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Abstract: In this paper an extension of Markov switching GARCH model is proposed to model

leverage effect, conditional heteroscedasticity and nonlinearity attributes of financial time series.

Greedy Gibbs Bayesian learning method is used to estimate the parameters of the model. Due to

the complexity of the model a dynamic programming algorithm for forecasting is proposed. Finally

we illustrate the model on S&P500 daily returns.
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1 Introduction

In the past four decades, dynamic financial time series analysis based on nonlinear models has

become a topic of interest for some researchers. For financial time series, the ARCH model and

GARCH model are surely the most popular classes of volatility models. Merging (G)ARCH model
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with a hidden Markov chain, where each state of the chain allows a different (G)ARCH behav-

ior, was introduced by Hamilton. Gray (1996), Haas et al. (2012) proposed different variants of

Markov-Switching GARCH (MS-GARCH) model and its applications. Also some other researchers

such as Bauwens et al. (2010), Billio et al. (2014) have done extensive studies on the properties

of this model.

One restitution of the GARCH model is the symmetry in the response of volatility to past

shocks (because the volatility is a function of the lagged squared observations). In other words,

the dynamics of conditional variance in (G)ARCH models change only with the size of squared

observations. Financial markets become more volatile in response to negative shocks than to posi-

tive shocks . The asymmetric GARCH model (AGARCH) introduced by Engle (1990), Threshold

GARCH (TGARCH) model of Zakoian (1994) and Skew normal mixture and Markov-switching

GARCH Haas (2010) capture the asymmetric effects of negative and positive shocks.

In this paper, we propose a new structure for the Markov switching GARCH model where

the volatility of each regime has different reactions to positive and negative shocks. This model

is talented to switch between regimes with distinct levels of volatilities and also encompasses the

leverage effect in each regime. By considering differen smooth transition functions for each state

of Markov chain (to capture asymmetry property in each state), our model is able to have more

accurate forecast than the MS-GARCH. Since using all past observations for forecasting could

increase the complexity of the model, we reduce the volume of calculations by proposing a dynamic

programming algorithm. For the estimation of the parameters, the Bayesian inference is used.

The organization of this paper is as follows: in the next section the structure of our model is

presented. Section 3 is devoted to the estimation of the parameters of the model. Section 4 is

dedicated to the analysis of the efficiency of the proposed model via an empirical application and

the comparison of forecast errors with the MS-GARCH model. Section 5 concludes.
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2 Markov switching smooth transition GARCH model

The Markov switching smooth transition GARCH model, MS-STGARCH, for time series {yt} is

defined as

yt = εt
√

Ht,Zt
, (2.1)

where {εt} are iid standard normal variables, {Zt} is an irreducible and aperiodic Markov chain

on finite state space E = {1, 2, · · · ,K} with transition probability matrix P = ||pij ||K×K , where

pij = p(Zt = j|Zt−1 = i), i, j ∈ {1, · · · ,K}, and stationary probability measure π = (π1, · · · , πK)′.

Also given that Zt = j, Ht,j (the conditional variance in regime j) is driven by

Ht,j = a0,j + a1,jy
2
t−1(1− wj,t−1) + a2,jy

2
t−1wj,t−1 + bjHt−1,j , (2.2)

and each of the weights (wt,j) is a logistic function of the past observation as

wj,t−1 =
1

1 + exp(−γjyt−1)
γj > 0, j = 1, · · · ,K, (2.3)

which are bounded, 0 < wj,t−1 < 1, and monotonically increasing. The parameter γj is called

the slope parameter, that explains the speed of transition from negative shocks to positive one:

the higher γj , the faster the transition. Since γj > 0, the weight function 0 < wj,t−1 < 1 goes to

zero when yt−1 → −∞ and to one when yt−1 → +∞. As yt−1 increases from negative values to

positive values the impact of y2t−1 proceeds proportionally from a1,j to a2,j . So a1,j in each state

will characterize negative shocks and a2,j positive ones. It refers to the fact that negative and

positive shocks have different effects on volatility. When γj tending to zero, wj,t−1 goes to 1/2 and

the MS-STGARCH model tends to MS-GARCH model.

