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A D B A S
G T R S

Akram Taati∗ and Maziar Salahi
Faculty of Mathematical Science, University of Guilan, Rasht, Iran.

∗ Ph.D. student, akram_taati@yahoo.com

In this paper, we consider the interval bounded generalized trust region (GTRS) subproblem which is
the problem of minimizing a general quadratic function subject to an upper and lower bounded general
quadratic constraint. Under the assumption that two matrices from the objective and the constraint
functions can be simultaneously diagonalizable via congruence, a diagonalization based algorithm
is introduced to solve it by showing that GTRS is indeed equivalent to a linearly constrained convex
univariate problem. Some numerical experiments are given to show the effectiveness of the proposed
method and to compare it with the extended Rendl-Wolkowicz algorithm due to Pong and Wolkowicz.
Keywords Generalized trust region subproblem, Global optimization, Diagonalization.

1 Introduction

We are concerned with the following quadratic optimization problem, called the interval bounded gener-
alized trust region subproblem (GTRS):

p∗ := inf xTAx− 2aTx

s.t ℓ ≤ xTBx− 2bTx ≤ u, (GTRS)

where A,B ∈ Rn×n are symmetric matrices with no definiteness assumed, a, b ∈ Rn and −∞ < ℓ ≤ u <
∞.

GTRS has been deeply studied in most recent work of Pong and Wolkowicz [2]. In particular, they
proposed the extended Rendl-Wolkowicz (ERW) algorithm to solve it which is efficient specifically whenB
is sparse and positive definite with small condition number, as it is factorization free and can benefit form
well-developed generalized eigensolvers. Moreover, in the case where B is indefinite, a key difficulty
with this algorithm is its initial step since it needs additional data for initialization which are computed via
solving the Lagrange dual of an equality constrainedGTRS instance. In addition, in that paper, no efficient
algorithm specifically designed for solving the latter dual problem, see Section 4.3 of [2] for more details.
In order to solve GTRS instance with indefinite B efficiently, the authors in their numerical experiments,
constructed test problems such that the associated initial data are known. Moreover, solving large-scale
GTRS instance by ERW algorithm is practicable providing thatA orB is positive definite as this algorithm
in preprocessing step requires quantities, called λ and λ̄ which only can be efficiently computed in the
case that A or B is positive definite. Hence, the authors restricted their attention to the case where
A is positive definite whenever B is indefinite. The main motivation for considering the GTRS in this
study comes from the existence of these gaps in solving GTRS with ERW algorithm in the case when B
is indefinite. In the present work, we propose a diagonalization based algorithm for solving the GTRS
which is motivated by [3]. The main purpose of our approach is using a diagonalization scheme to reduce
the GTRS to a separable quadratic optimization problem which the resulting problem can be efficiently
solved via solving a linearly constrained convex univariate maximization problem. Here we would like
to comment that our proposed approach is computationally as expensive as the initial step of ERW
algorithm in the case when B is indefinite.
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2 Lagrangian Duality and Diagonalization
The following assertions are crucial.

Theorem 2.1 ([2]). Suppose that

∃ x̂ ∈ Rn, s.t ℓ < x̂TBx̂− 2bT x̂ < u, (2.1)

and
A− λ̂B ≻ 0 for some λ̂ ∈ R. (2.2)

Then strong duality holds for GTRS and its Lagrange dual. Moreover the primal and dual optimal values
are attained.

Lemma 2.2 ([1]). Suppose condition (1.2) holds. Then there exists an invertible matrix Q and diagonal
matrices D and E such that

QTAQ = D, QTBQ = E.

Indeed, Lemma 2.2 implies that the GTRS can be reduced to a separable quadratic optimization
problem. By the change of variables x := Q−1x, a := QT a, and b := QT b, GTRS is equivalent to the
following separable problem:

inf xTDx− 2aTx

s.t ℓ ≤ xTEx− 2bTx ≤ u. (2.3)

In order to obtain an univariate problem which can be used to derive an optimal solution to GTRS, we
focus on the Lagrange dual of (1.3). The associated Lagrangian of (1.3) is:

L(x, λ+, λ−) = xT (D − λE)x− 2(a− λb)Tx+ λ+ℓ− λ−u,

where λ+ = max{λ, 0}, λ− = −min{λ, 0} and λ = λ+ − λ−. Therefore, the dual of (1.3) is given by

sup
λ

θ(λ) =



























∑n
i=1 −

(a−λb)2i
(di−λei)

+ λ+ℓ− λ−u ifλ ∈ (λ, λ̄),
∑

i∈T\T1
−

(a−λb)2i
(di−λei)

+ (λ)+ℓ− (λ)−u ifλ = λ, |I1| = |T1|,
∑

i∈T\T2
−

(a−λ̄b)2i
(di−λ̄ei)

+ (λ̄)+ℓ− (λ̄)−u ifλ = λ̄, |I2| = |T2|,

−∞ otherwise.

(2.4)

where D = diag(d1, ..., dn), E = diag(e1, ..., en),

I1 =

{
i ∈ T := {1, ..., n}|di

ei
= λ

}
, T1 = {i ∈ I1|(a− λb)i = 0} ,

I2 =

{
i ∈ T := {1, ..., n}|di

ei
= λ̄

}
, T2 =

{
i ∈ I2|(a− λ̄b)i = 0

}
.

with λ = max{di

ei
|ei < 0} and λ̄ = min{di

ei
|ei > 0}.

3 Global optimal solution of GTRS
Theorem 3.1. Suppose that conditions (1.1) and (1.2) hold. Moreover, let λ∗ denote the optimal solution
of the dual problem (3.1) and set

x∗i = lim
λ→λ∗

(a− λb)i
(di − λei)

.

Then the following hold for problem (1.3).
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1. If λ∗ ∈ (λ, λ̄), then x∗ is a global optimal solution for (1.3).

2. If λ∗ = λ, then there exists v ∈ Null(D−λE) such that x∗ + v is a global optimal solution for (1.3).

3. If λ∗ = λ̄, then there exists v ∈ Null(D− λ̄E) such that x∗ + v is a global optimal solution for (1.3).

In what follows, we present an algorithm for maximizing the dual problem (3.1).
Algorithm for maximizing the dual problem (3.1)
Initialization:

1. Take a small positive constant, ε > 0 and set low = λ+ ε and high = λ− ε.

2. If 0 ∈ (λ, λ):

(i) If limλ→0+ θ
′(λ) ≤ 0 and limλ→0− θ

′(λ) ≥ 0, then stop and return x∗ = D−1a as an interior
solution to (1.3); otherwise go to (ii).

(ii) If limλ→0+ θ
′(λ) < 0, stop and define the initial interval as [low, −ε]; otherwise go to (iii).

(iii) Stop and define the initial interval as [ε, high].

3. If 0 /∈ (λ, λ):

(i) If limλ→(λ)+ θ
′(λ) ≤ 0 and limλ→(λ)− θ

′(λ) < 0, then set λ∗ = λ and compute x∗ according to
Theorem 3.1; otherwise go to (ii).

(ii) If limλ→(λ)+ θ
′(λ) > 0 and limλ→(λ)− θ

′(λ) ≥ 0, then set λ∗ = λ and compute x∗ according to
Theorem 3.1; otherwise go to (iii).

(iii) Define initial interval as [low, high].

Main Loop: iterate until a termination criterion is met:

1. Set λnew to the midpoint of the interval containing λ∗.

2. If the points at which θ hast positive and negative slopes, respectively, are available:

(i) Do vertical cut: update λnew if vertical cut is successful.

(ii) Do triangle interpolation: update λnew if triangle interpolation is successful.

(iii) Do inverse linear interpolation: Update λnew if inverse linear interpolation is successful.

3. At λnew, take a step to the boundary if points at which θ has positive and negative slope are known.

End loop.

4 Numerical Expriments
In this section, we give some numerical experiments to show the effectiveness of the proposed diagonal-
ization based (DB) method in comparison to the extended Rendl-Wolkowicz (ERW) algorithm on several
randomly generated test problems. Our test problems include both easy and hard case (case 1 and case
2) instances [2] and corresponding numerical results including algorithm run time in second (time) with
time taken for diagonalization in paranthesis and number of iterations (iter) at termination averaged over
10 random instances are adjusted in Table 2.1. Moreover, we used DB algorithm for initializing ERW
algorithm as it requires solving an equality constrained GTRS in the case where B is indefinite.
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Table 1: Computational results for positive definite A and indefinite B with cond(A) = 100 and density =
0.1

time(s) iter
n=2000 DB 14.39(14.19) 22.5

Easy case ERW 47.82(14.19) 5.3
n=3000 DB 46.87(46.31) 26.3

ERW 99.02(46.31) 5.6

n=2000 DB 15.98(15.65) 17.5
Hard case 1 ERW 98.88(15.65) 4∗

n=3000 DB 52.79(51.89) 27.7
ERW 421.87(51.89) 4.3∗

n=2000 DB 14.65(14.64) 0
Hard case 2 ERW 34.29(14.64) 0∗

n=3000 DB 49.66(49.64) 0
ERW 110.28(49.64) 0∗

*: ERW failed in initial step for some cases of 10 instances.

5 Conlusion
In this paper, a diagonalization approach is introduced for solving GTRS. Using lagrange duality, we
have shown how one can obtain a global optimal solution of it via solving a linearly constrained convex
univariate problem. Our numerical experiments on several randomly test problems show that the pro-
posed method is significantly faster than ERW algorithm in the case where B is indefinite. In particular,
in this case, DB algorithm is computationally as expensive as initial step of ERW algorithm.
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Uncertainty is an intrinsic characteristic of a decision making process. Sometimes there are no samples,
and historical data are not enough to estimate an appropriate probability distribution for an uncertain
variable. In these situations, uncertainty theory initiated by Liu in 2007 could be a potentially powerful
axiomatic framework to manage this sort of uncertainty which is the base of this study. This paper
considers the uncertain network interdiction problem that is to minimize the maximum flow through a
capacitated network from the source to the sink where the arc capacities are uncertain variables. It is
assumed that in the absence of historical data, only the experts’ opinion based on his experiences is
available to estimate arc capacities.
Keywords Network Interdiction; Uncertainty Theory; Bi-Level Programming; Mixed Integer Program-
ming.

