−𝛼1) cos𝜃𝑘 , … , 𝑒𝑗𝜋(𝛼𝑀𝑥−𝛼1) cos𝜃𝑘]
𝑇
   



 �̃�𝑧(𝜙𝑘)  =  [𝑒−𝑗𝜋(𝛽𝑀𝑧−𝛽1)cos 𝜙𝑘 , … , 𝑒𝑗𝜋(𝛽𝑀𝑧−𝛽1) cos𝜙𝑘]
𝑇




The m-th element of 𝐫𝑥 and 𝐫𝑧 can be represented as follows: 

 𝑟𝑥(𝑚) = ∑ 𝑝𝑘
𝐾
𝑘=1  𝑒𝑗𝜋 𝑚𝑐𝑜𝑠𝜃𝑘 + 𝜎2𝑒𝑥,𝑚 , − 𝛼𝑀𝑥

≤ 𝑚 ≤ 𝛼𝑀𝑥



 𝑟𝑧(𝑚) = ∑ 𝑝𝑘
𝐾
𝑘=1  𝑒𝑗𝜋 𝑚𝑐𝑜𝑠𝜙𝑘 + 𝜎2𝑒𝑧,𝑚 , − 𝛽𝑀𝑧

≤ 𝑚 ≤ 𝛽𝑀𝑧



where 𝑒𝑥,𝑚 and 𝑒𝑧,𝑚 are defined as: 

 𝑒𝑥,𝑚 = {
1,      𝑚 = 0
0,      𝑚 ≠ 0

 

 𝑒𝑧,𝑚 = {
1,      𝑚 = 0
0,      𝑚 ≠ 0

 

Based on (19) and (20), the following relationship can be 
obtained [20]: 

𝑟𝑥t(𝑚,𝑛) ≜ 𝐸{ 𝑟𝑥(𝑚)𝑟𝑥
∗(𝑛)} = 

(∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜃𝑘 + 𝜎2𝑒𝑥,𝑚
𝐾
𝑘=1 )(∑ 𝑝𝑙𝑒

−𝑗𝜋𝑛𝑐𝑜𝑠𝜃𝑙𝐾
𝑙=1 +

𝜎2𝑒𝑥,𝑛)
∗
= ∑ 𝑝𝑙𝑒

𝑗𝜋𝑛𝑐𝑜𝑠𝜃𝑙𝐾
𝑙=1 (∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜃𝑘𝐾

𝑘=1 +
𝜎2𝑒𝑥,𝑚) + 𝜎2𝑒𝑥,𝑛 ∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜃𝑘𝐾

𝑘=1 + 𝜎4𝑒𝑥,𝑚𝑒𝑥,𝑛 
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𝑟𝑧t(𝑚,𝑛) ≜ 𝐸{ 𝑟𝑧(𝑚)𝑟𝑧

∗(𝑛)}

= (∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜙𝑘 + 𝜎2𝑒𝑧,𝑚
𝐾
𝑘=1 )(∑ 𝑝𝑙𝑒

−𝑗𝜋𝑛𝑐𝑜𝑠𝜙𝑙𝐾
𝑙=1 +

𝜎2𝑒𝑧,𝑛)
∗
= ∑ 𝑝𝑙𝑒

𝑗𝜋𝑛𝑐𝑜𝑠𝜙𝑙𝐾
𝑙=1 (∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜙𝑘𝐾

𝑘=1 +
𝜎2𝑒𝑧,𝑚) + 𝜎2𝑒𝑧,𝑛 ∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜙𝑘𝐾

𝑘=1 + 𝜎4𝑒𝑧,𝑚𝑒𝑧,𝑛 

The following relations are defined: 

 𝑐𝑥𝑚,𝑙 ≜ 𝑝𝑙(∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜃𝑘𝐾
𝑘=1 + 𝜎2𝑒𝑥,𝑚) 

 𝑐𝑧𝑚,𝑙 ≜ 𝑝𝑙(∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜙𝑘𝐾
𝑘=1 + 𝜎2𝑒𝑧,𝑚) 

 𝑔𝑥𝑚,𝑛 ≜ 𝜎2𝑒𝑥,𝑚 ∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜃𝑘𝐾
𝑘=1  

 𝑔𝑧𝑚,n ≜ 𝜎2𝑒𝑧,𝑚 ∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜙𝑘𝐾
𝑘=1  

Using the above definition, (23) and (24) can be rewritten 
as: 

