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An Equivalent Circuit Model of Passively
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Abstract— In this letter, for the first time, we present a circuit-
level model (CLM) of semiconductor mode-locked laser (MLL)
based on delay differential equation (DDE). To confirm that
our model is valid for different structures, the CLM of the
hybrid silicon MLL is analysed for the cases without and with
an intracavity filter. The ability of CLMs to replicate dynamic
behavior of repetition rate is demonstrated. Furthermore, the
effect of linewidth enhancement factor (LEF) on pulse width
and peak power is investigated. The presented model simulates
transition from mode-locking to chaotic regime by changing LEF,
rigorously. The results of CLM are in good agreement with
numerical and experimental results reported in other works. By a
versatile procedure introduced in this letter for CLM, different
type of MLLs based on DDE can be developed.

Index Terms— Semiconductor lasers, mode-locked lasers, cir-
cuit level model.

I. INTRODUCTION

SEMICONDUCTOR MLLs as a mechanically stable and
short pulse sources offer high repetition rates [1], and are

well suited for high bit-rate optical communication systems
[2]. Lots of works have been done on the experimental [3]–[8],
theoretical [9]–[12] and numerical modeling [13]–[21] of
MLLs, in which internal physical mechanisms are described
in great detail. With regards to the fast growing complexity
and size of photonic integrated circuits (PICs) [22], especially
silicon based PICs due to their compatibility with CMOS
technology, the computer-aided design (CAD) is required for
developing large optoelectronic systems. Considering impor-
tant role of MLLs in PICs, the effective design incorporat-
ing MLLs requires appropriate model. The numerical model
of MLL based on finite difference traveling wave is accu-
rate [14]–[16], however, it is computationally intensive. This
feature makes it unattractive for the CAD tools. To the best
of our knowledge, for the first time, this letter describes a
circuit-level implementation of MLLs.

In this work, the accurate CLM of MLL is developed based
on DDE for without-intracavity structure (WOICS) and with-
intracavity structure (WICS). Also the influence of intracavity
and LEF on the dynamic behavior of passively mode-locked

Manuscript received January 24, 2022; revised March 10, 2022; accepted
May 5, 2022. Date of publication May 16, 2022; date of current version
May 23, 2022. (Corresponding author: Mohammad Hasan Yavari.)

The authors are with the Faculty of Engineering, Shahed Univer-
sity, Tehran 3319118651, Iran (e-mail: mohammad.shekarpour@shahed.ac.ir;
mh.yavari@shahed.ac.ir).

Color versions of one or more figures in this letter are available at
https://doi.org/10.1109/LPT.2022.3175410.

Digital Object Identifier 10.1109/LPT.2022.3175410

hybrid silicon lasers are investigated and validated by numer-
ical results of DDE model.

II. DDE MODEL OF WOICS AND WICS

Fig. 1(a) and (b) show the ring lasers for WOICS and WICS
proposed in [7]. Based on the models proposed in [13], [18],
[19], [20], in this letter we extend the DDE model to study
harmonic mode-locking (HML) of the long cavity lasers as
shown in Fig. 1. Equations (1) and (2) describe the slowly
varying field amplitude E in WOICS and WICS, respectively.
In (2), intracavity filter is introduced by coupling the laser
cavity to the passive cavity. The final set of three coupled
DDEs for the slowly varying field amplitude E, the saturable
gain G and the saturable loss Q are

γ −1 Ė(t) = −E(t) + R0(t − T0)e
−i��T0 E(t − T0) (1)

γ −1 Ė(t) = −E(t) + R1(t − T0)e
−i��T0 E(t − T0)

+
∞∑

l=1

e−ilc−i��(T0+lτ ) Rl+1(t − T0 − lτ )

× e−i��(T0+lτ ) × E(t − T0 − lτ ) (2)

γ −1
g Ġ(t) = γ −1

g Jg −G(t)−γ −1
g e−Q(t)(eG(t) − 1)|E(t)|2 (3)

γ −1
q Q̇(t) = γ −1

q Jq −Q(t)−γ −1
q rse−Q(t)(eQ(t)−1)|E(t)|2 (4)

Rm(t) = √
kme1/2(1−iαg)G(t)−1/2(1−iαq)Q(t) m = 0, 1, 2, 3

(5)

where (1), (3) and (4) model the WOICS and (2), (3) and (4)
model the WICS. Jg is unsaturated gain and Jq is unsaturated
absorption. The carrier lifetimes in the gain and absorber
sections are given by 1/γg and 1/γq , respectively. The factor
rs is proportional to the ratio of the saturation energies in the
gain and absorber sections. T0 is the cold cavity roundtrip
time for the configuration WOICS and WICS. τ is the cold
cavity roundtrip time for intracavity filter. The bandwidth of
the laser is taken into account by a Lorentzian-shaped filter
function with full-width at half maximum (FWHM) γ . Here
l is the number of roundtrips in intracavity filter and c is the
phase of the light due to one roundtrip in the intracavity filter.
�� accounts for a possible detuning between the frequency
of the maximum of the gain spectrum and the frequency of
the nearest cavity mode. The LEF in the gain and absorber
sections are denoted by αg and αq , respectively. Spontaneous
emission is modeled in (1) and (2) by a complex Gaussian
white-noise term ξ(t) with strength D. In (5), Ri (t) describes
the amplification and losses of the field during roundtrip in the
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Fig. 1. Schematic of (a) WOICS and (b) WICS [7], [18], [19]. Left: the
structures are implemented on silicon substrate. Right: corresponding paths
for time delays used for derivation of DDE model.