1 Introduction
Network Interdiction problem (NIP) is classically defined based on the interdictor-evader frame as a bi-
level mixed integer programming. The primary purpose of the NIP is to minimize the evader’s maximum
flow through a capacitated network by an interdictor using a set of limited resources. Wood solved the
deterministic form of this problem using mathematical methods, and considered an integer programming
formulation of the problem and provided a proof of NP-completeness [3].

In many real world situations, complete information of the network is not accessible. For example,
the exact arcs’ capacity may not be known in advance. In such undetermined networks, constructing a
well-founded solution of the interdictor problem is of vital importance.

In this paper, we consider the NIP with uncertain capacity on some arcs, and reformulate the problem
as an uncertain network problem based on the uncertainty theory founded by Liu [2]. It is assumed that
the capacity of different arcs are independent linear uncertain variables in the sense of the uncertainty
theory (See Section 2). The uncertain problem can be transformed into the corresponding determin-
istic one using linear uncertainty distribution. A simple test problem is considered and the results are
compared with the corresponding deterministic version.

The remainder of paper is organized as follows. Section 2 presents some necessary preliminary
concepts and results from uncertainty theory. Section 3 is devoted to the formulation of NIP with un-
certain arc capacities. The section continues with presenting an equivalent deterministic problem and a
single-level mixed integer linear problem. The equivalence of these problems are proved in this section.
In Section 4, we present a numerical example to illustrate the differences of the results in uncertain en-
vironment with the deterministic situation. The paper terminates with concluding remarks and possible
future work directions.

2 Preliminaries
In this section, some necessary concepts of uncertainty theory are briefly reviewed. For more details,
we refer to [2].

Let Γ be a nonempty set, and L a σ-algebra over Γ. A set function M : L −→ [0, 1] is called an
uncertain measure if it satisfies the following axioms:
Axiom 1. (Normality Axiom)M{Γ} = 1 for the universal set Γ.
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Axiom 2. (Duality Axiom)M{Λ}+M{Λc} = 1 for any event Λ ∈ L.
Axiom 3. (Subadditivity Axiom) For every countable sequence of events Λ1,Λ2, . . ., it holds

M
{ ∞∪

i=1

Λi

}
≤

∞∑

i=1

M{Λi}.

The triple (Γ,L,M) is called an uncertainty space.

An uncertain variable is a function ξ from an uncertainty space (Γ,L,M) to the set of real numbers
such that {γ|ξ(γ) ∈ B} is an event for any Borel set B. The uncertainty distribution Φ of an uncertain
variable ξ is defined by Φ(x) =M{ξ ≤ x}, for any real number x. Φ(x) denotes the belief degree that
the uncertain variable ξ is at least x.

An uncertain variable ξ is called linear and denoted by L(a, b) if it has a linear uncertainty distribution

Φ(x) =





0, if x ≤ a
x− a
b− a , if a ≤ x ≤ b
1, if x ≥ b,

where a and b are real numbers with a < b.
The uncertain variables ξ1, ξ2, . . . , ξn are said to be independent if

M
{ n∩

i=1

(ξi ∈ Bi)
}
=

n∧

i=1

M{ξi ∈ Bi}.

for any Borel sets B1, B2, . . . , Bn.

3 Problem Formulation
For the graph G(N,A), let ξij denote an uncertain variable corresponding to uij , the capacity of arc
(i, j). Considering a confidence level αij for the constraint associated to the uncertain capacity uij , the
following optimization problem is defined for the uncertain NIP:

min
y∈Y

max
x

xds

subject to∑

j:(i,j)∈A′

xij −
∑

j:(j,i)∈A′

xji = 0 ∀i ∈ N, (3.1)

M
{
xij ≤ ξij(1− yij)

}
≥ αij ∀(i, j) ∈ A, (3.2)

xij ≥ 0 ∀(i, j) ∈ A. (3.3)

Constraint (1.4) reads as: the belief degree that “the interdictor’s constraint holds” is not less than
αij .

Theorem 3.1. Let ξij be a linear uncertain variable L(aij , bij) on arc (i, j). For a given confidence level
αij ∈ (0, 1) , the constraint (1.4) is identical to

xij ≤
(
αijaij + (1− αij)bij

)
(1− yij). (3.4)

Theorem 3.2 enables us to have the following deterministic model instead of the uncertain NIP form.
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(MOD1) min
y∈Y

max
x

xds

subject to∑

j:(i,j)∈A′

xij −
∑

j:(j,i)∈A′

xji = 0 ∀i ∈ N, (3.5)

xij ≤ (αijaij + (1− αij)bij) (1− yij), ∀(i, j) ∈ A (3.6)
xij ≥ 0 ∀(i, j) ∈ A.

Observe that the constraint (3.12) forces the flow on the arc (i, j) to be zero when an interdicting action is
carried out on (i, j), and leave the flow to be at most (αijaij + (1− αij)bij) when there is no interdiction
on the arc.

Note that x = 0 is a feasible solution of the inner maximization problem of (MOD1). In addition, the
feasible region of this problem is bounded. Therefore, by the strong duality theorem, there is no duality
gap and the primal and dual objective values are identical in optimality. Therefore, the inner maximization
problem can be replaced with its dual with no effect on optimal solution. Let πi (i ∈ N ) and βij ((i, j) ∈ A)
be dual variable vectors corresponding to (2.9) and (3.12), respectively. Thus, the substitution reduces
(MOD1) to the following single-level minimization problem.

(MOD2) min
∑

(i,j)∈A

βij
(
αijaij + (1− αij)bij

)
(1− yij)

subject to
πi − πj + βij ≥ 0, ∀(i, j) ∈ A

πd − πs ≥ 1,

βij ≥ 0, ∀(i, j) ∈ A
y ∈ Y.

Observe that while (MOD2) is has nonlinearity, but it only exists in the objective function. To lineariza-
tion, nonnegative variables γij = βijyij ≥ 0 can be defined, and the following constraints must be added
to (MOD2).

yij + βij − 1 ≤ γij , ∀(i, j) ∈ A (3.7)
γij ≤ yij , ∀(i, j) ∈ A (3.8)
γij ≤ βij , ∀(i, j) ∈ A (3.9)

The following mixed integer linear optimization problem is constructed which is equivalent to (MOD2)
in the optimality.

(MOD) min
∑

(i,j)∈A

(
αijaij + (1− αij)bij

)
(βij − γij)

subject to
πi − πj + βij ≥ 0, ∀(i, j) ∈ A

πd − πs ≥ 1,

yij + βij − 1 ≤ γij , ∀(i, j) ∈ A
γij ≤ yij , ∀(i, j) ∈ A
γij ≤ βij , ∀(i, j) ∈ A

βij , γij ≥ 0, ∀(i, j) ∈ A
y ∈ Y.
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4 An illustrative example
The proposed model is implemented on the problem introduced in [1] which consists 20 nodes and 30
arcs. The authors considered this problem as an NIP with deterministic arcs’ capacity, while we assumed
them as uncertain linear variables on L(aij , bij) with aij = uij − 2 and bij = uij + 2. A total of 9 units
of resource is available for interdicting the arcs (i. e., R = 9). The belief degree αij is specified by
experienced persons of the field which could be distinct for different arcs. Here, they are set identical at
αij = 0.9 for all (i, j) ∈ A. The final mixed integer linear problem has 92 constraints and 110 variables
and the s− d maximum flow without interdicting is 39 in an uncertain flow network. This amount equals
to 44 units where there is no uncertainty assumption on the network [1].

The optimal solution of the problem has been calculated by the branch-and-bound algorithm using
GAMS 23.5.2 with the solver CPLEX 12.5. In both uncertain and deterministic environment, while the
optimal objective function reduces to 24 units in uncertain environment and 29 units where there is no
uncertainty assumption [1].

5 Conclusion
This paper proposed a model of network interdiction problem with uncertain arc capacity. It is proved that
the model can be transformed into the corresponding deterministic bi-level mixed integer optimization
problem when the uncertain variable is linear. The solution approach consist of transforming the bi-
level problem to a single-level mixed-integer problem in the first stage and then applying an standard
linearization method to produce a mixed integer linear optimization problem. The model is implemented
on an example to illustrate the theoretical considerations.
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A decentralized approached is used to solve the power plants preventive maintenance scheduling
(PPPMS) problem. Many reasons such as decentralized power system operations, expanding complex-
ity in electricity markets, and an opportunity of solving PPPMS problem faster, support the implemention
of this approach in PPPMS problems. The presented method is extends the alternating direction
method of multipliers (ADMM) along with several heuristics to mitigate oscillations and traps in local
optimality which are the result of non-convexity of PPPMS problem. Due to this distribution, the privacy
of commercial data-generating companies is ensured, since it does not require to submit any equipment
data to a central agency. Furthermore, subproblems can truly be solved in parallel with minimal need
for information exchange in each iteration.
Keywords ADMM; decentralized optimization; preventive maintenance; power plant; scheduling.

1 Introduction

Power plants preventive maintenance is a maintenance that is performed regulary on power plants in
order to lessen the likelihood of its failing. Although preventive maintenance reduce potential conse-
quences of failures, it could cause an additional cost which may not corresponded to the ehnace of the
reliability. Therefore, making a proper scheduling for preventive maintenance is absolutely essential.
The problem of Power Plant Preventive Maintenance Scheduling (PPPMS) is approached in this paper.
The issue to be solved is which generating units of an electric system must stop for planned preventive
maintenance over a specific time horizon.
PPPMS is a large-scale, non-convex and mixed integer combinatorial optimization problem. To over-
come the complexity of the problem, different authors have focused their attention on several method-
ologies. Todays, the electricity sector in many countries has moved from a centralized structure to dereg-
ulated markets. It means that each company is responsible for its own benefits, and do not interfere with
power system reliability; therefore, scheduling of preventive maintenance playing an essential important
role.
In this paper, a new decentralized approach to PPPMS problemwill be examined. The approach is based
on Alternating Direction Method of Multipliers (ADMM) [1]. In this method, the solutions of small local
subperiods are coordinated to find the solution of the global problem. It has shown that by implementing
some huristics, ADMM converges to an acceptable feasible solution in the non-convex environments [2].