𝑟𝑥t(𝑚,𝑛) ≜ ∑ 𝑐𝑥𝑚,𝑙𝑒
𝑗𝜋𝑛𝑐𝑜𝑠𝜃𝑘𝐾

𝑘=1 + 𝑐𝑥𝑚,𝑙 + 𝜎4𝑒𝑥,𝑚𝑒𝑥,𝑚          


 𝑟𝑧t(𝑚,𝑛) ≜ ∑ 𝑐𝑧𝑚,𝑙𝑒
𝑗𝜋𝑛𝑐𝑜𝑠𝜙𝑘𝐾

𝑘=1 + 𝑐𝑧𝑚,𝑙 + 𝜎4𝑒𝑧,𝑚𝑒𝑧,𝑚          


Two Toeplitz covariance matrices can be constructed as 
(31) and (32), which are shown in the bottom of the page. In 
(31) and (32), ℎ𝑥𝑚, ℎ𝑧𝑚, 𝐈𝛼𝑀𝑥+1,𝑚 and can be defined: 

 ℎ𝑥𝑚  = 𝜎2 ∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜃𝑘𝐾
𝑘=1  

 ℎ𝑧𝑚  = 𝜎2 ∑ 𝑝𝑘𝑒−𝑗𝜋𝑚𝑐𝑜𝑠𝜙𝑘𝐾
𝑘=1  

 𝐈𝛼𝑀𝑥+1,𝑚 = {
𝐈𝛼𝑀𝑥+1,    𝑚 = 0

𝟎𝛼𝑀𝑥+1,    𝑚 ≠ 0
 

 𝐈𝛽𝑀𝑧+1,𝑚 = {
𝐈𝛽𝑀𝑧+1,    𝑚 = 0

𝟎𝛽𝑀𝑧+1,    𝑚 ≠ 0
 

and 

 𝐀𝑥𝑡 = [𝐚𝑥𝑡(𝜃1), 𝐚𝑥𝑡(𝜃2), … ,𝐚𝑥𝑡(𝜃𝐾)] 

 𝐀𝑧𝑡 = [𝐚𝑧𝑡(𝜙1), 𝐚𝑧𝑡(𝜙2), … ,𝐚𝑧𝑡(𝜙)] 

The k-th column of 𝐀𝑥𝑡 and 𝐀𝑧𝑡 can be represented as  

 𝐚𝑥𝑡(𝜃𝑘) = [1, 𝑒−𝑗𝜋𝑐𝑜𝑠𝜃𝑘 , … , 𝑒−𝑗𝜋𝛼𝑀𝑥𝑐𝑜𝑠𝜃𝑘]
𝑇
 

 𝐚𝑧𝑡(𝜙𝑘) = [1, 𝑒−𝑗𝜋𝑐𝑜𝑠𝜙𝑘 , … , 𝑒−𝑗𝜋𝛽𝑀𝑧𝑐𝑜𝑠𝜙𝑘]
𝑇
 

𝐀𝑥𝑡  and 𝐀𝑧𝑡  have the Vandermonde structure; therefore, 
𝐑𝑥𝑡(𝑚), and 𝐑𝑧𝑡(𝑚) are full-rank. The Eigen decomposition 
of the Toeplitz matrices can be expressed as follows:  

 𝐑𝑥𝑡(𝑚)  = 𝐔𝑥𝑠𝚲𝑥𝑠𝐔𝑥𝑠
𝐻  +  𝐔𝑥𝑛𝚲𝑥𝑛𝐔𝑥𝑛

𝐻  

 𝐑𝑧𝑡(𝑚)  =  𝐔𝑧𝑠𝚲𝑧𝑠𝐔𝑧𝑠
𝐻  + 𝐔𝑧𝑛𝚲𝑧𝑛𝐔𝑧𝑛

𝐻  

where 𝐔𝑥𝑠  and 𝐔𝑧𝑠 denote the signal subspace eigenvectors, 

𝐔𝑥𝑛 and 𝐔𝑧𝑛 are the noise subspace eigenvectors, 𝚲𝑥𝑠 and 𝚲𝑧𝑠 

are the signal eigenvalues, 𝚲𝑥𝑛  and 𝚲𝑧𝑛  stand for the noise 

eigenvalues. Since in equation (31), 𝐀𝑥𝑡 only depends on the 

azimuth angles of the sources and in equation (32), 𝐀𝑧𝑡 
depends on only the elevation angles of the sources, then using 
the MUSIC algorithm, the azimuth and elevation angles of 
sources can be estimated independently. 