Fig. 2. Circuit-level implementation of WICS.

ring cavity. As shown in Fig. 1, the delay time of WOICS is
T0 and for WICS assuming l = 2, the DDE is based on three
delay time T0, T0 +τ and T0 +2τ (τ = 0.1T0). The parameters
for the simulations are given in [7], [14], [17], [18], [19], [20].

III. CIRCUIT MODEL IMPLEMENTATION

Due to the existence of complex exponential terms in (1)
and (2), in order to convert these equations into a form that
can be modeled by lumped circuit elements, E is separated
into a real and imaginary parts as:

E(t) = ERe(t) + j EIm(t) (6)

By substituting (6) into (2) and assuming l = 2, we obtain

γ −1 ĖRe(Im)(t)

= −ERe(Im)(t) + √
k1e1/2(G(t−T0)−Q(t−T0))

× (ERe(Im)(t − T0) cos(W1(t − T0))

+ (−)EIm(Re)(t − T0) sin(W1(t − T0)))

+
√

k2e1/2(G(t−T0−τ )−Q(t−T0−τ ))

× (ERe(Im)(t − T0 − τ ) cos(W2(t − T0 − τ ))

+ (−)EIm(Re)(t − T0 − τ ) sin(W2(t − T0 − τ )))

+ √
k3e1/2(G(t−T0−2τ )−Q(t−T0−2τ ))

× (ERe(Im)(t − T0 − 2τ ) cos(W3(t − T0 − 2τ ))

+ (−)EIm(Re)(t−T0−2τ ) sin(W3(t−T0−2τ ))) l =2

W1(t) = 0.5 × (αg G(t) − αq Q(t) + 2��T0)

W2(t) = 0.5 × (αg G(t) − αq Q(t) + 2��(T0 + τ ) + c)

W3(t) = 0.5 × (αg G(t)−αq Q(t)+2��(T0+2τ )+2c) (7)

It is noted that when the optical field does not pass through
the intracavity, the delay time is T0 and if the field passes
through the intracavity, delay times are T0 + τ and T0 +
2τ . To model the separated equation (7), ERe and EIm are
considered as node voltages. Thus, resistors RRe = RIm =
1 represent the first term of right side of (7). Also, the terms
related to the time derivation of optical field are modeled by
capacitors CRe = CIm = γ −1. In this equation, terms that
include time-delayed optical field ERe(Im)(t −T0), ERe(Im)(t −
T0 − τ ) and ERe(Im)(t − T0 − 2τ ), are modeled by current
dependent sources, because they depend on ERe(Im). Also,
since the field is separated into real and imaginary parts, the
related current dependent sources are as follows:

IRe−Re(Im−Im)

=
√

k1e1/2(G(t−T0)−Q(t−T0))

× (ERe(Im)(t − T0) cos(W1(t − T0))

+
√

k2e1/2(G(t−T0−τ )−Q(t−T0−τ ))

× (ERe(Im)(t − T0 − τ ) cos(W2(t − T0 − τ )))

+
√

k3e1/2(G(t−T0−2τ )−Q(t−T0−2τ ))

× (ERe(Im)(t − T0 − 2τ ) cos(W3(t − T0 − 2τ ))) (8)

IRe−Im(Im−Re)

= +(−)
√

k1e1/2(G(t−T0)−Q(t−T0))

× (EIm(Re)(t − T0) sin(W1(t − T0))

+ (−)
√

k2e1/2(G(t−T0−τ )−Q(t−T0−τ ))

× (EIm(Re)(t − T0 − τ ) sin(W2(t − T0 − τ )))

+ (−)
√

k3e1/2(G(t−T0−2τ )−Q(t−T0−2τ ))

× (EIm(Re)(t − T0 − 2τ ) sin(W3(t − T0 − 2τ ))) (9)

IRe(Im)-Re(Im) represent Re/Im parts of optical field by consid-
ering Re/Im parts of Ri(t) during roundtrip in ring cavity and
also in both of the ring cavity and intracavity. IRe-Re and IRe-Im
represent current dependent sources connected to the voltage
node (ERe) and are depend on ERe and EIm, respectively.
Also, IIm-Im and IIm-Re are connected to voltage node (EIm)
and are depend on EIm and ERe, respectively.
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Fig. 3. Time traces of the absolute value of the normalized intensity |E|2,
gain G , total loss Qt and net gain Gt for WOICS (a) H1 and (b) H10.
The dashed and continuous lines indicate numerical and circuit model results,
respectively.