2 Model description and formulations

In the context of this paper, the objective is to minimize total system costs over the decision variables
of generator active power outputs and on/off status. The typical time horizon selected is one year. This
time horizon is expressed as 52 weeks, and each week is divide into two subperiods, namely: business
days and weekend days. The objective function consists of start-up cost and production cost.
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2.1 Constraints
In this paper, the model consists ten groups of equations, that are: Maintenance duration constraints,
Non-stop maintenance constraints, Maintenance window, One-timemaintenance constraints, Generated
power limit constraints, Start-up constraints, Maintenance and Connection constraints, Variable type and
sign constraints, and Demand constraints. [3]
In sum, the PPPMS problem in centralized approach can be formulated as:

min
∑

ν∈P
Cν(Xν)

s.t.





Xν ∈ Sν ∀ν ∈ P
+
Demand constraints

(2.1)

where,
Sν :=

{
Xν : {Constraints except demand, ∀i ∈ Nν}

In the abovementioned model, ν is the index of regions, i is the index of power plants, Nν is the set of
power plants in region ν and P is the set of all regions.
Note that in model 2.1 all of the variable and constraints are local except demand constraints. By relax-
ing these constraints, augmenting them in the objective function, and using ADMM, 2.1 can be solved
iteratively in a decentralized framework.

3 Solution Approach

3.1 Application of ADMM
For region ν, let θ̃mν,k,s be the perception of the amount of power (MW) that region ν produce in period
k and subperopd s in mth iteration. Moreover, let λmk,s be the value of dual variable corresponding to
deviation from θ̃mν,k,s in iteration m as follow:

θ̃mν,k,s :=
∑

i∈Nν

(
p(i, k, s).τk,s

)
−
∑

i∈N

(
p(i, k, s).τk,s

)
−d(k, s)

|P|

∀k ∈ K, ∀s ∈ S, ∀ν ∈ P

where |.| is the cardinality of a set. In period k and subperiod s, τk,s is the length of period, p(i, k, s) is
the production of power plant i and d(k, s) is the demand for power. Now, let the augmented Lagrangian
function of region ν at iteration m + 1 be:

Lρ,ν(Xν , λ
m, θ̃m) =

Cν(Xν) +
∑

k∈K

∑

s∈S

(
λmk,s.

( ∑

i∈Nν

(
p(i, k, s).τk,s

)
−θ̃mν,k,s

))

+
∑

k∈K

∑

s∈S

1

2
ρ

∥∥∥∥∥
∑

i∈Nν

(
p(i, k, s).τk,s

)
−θ̃mν,k,s

∥∥∥∥∥

2

2

where ρ > 0 is a given penalty factor. The dual variables are updated as:

λm+1
k,s := λmk,s + ρ

∑
i∈N

(
p(i, k, s).τk,s

)
−d(k, s)

|P|
∀k ∈ K, ∀s ∈ S

Algorithm 20, Proposition proposed PPPMS algorithm based on ADMM.32



Algorithm 1 PPPMS algorithm based on ADMM

Step 1: Initialize promal variables X0
ν and dual variables λ0

for each region ν ∈ P; set m = 0.

Step 2: Each region sends the summation of its produced
power for all periods and subperiods to the master
computer.

Step 3: Master computer computes θ̃mν,k,sfor all region and
all periods and subperiods and send them back to the computers.

Step 4: Each region computes its own dual variables. They
also compute their own primal and dual residuals and
send them to the master computer.

Step 5: Master computer calculate primal and dual norms
and check the stopping citeria based on them.

Step 6: Each region ν updates Xm+1
ν by solving a self-

contained problem of the following form:

Xm+1
ν = argmax

Xν∈Sν

L′
ρ,ν(Xν , θ̃

m
ν , λ

m
ν )

3.2 Solution Process
If the problem 2.1 has a feasible and bounded optimal solution and the sets are convex, closed, non-
empty sets for all, the approach proposed in Algorithm 20 can solve 2.1 in a decentralized framework (see
[1] for convergence properties of ADMM). However, oscillations in the binary variables may prevent effec-
tive searching for the global optimum. Therefore, several heuristic modifications to the direct application
of ADMM were need. Release-and-Fix (R&F) approach were implemented to help the convergence [2].

4 Experimental Results
A case study based on the part of the generating system of Iran is reported in this section to compare
the efficiency of the proposed decentralize method. The example consist of 50 thermal power plants in
the 8736 hours time horizon duration (52 weeks or 260 buisiness days and 104 weekend days). All of
the data are extracted from main power generation companies that are operating in Iran (availavle at:
http://www.igmc.ir/en/tabid/210/Default.aspx).
All algorithms were coded in C# using CPLEX 12.4 on a personal computer with Processor Intel (R) Core
(TM) i3-2100 CPU @ 3.10 GHz 3.10 GHz with 4.00 GB RAM in a 32-bit system type.

4.1 Numerical result - using MIP
Solving the PPPMS problem through Linear MIP technique there needs a global formulation of the prob-
lem. 2.1 is a centralized global formulation of PPPMS problem. In order to check the efficiency of the
MIP method in the abovementioned problem, it is applied to this case study. The results are described
hereunder. Best Integer Solution: 1.61594e+ 007
Best Lower Bound: 1.60953e+ 007
Gap: 0.40%
Computational time (s) which spent to find the best binary feasible solution before CPLEX Failed (Out of
Memory): 2435
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4.2 Numerical result using ADMM
Results of performing the proposed approach are summarized in Table 1.

Table 1: Numerical Results Using ADMM.
Gap Iterations CPLEX(Time in Sec.)
0.40% 340 858
0.37% 1600 8295

Penalty factor (ρ) was set as: 0.02

5 Conclusion
PPPMS problem was formulated in this article. The proposed method which works on decentralized
framwork is based on an extension of ADMMalong with several heuristics and refinements. Experimental
results demonstrate that the proposed method performed better than using MIP method in the Iran’s
electricity market from the following aspects: 1- Computational speed, 2- Accuracy of the results, and 3-
Security.
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Forestry in Iran is based on continuous cover forestry (CCF) management principles. CCF often leads
to higher expected present values than rotation forestry (RF) with clear cuts. Furthermore, CCF has
environmental advantages of several kinds. Many different species of trees grow together in large parts
of these forests in Iran. Mixed species forests give advantages compared to monocultures, such as
options to adapt harvesting of different species to changes in market prices, climate, species specific
damages etc. In order to optimize multi species CCF in Iran, it is necessary to develop mathematical
models for operations research studies that represent the relevant parts of the Iranian forestry planning
problem. This presentation includes central components in this modelling process: Forest statistics,
growth function estimations and the links to forest harvesting, logistics and the forest industry mills.
Keywords Forest statistics; Caspian forest; Dynamic growth models; Optimization; Logistics.

1 Introduction
The area of natural forest in Iran is approximately 12.4 million ha of which about 1.9 million ha is managed
as commercial forest called Iranian Caspian forest in northern Iran. The forests of Iran represent 7.5
percent of the total area of the country. Iranian Caspian forests are located on the south coast of the
Caspian Sea and the northern slopes of the Alborz Mountain range from sea level to 2800 m. These
forests grow in a strip 800 km in length and 2070 km wide. These are the most valuable forests in
Iran. Industrial harvesting occurs only in the Caspian forest. Because of the severe climatic conditions
and forest degradation, forests in other regions are not exploited for industrial wood production. Forest
industries in Iran produce sawnwood and wood-based panels as well as pulp and paper from hardwood
species. Moderate volumes of forest products, mainly paper, are imported. Modest quantities of wood
are burned as fuel [4]. The number of options to model the dynamics of forests is almost unlimited.
You may use stand models, models of individual trees, diameter class models, models that describe
altitude, slope and directions, models in continuous time, in discrete time etc. The international demand
for forest sector products has started to change. Some paper qualities have sharp demand decreases,
mainly depending of lowered demand in the new internet based society. This transformation affects the
whole forestry supply chain, which has to be considered as an integrated dynamical system with a lot of
disturbances. Hence, when to manage the forest using multi species CCF, in our case in Iran, the main
question for the forest industry is how much better this management regime is if the whole supply chain
is considered and not only the management of the forest.

2 Main Results
In order to collect volume and growth data, district number 2 of Losara forests that is located in Ploroad
watershed, east of Guilan province was chosen. Its latitude ranges from 36° 57’ 38” N to 36° 59’ 40”
N and its longitude ranges from 50° 12’ 10” E to 50° 16’ 40” E. These forests are located in Caspian
mountainous area and its altitude ranges from 400 to 1200 meters. These forests are uneven-aged
and the main species are: hornbeam (Carpinus sp), beech (Fagus orientalis), oak (Quercus sp), alder
(Alnus sp) etc. The inventory area was 576 ha. A systematic random sampling method with network
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of 150*200 m was used for inventory. The area of each sample plot was 1000 square meters. There-
fore, 201 sample plots were determined and some items such as number of tree, tree diameter at breast
height (DBH), trees height were measured at each sample plot. Furthermore, 3 sample plots at different
3 elevations were chosen to measure the tree increment. The available empirical data was used to es-
timate a modified logistic growth model where stand density, altitude and species mix were considered
as explanatory variables. Logistic growth models have been found useful in continuous cover forest
management optimization and examples of such studies are found in Lohmander [1] and Lohmander
and Mohammadi Limaei [3]. The general dynamics of forests based on such models was analyzed and
dynamic equilibrium conditions (stand densities and species mixes) for different altitudes were deter-
mined. In some cases, dynamic multi species model parameters are possible to determine via steady
state observations of unmanaged forests. Optimization of management decisions in a changing and not
perfectly predictable world, should always be based on adaptive optimization. Lohmander [2] describes
these principles and typical implications for optimal forestry decisions. Adaptable logistic growth func-
tions work well in such cases. The total forest sector model of this problem has to handle some criteria,
maybe in conflict, such as the present value and the environmental value, as well as, the most influential
disturbances. We shortly present how this can be modelled using a ranked multi criteria stochastic mixed
integer programming model and why that approach is selected. We have not seen earlier applications of
such models in this context. However, in distribution logistics, one method has recently been described
in Kalinina et al.,[1].
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In this paper, we propose an infeasible interior point algorithm for semidefinite linear complementarity
problems (SDLCP). We derive the favorable iteration bound as good as the best obtained complexity
bound for this class of problems.
Keywords Interior point methods; semidefinite LCP; Complexity analysis.