IV. PAIR MATCHING 

The main challenge after the separate estimation of the 
azimuth and elevation angles is pair matching. It means that 
we don’t know which elevation and azimuth angles belong to 
the same source. In this section, a new approach is presented 
for pair matching of the estimated angles. By concatenating 
the vectors of two subarrays, a new vector can be obtained as 
follows: 

 𝐲(𝑡) = [
𝐱(𝑡)
𝐳(𝑡)

] = 𝐀(𝜽, 𝝓)𝐬(𝑡) + [
𝐧𝑥(𝑡)

𝐧𝑧(𝑡)
] 

where 𝐀 (𝜽, 𝝓) = [𝐀𝑥
𝑇(𝜽) 𝐀𝑧

𝑇(𝝓)]𝑇 . The covariance matrix 
of 𝐲(𝑡) can be represented as follows: 

 𝐑y  =  𝐀 (𝛉, 𝝓)𝐑s𝐀
H (𝛉, 𝝓) + σ2𝐈M𝑥+M𝑧

 

Eigen decomposition of 𝐑y is described below: 

 𝐑𝐲  =  𝐔ys
𝚲ys

𝐔ys
H  + σ2𝐔ys

𝐔ys
H                     



𝐑𝑥𝑡 =

[
 
 
 

𝑟𝑥𝑡(𝑚,0)
𝑟𝑥𝑡(𝑚, − 1)

⋮
𝑟𝑥𝑡(𝑚,−𝛼𝑀𝑥

 )

  

𝑟𝑥𝑡(𝑚,1)
⋮
⋱

𝑟𝑥𝑡(𝑚,-𝛼𝑀𝑥
+ 1)

  

…
⋱
⋮
…

  

𝑟𝑥𝑡(𝑚,𝛼𝑀𝑥
 )

𝑟𝑥𝑡(𝑚,𝛼𝑀𝑥
+ 1)

⋮
𝑟𝑥𝑡(𝑚,0) ]

 
 
 

= 𝐀𝑥𝑡diag(𝑐𝑥𝑚,1, … , 𝑐𝑥𝑚,𝐾)𝐀𝑥𝑡
𝐻 + ℎ𝑥𝑚𝐈𝛼𝑀𝑥+1,𝑚 + 𝜎4𝐈𝛼𝑀𝑥+1,𝑚



𝐑𝑧𝑡 =

[
 
 
 

𝑟𝑧𝑡(𝑚,0)
𝑟𝑧𝑡(𝑚, − 1)

⋮
𝑟𝑧𝑡(𝑚,−𝛽𝑀𝑥

 )

  

𝑟𝑧𝑡(𝑚,1)
⋮
⋱

𝑟𝑧𝑡(𝑚,-𝛽𝑀𝑧
+ 1)

  

…
⋱
⋮
…

  

𝑟𝑧𝑡(𝑚,𝛽𝑀𝑧
 )

𝑟𝑧𝑡(𝑚,𝛽𝑀𝑧
+ 1)

⋮
𝑟𝑧𝑡(𝑚,0) ]

 
 
 

= 𝐀𝑧𝑡diag(𝑐𝑧𝑚,1, … , 𝑐𝑧𝑚,𝐾)𝐀𝑧𝑡
𝐻 + ℎ𝑥𝑚𝐈𝛽𝑀𝑧+1,𝑚 + 𝜎4𝐈𝛽𝑀𝑧+1,𝑚 
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In the proposed method, it is assumed that the elevation 

and azimuth angles are estimated independently using a 1-D 
MUSIC algorithm. In practice, the azimuth or elevation angles 
of two or more sources may be the same. In this case, the 
number of estimated azimuth angles or the number of 
estimated elevation angles are lower than the number of 

sources. Suppose that �̂� = {𝜃1, 𝜃2, … , 𝜃𝐾1
}  and �̂� =

{�̂�1, �̂�2 , … , �̂�𝐾2
} are the sets of the estimated angles. The k-th 

signal angles can be paired by solving the following 
optimization problem: 

 {𝜃𝑘, �̂�𝑘}  =  argmin
𝑖∈{1, …, 𝐾1},𝑗∈{1, …, 𝐾2}

‖𝐚(𝜃𝑖 , �̂�𝑗)𝐔ys
‖

2

2
 

 

The details of the proposed method are summarized in 
Algorithm 1. It is noteworthy that unlike the method in [17], 
the proposed method can perform well when some of the 
sources have the same elevation or azimuth angles.  

 

Algorithm 1 Summary of the proposed method 

Input: 𝐱(𝑡), 𝐳(𝑡), 𝑡 =  1, 2,… , 𝑁 and number of sources 
𝐾. 

Output: {𝜃𝑘 , �̂�𝑘}
𝑘=1

𝐾
 

a. Estimate �̂�𝑥 and �̂�𝑧 using (7) and (8). 

b. Compute 𝐲𝑥 and 𝐲𝑧 using (9) and (10). 

c. Compute 𝐫𝑥 and 𝐫𝑧 using (15) and (16). 

d. Construct the matrices 𝐑𝑥𝑡(𝑚)  and 𝐑𝑧𝑡(𝑚)  using    
(31) and (32). 

e. Estimate the azimuth and elevation angles by 
applying the MUSIC algorithm on 𝐑𝑥𝑡(𝑚)  and 
𝐑𝑧𝑡(𝑚). 