2.1 Forecasting

The conditional variance of MS-STGARCH model is given by

V ar(Yt|It−1) =

K
∑

i=1

α
(t)
i Ht,i =

K
∑

i=1

α
(t)
i (a0,i + a1,iy

2
t−1(1− wi,t−1)

+ a2,iy
2
t−1wi,t−1 + biHt−1,i) (2.4)

as Ht,i is the conditional variance of i-th state. As using all past observations for forecasting could

increase the complexity of the model, we reduce the volume of calculations by proposing a dynamic

programming algorithm.



An asymmetric markov switching GARCH 4

Remark 2.1. The value of α
(t)
j is obtained recursively by

α
(t)
j =

∑K
m=1 f(yt−1|Zt−1 = m, It−2)p(Zt−1 = m|It−2)pm,j
∑K

m=1 f(yt−1|Zt−1 = m, It−2)p(Zt−1 = m|It−2)
. (2.5)

3 Estimation

For the estimation of parameters, we apply the Bayesian inference, that is extensively used in

literature see Bauwens et al. (2010).

Let Yt be the vector (y1, · · · , yt). In what follows, for the case of two regimes, we are going

to estimate the Zt = (z1, · · · , zt) and the parameter vectors η = (η11, η22) and θ = (θ1, θ2), where

θk = (a0k, a1k, a2k, bk, γk) for k = 1, 2 from the posterior density

p(θ, η, Z|Y ) ∝ p(θ, η)p(Z|θ, η)f(Y |θ, η, Z), (3.1)

in which Y = (y1, · · · , yT ), Z = (z1, · · · , zT ) and p(θ, η) is the prior of the parameters.

3.1 Sampling zt

This step is devoted to the sampling of p(zt|η, θ, Yt) that is performed by Chib. Suppose p(z1|η, θ, Y0, )

be the stationary distribution of the chain,

p(zt|η, θ, Yt) ∝ f(yt|θ, zt = k, Yt−1)p(zt|η, θ, Yt−1), (3.2)

that by the law of total probability p(zt|η, θ, Yt−1) is given by:

p(zt|η, θ, Yt−1) =

K
∑

zt−1=1

p(zt−1|η, θ, Yt−1)ηzt−1zt . (3.3)

Given the filter probabilities (p(zt|η, θ, Yt)), we run a backward algorithm, starting from t = T

that zT is derived from p(zT |η, θ, Y ). For t = T−1, · · · , 0 the sample is derived from p(zt|zt+1, · · · , zT , θ, η, Y ),which

is obtained by

p(zt|zt+1, · · · , zT , θ, η, Y ) ∝ p(zt|η, θ, Yt)ηzt,zt+1
.

To derive zt from p(zt|.) = pzt is by sampling from the conditional probabilities qj = p(Zt = j|Zt ≥

j, .) which are given by

p(Zt = j|Zt ≥ j, .) =
pj

∑K
l=j ql

.
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After generating a uniform (0,1) number U , if U ≤ qj then zt = j, otherwise increase j to j + 1

and generate another uniform (0,1) and compare it by qj+1.

3.2 Sampling η

This stage is devoted to sample η = (η11, η22) from the posterior probability p(η|θ, Yt, Zt) that is

independent of Yt, θ. We consider independent beta prior density for each of η11 and η22.

3.3 Sampling θ

To sample from the p(θ|Y, Z, η) we use the Griddy Gibbs algorithm that introduced by Ritter and

Tanner. This method is very applicable in researches (see ?). Given samples at iteration r the

Griddy Gibbs at iteration r + 1 proceeds as follows:

Algorithm 1. This algorithm has the following steps:

• Step 1 Select a grid of points, such as a10i, a
2
0i, · · · , a

G
0i. Using (??), evaluate the conditional

posterior density function k(a0i|Zt,Yt,θ−a0i
) over the grid points to obtain the vector Gk =

(k1, · · · , kG).