1 Introduction
After the seminal interior point algorithm by Roos [1] for linear optimization (LO), many researchers
extended this algorithm to various classes of mathematical programming such as convex quadratic op-
timization (CQO) problems, linear complementarity problems (LCPs), semidefinite optimization (SDO)
problems and symmetric cone optimization (SCO) problems. In 2009 and 2011 Mansouri et al. [2, 3]
respectively extended the Roos’s algorithm from LO to SDO and LCPs.
A special class of complementarity problems, namely semidefinite linear complementarity problems
(SDLCPs), are extension of LCPs with the cone of nonnegative real vectors replaced by the cone of
symmetric positive semidefinite real matrices. Furthermore, let Sn denotes the space of all real symmet-
ric n × n matrices. Given a linear transformation A : Sn → Sn and a matrix Q ∈ Sn, the SDLCP is the
problem of finding a pair matrices (X,S) ∈ Sn × Sn such that

S = A(X) +Q, X • S = 0, X, S ⪰ 0, (1.1)

where X • S denotes the trace of the (matrix) product XS, A is a self-adjoint positive semidefinite linear
operator, i.e. for X,S ∈ Sn, A(X) • S = X • A(S) and A(X) •X ≥ 0 and the inequality X ⪰ 0(X ≻ 0)
means that X is a positive semidefinite (positive definite) matrix.
The aim of this paper is to extend the classical proposed infeasible interior point algorithm by Mansouri
et al. [3] for LCPs to monotone SDLCPs. To this end, we firstly present a feasible interior point algorithm
based on using the Nesterove-Todd (NT) search directions and we prove that the complexity of the
proposed algorithm coincides with the best obtained iteration bound for this class of problems. However,
because of finding the initial point is the main difficulty of the feasible algorithms, the second part of the
paper generalizes the infeasible version of the proposed algorithm by Mansouri et al. [3] for LCPs to
SDLCPs. Moreover, the analysis is straightforward to the LCP analogue and the algorithm uses at each
iteration a full-Newton step which has the advantage that no line searches are needed.

2 Feasible full-Newton step IPMs
AssumingF0 ̸= ∅ (F0 is the interior set of the problem 1.1), finding an optimal solution of 1.1 is equivalent
to solve the following Karush-Kuhn-Tuker perturbed optimality condition system of 1.1

S = A(X) +Q, XS = µI, X, S ⪰ 0, (2.1)

The principal idea of feasible IPMs is to start from a feasible point, follow the central path and approach
the optimal set of SDLCP as µ goes to zero. To trace the central path, as a guide line, we need some
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search directions which are gained from the following system
A(∆X)−∆S = 0,

∆X + P∆SPT = µS−1 −X. (2.2)

After searching along the central path the new iterates are given as follows:
X+ = X +∆X, S+ = S +∆S, (2.3)

Now, we state some lemmas which establishes the quadratic convergence and polynomial complexity
of feasible algorithm.
Lemma 2.1. Let δ(X,S;µ) denotes the proximity measure of the generated iterates from the central
path. If δ := δ(X,S;µ) < 2

√
2− 2, then the full NT-step is strictly feasible and

δ(X+, S+;µ) ≤ δ2

2
√
2(1− δ)

.

Moreover, if δ(X,S;µ) ≤ 1
2 then δ(X+, S+;µ) ≤ δ2(X,S;µ), i.e. quadratic convergence is obtained.

Lemma 2.2. If θ = 1√
n

then the algorithm requires at most

O(
√
nlog

n

ε
)

iteration.

3 Infeasible algorithm for SDLCP
Finding an initial starting point in feasible IPMs is the main difficulty for this class of algorithms which
reduces their efficiency. To remedy this difficulty, a class of algorithms, namely infeasible IPMs, have
been proposed such that they are independent of starting point. In this section we extend the infeasible
version of the proposed algorithm in [3] for LCPs to SDLCPs.
Let (X0, S0) = (ρpI, ρdI) where

∥X∗∥ ≤ ρp, max{∥S∗∥ , ρp ∥A∥} ≤ ρd, µ0 = ρpρd, (3.1)

be the initial starting point of the infeasible algorithm for solving the perturbed problem (Pν)

S −A(X)−Q = νR0, (3.2)

where ν ∈ (0, 1) and R0 = S0 −A(X0)−Q. Starting from the initial point (X0, S0) we need to feasibility
search direction (∆fX,∆fS) to obtain a new iterate (Xf , Sf ) in quadratically convergence region of Pν+ ,
i.e, δ(Xf , Sf , µ+) ≤ 1

2 . By starting from this point, obtaining the centering search direction (∆cX,∆cS)
and performing some centering steps, the algorithm generates the new iterate (X+, S+) in sufficiently
small neighborhood of the central path of Pν+ , i.e, δ(X+, S+, µ+) ≤ ε. This process is repeated until that
an ε-approximate solution of the original problem 1.1 is obtained. The feasibility search direction system
is as follow while the centering one is the same as system 2.2.

A(∆fX)−∆fS = θνR0,

∆fX + P∆fSPT = µS−1 −X (3.3)

The more formal descriptions of the infeasible algorithm can be summarized as below.
• Input parameters: Accuracy parameter ε > 0; threshold parameter τ > 0; barrier update parameter
θ; and initial point (X0, S0).
• step 0: If max{nµk,

∥∥Rk
∥∥} ≤ ε, then stop. Otherwise go to next steps.

• step 1: Compute the feasibility directions from 3.3, generate the new point (X,S) = (X,S)+(∆fX,∆fS)
and set µ = (1− θ)µ.
• step 2: While δ(X,S, µ) ≥ τ calculate the centering steps by solving 2.2 and generate the new iterate
(X,S) = (X,S) + (∆X,∆S).
• step 3: Compute µk and

∥∥Rk
∥∥ and go to step 1.
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4 Convergence analysis

In this section we present some lemmas which guarantee the convergence analysis of the algorithm and
prove its polynomial complexity. Note that in bellow we use the following notions:

D
f
X =

1√
µ
D−1∆fXD−1, D

f
S =

1√
µ
D∆fSD, (4.1)

D
f
XS =

1

2
(Df

XD
f
S +D

f
SD

f
X) (4.2)

Lemma 4.1. The iterate (Xf , Sf ) is strictly feasible if
∥∥∥Df

XS

∥∥∥ < 1.

Assuming
∥∥∥Df

XS

∥∥∥ < 1, since in our algorithm we need to have δ(Xf , Sf , µ+) ≤ 1
2 , by some calcula-

tions, it is necessary to have

∥∥∥Df
X

∥∥∥
2

F
+
∥∥∥Df

S

∥∥∥
2

F
≤ 1− θ − 2

√
nθ. (4.3)

Obtaining an upper bound for the term
∥∥∥Df

X

∥∥∥
2

F
+
∥∥∥Df

S

∥∥∥
2

F
is the hard part of our analysis. After some

insufferable calculations we gain

δ2(V )

1− δ(V )
+ 4nθ(

(3 + δ(V ))√
1− δ(V )

)

[
δ(V )√
1− δ(V )

+ 2nθ(
(3 + δ(V ))√
1− δ(V )

)

]
≤ 1− θ − 2

√
nθ (4.4)

Obviously, the left hand side of the above inequality is monotonically increasing with respect to δ(V ).
Using this, one may easily verify that the above inequality is satisfied if

δ(V ) =
1

8
, θ =

1

10n
(4.5)

We can easily find at most 2 centering steps suffice to get iterates that satisfy δ(X+, S+;µ+) ≤ τ . So
each iteration consists of at most 3 so-called inner iterations, in each of which we need to compute a
new search direction. Now we state the main result of the paper.

Theorem 4.2. If the original problem 1.1 has optimal solution (X∗, S∗) such that ∥X∗∥ ≤ ρp and ∥S∗∥ ≤
ρd, then after at most

30n log
max

{
X0 • S0,

∥∥R0
∥∥}

ϵ

iterations the algorithm finds an ϵ-solution of SDLCP.

5 Concluding remarks

In this paper, we developed the classical interior point algorithm proposed by Mansouri et al. [3] for LCPs
to monotone SDLCPs. Indeed, based on using the NT search direction and the new proximity measure
we present a simple convergence analysis for SDLCPs which are a general class of complementarity
problems.
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1 Introduction
In statistics, one of the most useful and applicable tools is “Regression Analysis”. A great deal of attention
has recently been focused on the problem of fitting the traditional regression model, y = Xβ+ ϵ, where
the data are drawn as {(Xi, yi)

n
i=1},Xi ∈ Rp and yi ∈ R for i = 1, 2, . . . , n. Xijs are the regressors and

yi is the response variable of the ith observation and β ∈ Rp is unknown vector of coefficients which has
to be estimated, ϵ is the error term with E(ϵ) = 0 and E(ϵϵT ) = σ2In(σ

2 < ∞), In is the identity matrix
of order n.

The estimation problem is usually solved through ordinary least squares (OLS) method where the
parameters are estimated by the values minimizing the residual sum of squares ||y −Xβ||22. Provided
X is of full rank, such that XTX is nonsingular and can be inverted, the estimator of β is written as

β̃ = (XTX)−1XTy = C−1XTy; C = XTX.

In situation where the number of predictors, p, is large relative to the sample size, n. There are many
approaches that outperformOLS. Penalized regression methods are commonly adopted for these “Large
p” problems. One of the most of these approaches is the LASSO([1]) which places an L1 constrain on
the coefficients. In particular, the LASSO is defined as the solution to

minβ||y −Xβ||22 subject to ||β||1 ≤ t (1.1)

Where t is a constant and ||x||p = (
∑n

i=1 |xi|p)
1
p . Thus, equivalently, the LASSO estimator is

β̂
L
= argminβ||y −Xβ||22 + λ||β||1. (1.2)

One of its major advantages is that the L1 penalty has the effect of shrinking certain regression coef-
ficients to exactly zero, and hence it performs variable selection. In recent years, there is a growing
interest in this study due to its wide range of applications such as support vector machine, geophysics,
variable selection, data compression, sensor networks and in restoration of signals and images.