𝑘 =  1 

while (𝑘 ≤  𝐾) do 

Pair the angles using (46). 

 𝑘 = 𝑘 +  1 

end while 

 

V. SIMULATION RESULTS 

In this section, simulation results are presented to evaluate 
the performance of the proposed method. Root mean square 
error (RMSE) is used as a metric to evaluate the accuracy of 
the proposed method. RMSE of 2-D DoA estimation is 
defined as follows:  

RMSE = √
1

2𝐾𝐿
∑ ∑ (𝜃𝑘 − 𝜃𝑘,𝑙)

2
+ (𝜙𝑘 − �̂�𝑘,𝑙)

2𝐾
𝑘=1

𝐿
𝑙=1  

where 𝐿 is the number of Monte-Carlo iterations, 𝜃𝑘,𝑙 and �̂�𝑘,𝑙 

are the estimates of 𝜃𝑘  and 𝜙𝑘  in the l-th Monte-Carlo 
iteration. The number of Monte-Carlo iterations is considered 
to be 𝐿 =  103. 

In [17], a subspace extension method using an L-shaped 
array with two-level nested subarrays has been proposed. The 
angles are estimated using the cross-correlation matrix of the 
subarrays. It is worth noting that the proposed pair matching 
method in [17] is not suitable for the case that two or more 
sources have the same elevation or azimuth angles. The 
performance of the proposed method is compared with the 
proposed method in [17]. 

In our proposed method, an L-shaped array with 
augmented nested arrays (ANA) is considered [20]. Also, for 
the subspace extension method, a two-level nested array is 
deployed. It is worth noting that the number of antennas of all 
subarrays is identical (𝑀 = 𝑀𝑥 = 𝑀𝑧 = 10) . The antenna 
locations of non-uniform subarrays are given in Table I. 

In the first set of simulations, 𝐾 = 2 uncorrelated signals 
with angles 𝜽 =  [10, 60]∘  and 𝝓 =  [20, 50]∘  are 
considered. In Fig. 2, the Cramer-Rao bound (CRB) of the L-
shaped arrays with different geometries is depicted. As shown 
in Table I, the ANA geometry has more DoF; therefore, the 
CRB with ANA geometry is lower than the CRB with two-
level nested array geometry. 

In Fig. 3, the performance of the proposed method is 
compared with the method in [17] at N = 400. As can be seen 
from this figure, the proposed method has a lower RMSE. 

In Fig. 4, the RMSE of the proposed is compared with the 
method in [17] at SNR = 0dB when a different number of 
snapshots are used. As can be seen from this figure, the 
proposed method has a lower RMSE than the subspace 
extension method. 

In Fig. 5, the probability of correct pair matching of the 
proposed method is compared with the proposed method in 
[17]. In the low SNR, the proposed method has a higher 
probability of correct pair matching than the subspace 
extension method. 

TABLE I.  THE LOCATION OF THE PHYSICAL ANTENNAS FOR NON-
NUIFORM ARRAYS 

Array Geometry The Set of Positions DoF 

Two-Level Nested 

Array 
{1, 2, 3, 4, 5, 6, 10, 14, 18, 22} 43 

ANA {1, 2, 4, 6,  12, 18, 24, 30, 31, 33} 53 

 

 

 

Fig. 2.  CRB versus SNR for 𝐾 = 2  sources with 𝜽 =  [10, 60]∘ , 𝝓 =
 [20, 50]∘, and 𝑁 =  400. 
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Fig. 3.  RMSE versus SNR for 𝐾 = 2  sources with 𝜽 =  [10, 60]∘ , 𝝓 =
 [20, 50]∘, and 𝑁 =  400. 

In the last simulations, three sources are considered, in 
which the first and second sources have the same elevation 
angles. In Fig. 6, the probability of correct pair matching of 
our method is depicted. The proposed pair matching method 
can pair the angles in the case that there are sources with the 
same azimuth or elevation angles.  

VI. CONCLUSION 

In this paper, a new 2-D DoA estimation method using an 
L-shaped array with non-uniform subarrays was proposed. By 
vectorization of the covariance matrices of the subarrays, two 
new vectors were obtained. Using these vectors, two 
covariance matrices with Toeplitz structure were constructed. 
Applying the MUSIC algorithm to the Toeplitz matrices, the 
azimuth and elevation angles were estimated independently. 
Also, a new pair matching method was presented. Simulation 
results reveal that the proposed method has achieved a better 
performance than the conventional subspace extension 
algorithm. 

 

Fig. 4.  RMSE versus the number of snapshots, N, for 𝐾 = 2  sources with 

𝜽 = [10, 60]∘, 𝝓 =  [20, 50]∘, and SNR =  0dB. 
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