• Step 2 By a deterministic integration rule using the G points, compute GΦ = (0,Φ2, · · · ,ΦG)

with

Φj =

∫ a
j

0i

a1
0i

k(a01|θ
(r)
−a0i

, Z
(r)
t , Yt)da0i, i = 2, · · · , G. (3.4)

• Step 3 Simulate u ∼ U(0,ΦG) and invert Φ(a0i|θ
(r)
−a0i

, Z
(r)
t , Yt) by numerical interpolation to

obtain a sample a
(r+1)
0i from a0i|θ

(r)
−a0i

, Z
(r)
t , Yt.

• Step 4 Repeat steps 1-3 for other parameters.

In this section we apply the daily stock market index of S&P500 from 04/08/2010 to 24/04/2012

(450 observations) for estimation. Figure 1 demonstrates the stock market index, the percentage

returns 1 and the kernel density of the data set. Using the Bayesian inference, we estimate the

parameters of the MS-STGARCH (2.1)-(2.3) and MS-GARCH models (that each model has two

regimes). The prior density of each parameter is assumed to be uniform restricted over a finite

interval (except for η11 and η22, since they are drawn from the beta distribution). Parameters γ1

1Percentage return is defined as rt = 100 ∗ log( Pt

Pt−1
), where Pt is the index level at time t.
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Figure 1: (a): S&P500 from 04/08/2010 to 24/04/2012 stock market index, (b): Percentage daily returns , (c): kernel

density of the returns.

and γ2 in the MS-GARCH model are zero. The estimation results for both models are reported in

Table 2 and show that the standard deviations are small enough in most cases. The outcomes of

estimating display that the MS-STGARCH has different reactions to positive and negative shocks

in both regimes while the MS-GARCH has the similar responses to positive and negative shocks.

Since in the MS-STGARCH, a11 > a21 and according to structure of wj,t−1 (2.3) we deduce that

the negative shocks have more effect on volatility than the positive shocks in the two regimes.

Figure 2 pictures the logistic transition functions for both regimes in MS-STGARCH.

For clarifying the efficiency of the MS-STGARCH model toward the MS-GARCH model, we

compare the forecasting volatility (E(Y 2
t |Ft−1)) of each model with the squared returns .Also for

evaluation of forecasting accuracy of our model toward the MS-GARCH model we compute some

measures of performance forecasting 2 that are reported in Table 3. The results of this table display

that all performance measures of our model are smaller than that of MS-GARCH model.

2If et is the forecast error (the difference between the actual value and the forecasted value), some of the

performance measures are as follows:

• Mean absolute error (MAE)= 1

n

∑
n

t=1
|et|,

• Mean forecast error (MFE)= 1

n

∑
n

t=1
et,

• Mean squared error (MSE)= 1

n

∑
n

t=1
e
2

t
.
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Table 1: Posterior means and standard deviations (S&P500 daily returns).

MS-STGARCH MS-GARCH

Mean Std.dev. Mean Std.dev

a01 0.200 0.007 0.199 0.007

a11 0.288 0.008 0.288 0.007

a21 0.103 0.004 0.103 0.005

b1 0.290 0.006 0.300 .007

γ1 2.157 0.395 0.000 0.000

a02 0.585 0.054 0.584 0.055

a12 0.673 0.051 0.664 0.046

a22 0.3463 0.039 0.362 0.048

b2 0.310 0.041 0.311 0.042

γ2 1.049 0.265 0.000 0.000

η11 0.948 0.029 0.942 0.044

η22 0.9674 0.030 0.968 0.026

Table 2: Forecast performance measures

Model Mean Square Error Mean Absolute Error Mean Forecast Error

MS-GARCH 3.211 0.924 -0.178

MS-STGARCH 1.930 0.811 -0.254
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Figure 2: Logistic smooth transition functions for the MS-STGARCH model, (a): first regime (w1), (b): second regime

(w2).
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Conclusion

In this paper an extension of the MS-GARCH model is introduced where the volatility in each state

captures the leverage effect property of financial time series. For the estimation of parameters the

Bayesian inference is used by applying the Griddy Gibbs algorithm. Through an empirical example,

we show that our model can provide better forecast of volatility than the MS-GARCH.

This model has the potential to be applied for modeling and forecasting conditional volatility

of financial time series . For the sake of simplicity it was assumed that the process conditional

mean is zero, this assumption could be relaxed by refining the structure of model to allow ARMA

structure for conditional mean.
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