2 Restricted Estimators
Up to this point, it was assumed that the level of information was only the sample information, assuming
no non-sample effect in estimation procedure. Indeed, the main objective is how to formulate the LASSO
in the presence of some linear constraints.

A set of q linear restrictions on the vector β can be written as Hβ = h, where H is a q × p (q ≤ p)
matrix of known elements, with q being the number of linear restriction to test, and h is a q × 1 vector of
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Figure 1: Auto loan data demand curves as a function of interest rate for the RLASSO, the logistic, and
the LASSO

known elements. The rank of H is q, which implies that the restrictions are linearly independent. This
restriction may be (a) a fact known from theoretical or experimental considerations, (b) a hypothesis that
may have to be tested or (c) an artificially imposed condition to reduce or eliminate redundancy in the
description of the model (see [2]. Thus, the main focus will be the solution of the

minβ





n∑

i=1

(yi −
p∑

j=1

βjxij)
2



 subject to

{ ∑p
i=1 |βj | ≤ t

Hβ = h

Or, we are concerned with the constrained Lp-regularization problem
{

min f(β) = ||y −Xβ||2 + λ||β||1
s.t. Hβ = h

(2.1)

The solution of the above optimization problem will be called restricted LASSO (RLASSO) estimator and
denoted by β̂

RL
. This estimator has applications in portfolio optimization, monotone curve estimation.

Figure 1 (adopted from [3]) provides an example of this approach applied to the auto loan data. The
logistic curve is constrained in the shape, it can model while the lasso fit is not sensible because it lacks
a monotone shape. However, the RLASSO is capable of fitting a flexible, but still monotone curve.

Suppose for any matrix Z, let ZA represent them columns of Z associated with an index setA of size
m. Similarly let ZĀ corresponds to the remaining columns of Z. To reduce notation we assume without
loss of generality that A corresponds to the first m columns of Z so Z = [ZA, ZĀ]. The following lemma
are due to [3].

Lemma 2.1. For a given index set, A, define βA by:

βA = argminβ||Y ∗ −X∗β||+ λ||β||1 + λ||H−1
A (h−HĀβA)||1.

where Y ∗ = Y − XAH
−1
A β, X∗ = XĀ − XAH

−1
A HĀ. Then, for any index set, A, such that CA is

non-singular, the solution to (2.1) is given by

β =

[
H−1

A (h−HĀβA)
βA

]

We can make use of an alternative, more tractable criterion to compute βA.

Lemma 2.2. For a given index set, A, and vector s define βA,s by

βA,s = argminA,s||β̃ −X∗β||22 + λ||β||1, (2.2)
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where β̃ = Y ∗ + λX−(H−1
A HĀ)

T s, and X− is a matrix such that X∗TX− = I.
Than, for any index set, A it will be the case that βA = βA,s provided

s = sgn(β̄A,s), (2.3)

where β̄A,s = H−1
A (h−HĀ,s) and sgn(a) is a vector of the same dimension as a with ith element equal

to 1 or −1 depending on the sign of ai.

Corollary 2.3. By Lemma 1 and 2, provided A and s are chosen such that HA is nonsingular and (2.3)
hols, then the solution to (2.1) is given by β̂

RL
=
[
β̄A,S ,βA,s

]T .

In practice, the linear restriction Hβ = h may not hold. The doubt on this can be removed by testing
the hypothesis H0 : Hβ = h against the alternative HA : Hβ ̸= h. As a result, we choose β̂

LE
or β̂

RLE
,

based on the rejection or acceptance ofH0. For testingH0, the likelihood ratio test-statistic Ln is defined
as

Ln =
(Hβ̃ − h)T (HC−1HT )−1(Hβ̃ − h)

s2e
(2.4)

where s2e is the variance of OLS estimator and s2e → σ2, a.s.. Under H0, Ln follows a central chi-square
distribution with q d.f. as n→∞. We combine the LASSO and the restricted LASSO estimators to obtain
preliminary test LASSO estimator (PTLASSO) given by

β̂
PTL

= β̂
RL
I(Ln < χ2

q,α) + β̂
L
I(Ln > χ2

q,α)

= β̂
L − (β̂

L − β̂
RL

)I(Ln < χ2
q,α). (2.5)

where χ2
q,α is the upper α-level critical value of χ2

q.
The PTLASSO estimator depends heavily on the level of significance. To avoid the dependency of

the estimator on α, we advice the following shrinkage estimator based on β̂
L

n and the matrix design X

via β̂
RL

and Ln and define a Stein type shrinkage LASSO estimator (SSLASSO) as

β̂
SL

= β̂
L − k(β̂L − β̂

RL
)L−1

n , k =
(q − 2)m

m+ 2
,m = n− p, q ≤ p (2.6)

The estimator β̂
SL

may go past the estimator β̂
RL

. Thus, we define the positive-rule Stein-type shrinkage
LASSO estimator (PRSLASSO) given by

β̂
PRSL

= β̂
RL

+ {1− kL−1
n }I(Ln > k)(β̂

L − β̂
RL

)

= β̂
SL − (1− kL−1)I(Ln ≤ k)(β̂

L − β̂
RL

) (2.7)

Since P (Ln ̸= 0) = 1.
The results suggest Algorithm 1 for finding the respective estimator over a grid of λ.
—————————————————————-

References
[1] R. Tibshirani, Regression shrinkage and selection via the LASSO, Journal of Royal and Statistics,

Series B, 58(1) (1996), 267-288.

[2] Arashi, M., Janfada, M. and Norouzirad, M., Singular Ridge Regression With Stochastic Constraints,
Communications in Statistics-Theory and Methods, Accepted.

[3] G. M. James, C. Paulson, and P. Rusmevichientong, The Constrained LASSO, Manuscript.

43



Algorithm 2 Estimators

Step 1: Find LASSO by solving (1.1).

Step 2: Initialize β0 by solving (2.1) using λ0 = λmax.

Step 3: At step k select Ak and sk using the largest m elements
of βk−1 and set 10−αλk−1 = λk where α > 0 controls the step size.

Step 4: Compute βAs,sk
by solving (2.2). Let β̄Ak,sk

= H−1
Ak

(h−HĀk
βAk,sk

).

Step 5: If (2.3) holds then set βk =

[
β̄Ak,sk

βAk,sk

]
, (k + 1)→ k and return to step 3.

Step 6: If (2.3) does not hold then one of the largest m
elements of βk−1 has changed sign. Since the coefficient paths are continuous this means our
step size in λ was too large. Hence, set λk−1 = 1

2 (λk−1 − λk) and return to step 4.

Step 7: Iterate until λk < λmin and finally find RLASSO.

Step 8. Compute Ln by (2.4).

Step 9. If L ≤ χ2
q,α, then PTLASSO is RLASSO and if Ln > χ2

q,α, then PTLASSO is LASSO.

Step 10. Derive SSLASSO by (2.6).

Step 11. If Ln > k, then PRSLASSO is SSLASSO, and if not„β̂
PRSL

= β̂
SL − (1− kL−1

n )(β̂
L − β̂

RL
).
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This paper proposes an approach for finding all efficient faces in MOLP problems. This procedure
utilizes the dual of the scalarization weighted sum problem and some mixed integer problems. Then
stability of these efficient faces are examined using some parametric MOLP problems. Finally, all
efficient faces are ranked using their dimensions and their stability measures.
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1 Introduction
In this paper we consider the following Multiobjective linear programming (MOLP) Problem:

max Cx

s.t. Ax ≤ b, (1.1)

where C ∈ Rk×n, A ∈ Rm×n and b ∈ Rm. The feasible set of this problem is denoted by X. A point
x∗ ∈ X is said to be an efficient solution for (1.1) if there is no x ∈ X such that Cx∗ ≤ Cx and Cx∗ ̸= Cx.
The set of efficient points of Problem (1.1) is denoted by XE .

Theorem 1.1. [1, 5] Let x∗ ∈ X. x∗ is an efficient solution of Problem (1.1) if and only if the following
problem is feasible:

At
Iw − Ctλ = Cte,

w ≥ 0, λ ≥ 0,

where AI is a matrix containing those rows of A (in Problem (1.1)) corresponding to binding constraints
at x∗.

Definition 1.2. [1] A non-empty subset F of X is called a face of X if there is a nonempty set I ⊆
{1, 2, . . . ,m} such that F = {x ∈ X| alx = bl, for all l ∈ I}.
Definition 1.3. [1, 5] A face F of X is said to be an efficient face if all of its points are efficient.

Definition 1.4. [1, 5] An efficient face F of X is said to be a maximal efficient face (MEF) if there is no
efficient face F ′ of X such that F ⫋ F ′.

In this paper we are concern about obtaining efficient faces of Problem (1.1) and ranking these faces.
For ranking an efficient face, two factors are considered. The first factor is the dimension of F (dim(F ))
and the second one, denoted by TF ,is the range of parameter t in Problem (1.2) maintaining the efficiency
of F . Since efficiency of face F is equivalent to efficiency of its relative interior points, in the sequel, we
consider efficient points instead of efficient faces. To this aim, consider the following parametrization for
(1.1):

max (C + tG)x
s.t. Ax ≤ b, (1.2)

where t ∈ R is a parameter and G ∈ Rk×n which consists of only one non-zero row. The i-th row of G
denoted by gi. We denote by Ci ∈ R(k−1)×n a submatrix of C without the i-th row. Define

Tx∗ := {t ∈ R | x∗ is an efficient point of Problem (1.2)}.
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It should be noted that there are some works concerned about this type of sensitivity analysis such
[3, 4].

Theorem 1.5. Let x∗ ∈ X. Then Tx∗ \ (t1, t2) ⊆ {t1, t2} where,

t1 = min t

s.t.
∑

l∈I(x∗)

wla
l =

∑

j∈Î(x∗)

λjc
j + (ci + tgi)

λj , wl ≥ 0 l ∈ I(x∗), j ∈ Î(x∗), t ∈ R.