To model (3) and (4), the saturated gain (G) and absorption
(Q) are considered as node voltages. With this assumption,
the terms related to the time derivations of G and Q are
modeled by capacitors CG = γ −1

g , CQ = γ −1
q ; respectively.

Also, the first term of right side of (3) and (4) are represented
by resistors RG = RQ = 1. The terms of unsaturated gain
(Jg) and absorption (Jq), which are equivalent to the injection
current of gain section and the reverse voltage of absorption
section, are modeled by IG and IQ as current independent
sources, respectively.

IG = Jg/γg, IQ = Jq/γq (10)

In the last terms of (3) and (4), a fraction of the G and Q are
spent on amplification and attenuation of optical field. Due to
the dependence of these terms on the ERe and EIm, current
dependent sources are employed.

IDG = γ −1
g e−Q(t)(eG(t) − 1)|E(t)|2 (11)

IDQ = γ −1
q rse−Q(t)(eQ(t) − 1)|E(t)|2 (12)

Also, to transforms E into the output power, we define

Pout = Eout = |ERe(t) + j EIm(t)|2 (13)

The previous equations can be mapped directly into a CLM
as shown in Fig. 2. Pout is the terminal whose node voltage
models the output power. Circuit model of WOICS also can
be developed using the same procedure presented for WICS
circuit modeling.

Fig. 4. Dynamic results of numerical simulation and circuit model for
WOICS and WICS.

Fig. 5. (a) Extrema of the intensity time trace vs αg , αq = 0.40, (b) time
traces of the normalized intensity |E|2 for different αg = 0.30, 0.35, 0.40 and
αq = 0.40, and (c) extrema of the intensity time trace vs αg = αq .

IV. RESULTS AND DISCUSSION

Fig. 3 shows time traces of the normalized intensity |E|2,
the saturable gain G, the total loss Qt ≡ Q + |ln k0| and
the net gain Gt ≡ G(t) − Qt for H1 and H10 of WOICS.
In slow stage, between two subsequent pulses, the gain and
absorber media are recovered. In H1 regime, the slow stage is
longer than H10 regime for same Jq (Jq = 400), so, saturated
absorption of H1 is more compared to that of H10 regime.
To achieve stable pulses, the experimental results indicated that
the absorber medium is saturated faster than the gain one [3],
Fig. 3 shows this behavior for H1 and H10. Also, Fig. 3 shows
a close fit between the results of numerical analysis and circuit
model.

In WOICS, all of the H1 to H10 are generated with respect
to fundamental frequency, i. e., 2 GHz (Fig. 4(a) and Fig. 4(c)).
But in WICS, by using intracavity filter, H10 regime increases
significantly compared to WOICS while also this regime is
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more stable against the change of Jg and Jq . Additionally, H10
regime of WICS is generated in lower Jg and Jq . As can be
seen in Fig. 4(b) and Fig. 4(d), the regimes of continuous wave
(CW), Q-switching (QS), fundamental mode-locking (FML)
and HML obtained by CLM have good agreement with DDE
model.

The bifurcation diagram of WOICS obtained by changing
the LEFs is shown in Fig. 5(a). According to Fig. 5(a) which
corresponds to αq = 0.4, the maximum peak power of mode-
locking pulses with minimum pulse width occurs when the
LEFs in two sections are equal, αq = αg . Fig. 5(b) shows
pulse train of WOICS for three different value of αg =
0.30, 0.35 and 0.40. The shortest pulse width is observed
at αq = αg , and by decreasing αg , the mode-locked pulses
are broaden and therefore the peak power decreases. Finally,
with further decrease in αg , a transition from mode-locking
to quasi periodic regime takes place (Fig. 5(a)). On the other
hand, for αg > αq, the transition to chaotic regime occurs
faster. In the case when the LEFs in the two sections are
equal, by increasing LEFs, the peak power of pulses remains
almost unchanged, however for αg = αq > 0.6, the transition
to chaotic regime takes place (Fig. 5(c)). The results of CLM
shown in Fig. 5, are in accordance with numerical simulations
reported in [13].

V. CONCLUSION

Based on DDE, we have proposed a CLM of passively
mode-locked hybrid silicon laser. Using the CLM, in fun-
damental and higher harmonic frequencies, we have simu-
lated the dynamic behavior of repetition rate. The results of
dynamic have demonstrated significant increase in H10 regime
of WICS compared to WOICS. These results are validated by
numerical results of DDE model. It has been also shown that
using intracavity filter, the intermediate harmonics suppressed
sufficiently; however, in WOICS all harmonic components
are appeared. The CLM can simulate these behaviors, accu-
rately. Additionally, the presented model predicts the effects
of LEF on pulse width and peak power. The CLM and
numerical results are in good agreement, and indicate that
the presented CLM can be a useful engineering tool for effi-
cient simulation and design of MLL in optoelectronic device
simulators.
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