(1.3)

and
t2 = max t

s.t.
∑

l∈I(x∗)

wla
l =

∑

j∈Î(x∗)

λjc
j + (ci + tgi)

λj , wl ≥ 0 l ∈ I(x∗), j ∈ Î(x∗), t ∈ R,

(1.4)

and Î(x∗) denote the index set of binding constraints of Problem (1.1) and the following problem at x∗:

max (ci + tgi)x
Cix ≥ Cix∗

s.t. Ax ≤ b.
(1.5)

Remark 1.6. At fist, we should test (it can be done easily) if Tx∗ is empty or not. Then using problems
(1.3) and (1.4) and applying two efficiency tests corresponding to t1 and t2 , Tx∗ is computed.

We rank the efficient solutions or faces using the length of their intervals (Tx∗). Also, we can assign
a ranking factor to a given face, with relative interior point x∗, a pair such (dim(F ), |Tx∗ |) and then we
compare these pairs lexicographically. It can be seen that Tx∗ dose not depended to selection of x∗.
Thus using such a point, one can denote by TF the efficient interval of face F , where TF = Tx∗ .

Remark 1.7. Because of some real interpretations, one may compare pairs (|TF |, dim(F )) instead of
(Dim(F ), |TF |) for a given set of faces.

Remark 1.8. Since XE is the union of efficient sets (MEFs), we can obtain the general efficiency interval
for parameter t as follows

TXE
= ∩i∈IT (Fi),

where I denotes the index set of efficient faces (MEFs). Thus, as t ∈ TXE
, XE remains efficient.

In the next section an approach for finding efficient faces incident a given efficient point is proposed.
In the sequel, by finding a new efficient point which is not on obtained efficient faces, some new efficient
faces are obtained. Continuing this procedure, all efficient faces are obtained.

2 Finding maximal efficient faces incident to an efficient point
Let x∗ ∈ XE . Here, a procedure is given for finding all maximal efficient faces incident to x∗. To this aim,
consider the following problem:

P0 : θ∗0 = min
∑

i∈I(x∗)

δi,

s.t.
∑

l∈I(x∗)

wla
l −

k∑

j=1

λjc
j = etC

wl ≤Mδl, l ∈ I(x∗),
λj , wl ≥ 0, δl ∈ {0, 1}, l ∈ I(x∗), j ∈ {1, . . . , k}, t ∈ R,

(2.1)
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whereM is an enough big M number. Let (w∗, λ∗, δ∗) be an optimal solution of Problem 2.1. Define face
F0 and index set J0 (which are determined uniquely) as follows:

J0 := {i ∈ I(x∗) | δ∗i = 0},
F0 := {x ∈ X | aix = bi, ∀i ∈ J0}. (2.2)

It should be noted that Problem 2.1 can be solved using a simple branch and bound procedure. The
following theorem states some properties of this problem.
Theorem 2.1. Let x∗ ∈ XE . Then Problem (2.1) is feasible. Let (w∗, λ∗, δ∗) be an optimal solution of
Problem (2.1). Then the following assertions hold:

1. θ∗0 = 0 only if X = XE ;

2. for l ∈ I(x∗), w∗
l > 0 if and only if δ∗l = 1;

3. F0 is an efficient face and it is a MEF if x∗ is a non-degenerated extreme efficient point.

4. X∗
λ∗ = F0, where X∗

λ∗ denotes the optimal set of the corresponding weighted sum with weight
λ = e+ λ∗.

5. dim(F0) ≤ n−rank(AJ0) and dim(F0) = n−rank(AJ0) if x∗ is a non-degenerated extreme efficient
point.

In order to determine a new efficient face incident to efficient point x∗, we should obtain the index sets
of binding constrains corresponding to all obtained efficient faces. To this aim, we introduce Problem (2.3)
which computes the index set of all binding constrains over a given face F denoted by Imax(F ), incident
to efficient point x∗, with descriptor set J ; that is F := {x ∈ X | aix = bi, ∀i ∈ J} and Imax(F ) = {i ∈
{1, . . . ,m} | aix = bi, ∀x ∈ F}.

η∗ = max
∑

i∈I\J
ti,

s.t. aiy − biα = 0, i ∈ J,
aiy − biα+ si + ti = 0, i ∈ I \ J,
0 ≤ ti ≤ 1, i ∈ I \ J,
α ≥ 1, , si ≥ 0, i ∈ I \ J, y ∈ Rn,

(2.3)

where I is the index set of binding constraints at x∗.
Theorem 2.2. Let F be an efficient face of Problem (1.1) incident to x∗ ∈ XE with a descriptor set J .
The following propositions hold:

1. Problem (2.3) has an optimal feasible solution;

2. Let (y, s, t, α) be a feasible solution of Problem (2.3). Then it has a feasible solution such (ȳ, s̄, t̄, ᾱ)
such that if i ∈ I \ J and ti > 0 then t̄i = 1.

3. Let (y∗, s∗, t∗, α∗) be an optimal solution of Problem (2.3). Then t∗i =∈ {0, 1} for all i ∈ I \ J .

4. If i ∈ I \ J and t∗i = 1 in some optimal solution then t∗i = 1 in any optimal solution of Problem (2.3).

5. Let (y∗, s∗, t∗, α∗) be an optimal solution of Problem (2.3). Set B(F ) := {i ∈ I \ J | t∗i = 0} ∪ J .
Then B(F ) = Imax(F ). Thus B(F ) is well-defined. Moreover, y∗

α∗ is a relative interior point of F .
It can be shown that dim(F ) = n− rank(AImax(F )), AImax(F ) is a matrix containing those rows of A (in

Problem (1.1)) corresponding to binding constraints over F .
Let F 1, . . . F q are some efficient faces incident to x∗ ∈ XE . Set Ī := ∪qi=1I

max(F i). Replacing I with
Ī in Problem (2.1) (if it is feasible), a new efficient face is obtained. If Problem (2.1) is infeasible all of the
efficient faces incident to x∗ are F 1, . . . F q.

By a simple procedure a new efficient point (if there exists) which is not on obtained efficient faces is
obtained. Then all new efficient faces which are incident to this new point are computed. Continuing this
procedure, all efficient faces are obtained.
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In this paper, the minimum weighted set cover problem with uncertain weights is considered. Taking
advantage of some properties of uncertainty theory, α-weighted set cover is proposed which is a
deterministic model to find uncertain weighted set cover with confidence level α. A numerical example
is also presented to show the performance of the α-weighted set cover model.
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1 Introduction
In theory, the data about problems is considered deterministic while in real world applications, indetermi-
nacy factors appear. To deal with the phenomena in indeterminate environment, there are two axiomatic
methods. Probability theory and Uncertainty theory. The fundamental precondition to use the probability
theory is that the samples for indeterminate quantity was collected and their size is large enough. Unfor-
tunately in many cases the preparations to use the probability theory is not provided. In these situations,
we can use the believes of some domain experts. To apply these believes, the uncertainty theory was
founded by Liu [1, 2] and subsequently investigated by many researchers.

In recent years, the uncertainty theory has been applied in many field of applications such finance,
optimal control and risk analysis. In practical aspect, the concept of uncertain programming was pro-
posed by Liu. The uncertain programming is a mathematical programming which some of parameters
are uncertain. This type of mathematical programming has been exploited in many practical issues like
uncertain shortest past problem, maximum flow problem and etc. The books of Liu[3, 4], are an excellent
and comprehensive resource to know of recent advances in uncertainty theory.

Given a universe set U of elements, and a collection X of subsets S ⊆ U whose union equals the
universe, and suppose that each S ∈ X has an associated non-negative weight wS . Then the Minimum
Weighted Set Cover problem (MWSC), is to find a subcollection C ⊆ X of minimum total weight that
covers U . This problem is an NP − complete problem which means that there is no polynomial time
algorithm to solve it. To get rid of this difficulty, various algorithms like greedy and approximation algorithm
have been designed.

All of the above researches are under the condition that the weights of sets in X are determinate
but as mentioned before, in some cases, the weights are uncertain. To the best of our knowledge, this
paper is the first investigation on minimum weighted set cover with uncertain weights. In what follows,
(UMWSC) stands for the Uncertain Minimum Weighted Set Cover problem.

The rest of this paper is organized as follows. In first section, some fundamental concepts and results
of uncertainty theory are introduced. In section 2, we describe an integer linear programming model for
UMWSC and in last section, a numerical example is given.

2 A review to uncertainty theory
As previously mentioned, the uncertainty theory can be potential tool to utilize experts believes. In this
section we mention some of important fundamentals of uncertainty theory. All definitions and theorems
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in this section are excerpted from Liu[4]. Let Γ be a nonempty set and L be a σ-algebra over L. Each
member Λ ∈ L is called an event. A set functionM over L is said to be uncertain measure if it satisfies
the following four axioms:
Axiom 1 : (Normality)M{Γ}=1 for the universal set Γ.
Axiom 2 : (Duality)M{Λ}+M{Λc}=1 for any event Λ.

Axiom 3 : (Subadditivity) For every countable sequence of eventsΛ1 , Λ2 , . . ., we haveM
{∪∞

i=1 Λi

}
≤

∑∞
i=1M{Λi}.

For the simplicity, the triple (Γ,L,M) is called an uncertain measure space. Axiom 4, separates uncertain
measure and probability measure from each other.
Axiom 4 : (Product) Let (Γk,Lk,Mk) be uncertainty spaces for k = 1, 2, . . .. The product uncertain

measureM is an uncertain measure satisfyingM
{∏∞

k=1 Λk

}
=
∧∞

k=1Mk{Λk} where Λk are arbitrarily

chosen events from Lk for k = 1, 2, . . .., respectively .
The function f : (Γ,L,M) → R where the R is the set of real numbers, is said to be measurable if for
any Borel set B of real numbers we have f−1(B) = {γ|f(γ) ∈ B} ∈ L. An uncertain variable ξ is a
measurable function on an uncertainty space. For uncertain variable ξ, the uncertainty distribution φ, is
defined as φ(x) =M{ξ ≤ x}. In this paper, we deal with some kinds of uncertain variable which will be
mentioned in the following.
linear uncertain variable: An uncertain variable ξ is said to be linear if its distribution is in linear form:

ϕL(x) =





0 x ≤ a
(x− a)/(b− a) a ≤ x ≤ b

1 x ≥ b

The linear uncertain variable will be denoted by L(a, b).
normal uncertain variable: An uncertain variable ξ is called normal if it has a normal uncertainty
distribution

ϕN (x) = (1 + exp(π(e−x)√
3σ

))−1 , x ∈ R

denoted by N (e, σ) where e and σ are real numbers with σ > 0.
crisp uncertain variable: An uncertain variable ξ is said to be crisp if it has distribution ϕcr(x) = c.
If the uncertain distribution φ is continuous and strictly increasing function with respect to x at which 0 <
φ(x) < 1 and satisfies at the conditions limx→−∞ φ(x) = 0 , limx→+∞ φ(x) = 1 then it is called regular
uncertain distribution. If the uncertain distribution φ is the regular, then it can be defined the inverse of φ.
The inverse uncertainty distribution of ξ is shown by φ−1(α). It is easy to verify that the inverse uncertainty
distribution ofL(a, b) isφ−1

L (α) = (1−α)a+αb and forN (e, σ) isφ−1
N (α) = e+ σ

√
3

π
ln α

1−α
. Also the inverse

uncertainty distributions of crisp uncertain variable is ϕ−1
cr (α) = c. The uncertain variables ξ1, ξ2, . . . , ξn

are said to be independent if we have M
{∩n

i=1(ξi ∈ Bi)

}
=
∧n

i=1M{ξi ∈ Bi}. for any Borel sets

B1, B2, . . . , Bn. If ξ1, ξ2, . . . , ξn is independent uncertain variables and f is a strictly increasing function,
then ξ = f(ξ1, ξ2, . . . , ξn) is an uncertain variable. In most cases, it is not straightforward calculating the
uncertainty distribution Ψ for uncertain variable ξ. The next theorem gives us a useful way to calculate
the inverse uncertainty distribution Ψ−1 for uncertain variable ξ.

Theorem 2.1. Let ξ1, ξ2, . . . , ξn be independent uncertain variables with regular uncertainty distribu-
tions φ1, φ2, . . . , φn, respectively. If f is a strictly increasing function, then the uncertain variable ξ =
f(ξ1, ξ2, . . . , ξn), has the inverse uncertainty distribution Ψ−1(α) = f(φ−1

1 (α), φ−1
2 (α), . . . , φ−1

n (α)).

Sometimes in uncertain programming, the feasible region of some constraints are not determined.
To solve this, the next theorem gives an equivalent constraint with specific feasible region.
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Theorem 2.2. Assume that g(x, ξ1, ξ2, . . . , ξn) is strictly increasing function with respect to ξ1, ξ2, . . . , ξk
and strictly decreasing with respect to ξk+1, ξk+2, . . . , ξn. If ξ1, ξ2, . . . , ξn are independent uncertain vari-
ables with uncertainty distributions φ1, φ2, . . . , φn, respectively, then M{g(x, ξ1, ξ2, . . . , ξn) ≤ 0} ≥ α

holds if and only if g(x, φ−1
1 (α), . . . , φ−1

k (α), φ−1
k+1(1− α), . . . , φ−1

n (1− α)) ≤ 0.

3 problem description
One of approaches to find MWSC is integer linear programming model. The minimumweighted set cover
problem can be formulated as the following integer linear program:

min{∑S∈X wSxS |
∑

S:e∈S xS ≥ 1 ∀e ∈ U , xS ∈ {0, 1} ∀S ∈ X}. (3.1)

From now on, the feasible region of (1.1) is denoted byF . When the weight of each set S ∈ F is uncertain
variable ξS , then the following model shows the UMWDS.

min{∑S∈X ξSxS |xS ∈ F}.

Since an uncertain objective function
∑

S∈F ξSxS can not be directly minimized, we use the trick of
introducing variable t that gives an equivalent model.

min{t|∑S∈X ξSxS ≤ t , xS ∈ F}. (3.2)

Unfortunately the uncertain constraint
∑

S∈F ξSxS ≤ t do not give a deterministic feasible set. Therefore
we consider that the uncertain constraints hold with chance α where α is a specified confidence level.
Then the problem (1.3) changes to:

min{t|M{∑S∈X ξSxS ≤ t} ≥ α , xS ∈ F}. (3.3)

According to theorems 2.1 and 2.2, we can obtain a deterministic equivalent model for UMWSC from
the problem (1.4). This new model, is the problem of finding minimum weighted set cover problem with
weight φ−1

S (α) for each S ∈ X.

min{∑S∈X φ−1
S (α)xS |xS ∈ F}. (3.4)

We will denote by α-weighted set cover, the optimal solution of problem (2.1). Since problem (2.1) is
deterministic, it can be conveniently solved it by MATLAB software. In next section, we give a numerical
example.

4 numerical experiment
Consider the universeU = {1, 2, 3, 4, 5, 6} and the collection of subsetsX = {{1, 2, 3}, {2, 4, 5}, {3, 4, 6}, {1, 3, 5}, {4, 5, 6
{S1, S2, . . . , S5}. The uncertain weight of each Si and its related φ−1

i (0.9) are listed in Table respectively.
Using the data in Table 1 and according to model (2.1), we can construct the following deterministic

Table 1: Numerical Results.
ξi ξ1 ξ2 ξ3 ξ4 ξ5
φi L(2, 5) N (7, 10) 3 N (6, 3) L(5, 9)
φ−1
i (0.9) 4.70 19.12 3 9.64 8.60
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model:
min

∑5
i=1 φ

−1
i (.9)xi

s.t. x1 + x4 ≥ 1
x1 + x2 ≥ 1
x1 + x3 + x4 ≥ 1
x2 + x3 + x5 ≥ 1
x2 + x4 + x5 ≥ 1
x3 + x5 ≥ 1
xi ∈ {0, 1}

(4.1)

By usingMATLAB software, the optimal solution of themodel (2.3) can be obtained as x∗ = (1, 0, 0, 0, 1)T .
Then the 0.9-weighted set cover is {S1, S5}.
By choosing different value for α, the α-weighted set cover maybe change. In other words, the variation
of α affects the optimal solution of UMWSC.
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In this paper, we present an algorithm to find all extreme efficient solutions for the biobjective generalized
minimum cost flow problem. In the proposed algorithm, the parametric generalized network simplex
algorithm is used.
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1 Introduction
Various types of optimization problems can be converted to a single-objective generalized minimum cost
flow problem.However in real life, having more than on objective function is seemed extremely common.
As a result, multiobjective problems are drawn extra attention in the literatures. There are some appli-
cations of generalized network flow problem in [1].

In [3] is presented an algorithm to compute a complete set of efficient solutions for the biobjective
integer minimum cost flow problem. In this paper, utilizing the approach presented in [3] and the gener-
alized network simplex algorithm in [1], we propose a procedure to find all extreme efficient points of the
biobjective generalized minimum cost flow (BGMCF) problem.

2 Terminology and Definitions
Let N = (G, c, γ, l, u) be a directed network where the graph G = (V,A) includes n nodes and m arcs.ie.
|V | = n and |A| = m. Associated with each arc (i, j), there are two costs c1ij and c2ij . then for each (i, j),
there exists a cost cij = (c1ij , c

2
ij) which shows the cost of sending one unit flow from node i toward node

j along the arc (i, j). In addition for each (i, j) ∈ A there are three parameters: rational number γij > 0,
the arc multiplier, lij and uij are respectively the non-negative lower and upper bounds on the amount
of flow emenating from i to j along (i, j) in which lij ≤ uij . Importantly, When we send 1 unit of flow on
an arc (i, j), γij units of flow arrive at node j. If γij > 1, the arc (i, j) is called gainy and if γij < 1, it is
named lossy. what is more, an numerical value, bi, the balance, is associated with each node i ∈ V . A
value bi > 0, bi < 0, or bi = 0 denotes that at node i, there exists a supply, demand, or neigther of the
two of the flow.

The BGMCF is as follows:

min z(x) =
{
z1(x) =

∑
(i,j)∈A c

1
ijxij

z2(x) =
∑

(i,j)∈A c
2
ijxij

(2.1)

s.t.
∑

j:(i,j)∈A

xij −
∑

j:(j,i)∈A

γjixji = bi, for all i ∈ N (2.2)

lij ≤ xij ≤ uij for all (i, j) ∈ A. (2.3)

X is the feasible set of the above problem and its image under the objective function is Z=z(X).
In case of positive lower bound capacities, the network can be transformed into a network with zero

lower bound capacities as explained in [1]. Therefore, we assume lij = 0 in the following.
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Definition 2.1. A feasible solution x̂ ∈ X is called efficient if there does not exist any x′ ∈ X with
(z1(x

′), z2(x′)) ≤ (z1(x̂), z2(x̂)). The image z(x̂) = (z1(x̂), z2(x̂)) of x̂ is called non-dominated. Let X
denote the set of all efficient solutions and let ZN denote the set of all non-dominated points.

Consider the following single-objective weighted problem

minλ1z1(x) + λ2z2(x)

s.t.
x ∈ X

for some λ1, λ2.
Let R+ show the set of all positive real numbers. Then we define

Λ = {(λ1, λ2) ∈ R+ × R+ : λ1 + λ2 = 1}

Furthermore define the set S(λ,Z) as follows:

S(λ,Z) = {ẑ ∈ Z : < λ, ẑ >= minz ∈ Z < λ, z >}

and set S(Z) =
∪

λ∈Λ S(λ,Z).
In [2], it is proved in what spesific sircumastances S(Z) = ZN . More importantly, as BGMCF problem

has the necessary conditions, all the efficient solutions are in hand by solving the weighted problem with
different weights.

Remark 2.2. We assume that there is no x̂ ∈ x so that x̂ ∈ argmin{z1} and x̂ ∈ argmin{z2}.

Definition 2.3. Two feasible solutions x and x′ are called equivalent if z(x) = z(x′). A complete set XE

is a set of efficient solutions such that all x ∈ X \XE are either non-efficient or equivalent to at least one
x ∈ XE .

Definition 2.4. Let k ∈ {1, 2} and l ∈ {1, 2} \ {k}. Then z(x̂) ≦lex(k,l) z(x
′) if either zk(x̂) < zk(x

′) or
both zk(x̂) = zk(x

′) and zl(x̂) ≤ zl(x
′). We call x̂ a lex(k, l) best solution if z(x̂) ≦lex(k,l) z(x

′) for all
x ∈ X and denote it by xlex(k,l).

3 An algorithm to solve BGMCF
In the single-objective generalized network simplex algorithm [1] each BFS is a good agugmented forest.
The generalized network simplex algorithmmaintains a feasible good augmented forest structure at every
iteration and successively transforms it into an improved augmented forest structure until it becomes
optimal.

To solve the BGMCF problem, we use a variation of the generalized network simplex algorithm,
starting from the initial solution x0 = xlex(1,2). As there are two cost components (c1ij , c

2
ij) associated

with each arc (i, j) in the network, in the genaralized network simplex algorithm the reduced cost of each
arc also consists of two components (c̄1ij , c̄2ij). In iteration k of the generalized network simplex algorithm,
candidate entering arcs (contained in Sk) are selected with minimal ratio of their reduced cost derived
from the current supported efficient solution xk as indicated in Procedure 3.1. Note that we denote by
Lk and Uk sets of non-basic arcs with flow at their lower and upper bound, respectively:

Lk = {(i, j) ∈ A : (i, j) is non− basic in BFS xk with xkij = lij}

Uk = {(i, j) ∈ A : (i, j) is non− basic in BFS xk with xkij = uij}

Procedure 3.1 (A. Raith and M. Ehrgott. [3]). Compute-entering-arcs [c, xk]
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1. input: Reduced costs c̄ij ←− (c̄1ij , c̄
2
ij) derived from current effecient solution xk.

2. µk ←− min{
c̄2ij

c̄1ij
: (i, j) ∈ Lk with c̄

2
ij < 0 and c̄1ij > 0,

c̄2ij

c̄1ij
: (i, j) ∈ Uk with c̄

2
ij > 0 and c̄1ij < 0}.

3. Let Sk ⫅ Lk ∪ Uk be the set of non-basic arcs for which µj is attained.

4. output: Minimal ratio µk and set of non-basic candidate basic entering arcs Sk.

One of the candidate arcs (i, j) ∈ Sk is removed from Sk and enters the basis. By performing a
generalized simplex-pivot with entering arc (i, j), the reduced costs may change. The reduced costs of
all arcs remaining in Sk are updated according to the BFS obtained by pivoting a into xk. As long as there
are arcs remaining in Sk with c̄2ij < 0 and c̄1ij > 0 and (i, j) ∈ Lk or c̄2ij > 0 and c̄1ij < 0 and (i, j) ∈ Uk,
the process repeats as in Procedure 3.2.

Procedure 3.2 (A. Raith and M. Ehrgott. [3]). Compute-next-BFS [Sk, c̄, x
k]

1. input: Set of candidate basic-entering arcs Sk and reduced costs c̄ij = (c̄1ij , c̄
2
ij) derived from

current efficient solution xk

2. while Sk ̸= ∅
{
Let (i, j) be the first arc in Sk, Sk ←− Sk \ {(i, j)}.
if c̄2ij < 0 and c̄1ij > 0 and (i, j) ∈ Lk or c̄2ij > 0 and c̄1ij < 0 and (i, j) ∈ Uk , then perform generalized
simplex-pivot with entering arc (i, j) , Update c̄.
}

3. output: Next BFS xk+1.
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The parametric generalize network simplex algorithm is:

Algorithm 3 BGMCF

Step 1: Input Network (G, c, γ, l, u) with c = (c1, c2).

Step 2: x1 ←− xlex(1,2).

Step 3: εex ←− {x1}.

Step 4: Compute reduced costs c̄ for x1.

Step 5: (µ1, S1)←− compute− entering − arcs [c̄, x1], k ←− 1, l←− 1.

Step 6: while Sk ̸= ∅
{
xk+1 ←− compute− next−BFS[Sk, c̄, x

k].
Update c̄ for xk+1.
(µk+1, Sk+1)←− compute− entering − arcs [c̄, xk+1].
If µk+1 ̸= µl, then
µl+1 ←− µk+1, xl+1 ←− xk+1, εex ←− εex ∪ {xl+1}, l←− l + 1.
k ←− k + 1.
}

Step 7: Output εex = {x1, x2, . . . , xs−1, xs} as an optimal solution.

Theorem 3.3. The set εex generated by Algorithm 1 is a complete set of extreme efficient solutions of
BGMCF.
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Operating theater rooms are simultaneously the largest cost center and the greatest source of revenue
for hospitals. Due to significant uncertainty in surgery durations, scheduling of operating theater rooms
can be very challenging. To overcome this issue, a versatile family of distributions called phase-type
are introduced and their application in operating theater rooms are presented. The Expectation
Maximization algorithm is applied to approximate the surgery duration by phase-type distributions. In
order to schedule the operating theater rooms with optimizing some measure of effectiveness, a model
of patient flow in hospital is considered and the total length of time that a patient stays in operating
theater rooms is modeled by general phase-type distributions.
Keywords Operating Theater Rooms; Phase-type Distributions; Stochastic Service Time; Sequencing
and Scheduling.

1 Introduction
During the recent decades, based on the increasing need for hospital services to the people, the hospi-
tals need to use their resources more efficiently. Since Operating Theatre Rooms (OTR) are the most
important resources in hospitals, optimum scheduling of OTR activities is an advantage for a hospital.
Uncertainty in the duration of an operation is the major issue in scheduling the OTR. In order to efficiently
schedule the OTR, the computation of the convolution of several random variables that represent the du-
ration of a series of activities is required. This proposes a single distribution that accurately models the
total time that a patient spends in the OTR. The Phase-type family of distributions (PH) is proposed for
this purpose. PH distributions represent a useful class of distributions for three reasons. First, versatile
shapes of density functions can be formed by PH distributions, and they can approximate any nonnega-
tive distribution arbitrarily closely. Second, the Markovian structure and properties are exhibited by them,
which enables an easier analysis of stochastic models. Third, the density and closure properties of PH
distributions make them an attractive choice for modeling real world stochastic arrival or service times
[2].

2 THE PHASE-TYPE DISTRIBUTION
PH distribution is introduced by Neuts [2]. It describes a continuous time Markov chain (CTMC) {X(t)}t>0
defined on the finite state space S = {1, 2, ..., n, n + 1}where the first n states are transient and the n+1st

state is absorbing. The stochastic process starts at one of the transient states and finishes in the single
absorbing state. The initial probability vector of the Markov chain is (πππ, π(n + 1)) and the infinitesimal
generator is defined as follows:

Q =

[
T t
0 0

]
(2.1)

Where, πππ={π(1), ..., π(n)} is the initial probability for transient state and π(n + 1) is the probability
of being in the absorbing state. T, as a PH generator, is an n × n matrix representing the transitions
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between the transient states and t, as an absorption rate vector, is a column vector of size n. Since Q is
the generator of a CTMC, Ti,i ≤ 0, Ti,j ≥ 0 for i ̸= j, ti ≥ 0 and T.111 + t = 0 where 111 is a column vector of
1s.

The corresponding function of PH distribution with representation PH(πππ, T) is given by (2.2):

f(x) = πππeTxt for x ≥ 0. (2.2)

A PH family of distributions includes several special cases such as Exponential, Erlang, Hypo-Exponential,
Hyper-Exponential, Hyper-Erlang, and Coxian Distributions. Other properties of PH distribution are pro-
vided in G. Latouche and V. Ramaswami [1].

2.1 Fitting and approximating with PH distributions
To model a real-world phenomena with PH distribution, reliable methods are applied to fit the empirical
data to PH density functions. The result of any fitting procedure is to determine the parameters πππ and
T. Two classes of fitting approach for PH distributions, depending on the information from the trace, are
approached in the literature. The Maximum likelihood estimation, as the most popular method, uses the
complete trace to estimate the parameters, while the moment matching technique applies some derived
measures like moments.

3 Application of PH distributions in Operating Theater Rooms
OTR is considered as the most valuable resource in hospital. In order to optimum scheduling of OTR
activities, the generic model of patient flow in a hospital is shown in Figure 1. Patients arrive to the
hospital as elective patients (Unit 1) and prepare for surgery. After the operation in OTR (Unit 2), the
patient is sent to one of the intensive care units (ICU or Unit 3), or the coronary care unit (CCU or Unit 4)
with probability of P1 or P2, respectively. Then, the patient is sent to the ward (Unit 5) units. The patient
leaves the hospital only from the ward unit. Finding the distribution of the length of time that a patient
stays in the OTR is the purpose of this model.
Accurate time estimation of surgery is operationally important to enhance the OTR utilization and strate-
gically to identify an optimal schedule of patients whose duration of surgeries differ from the expected
value. Most studies conclude that lognormal distribution is a suitable probability density function for
surgery duration and other subsequent activities in the hospital [1]. Thus, as an illustrative example, we
assume that the surgery duration is distributed with a lognormal (0,1) distribution to generate the sample
data. The main problem of lognormal distribution is that there is no exact method for computing the con-
volutions. Although simulation is the most common method to circumvent this difficulty, an alternative
approach is applied by Expectation Maximization algorithm (EM) to approximate the lognormal distribu-
tion with Hyper-Erlang distribution [3]. The result of this approach is illustrated in Figure 2.
A general PH distribution that can accurately model all service times in each unit can then be used in
OTR scheduling. To show the application of the proposed approach, we consider the following example.
The length of stay in each unit of 1, 3, 4, and 5 is exponentially distributed with parameters λ1= 0.2,
λ2= 0.1, λ3= 0.5, and λ4= 0.4, respectively. Let P1=0.5, and P2=0.5. As mentioned, the Hyper-Erlang
distribution is approximated to the distribution of Unit 2. The representation of Hyper-Erlang distribution
is illustrated by (πππHEr, THEr).

πππHEr =
[
0.0831 0.372 0 0.5448 0

]

THEr =




−0.1971 0 0 0 0
0 −0.9031 0.9031 0 0
0 0 −0.9031 0 0
0 0 0 −2.673 2.673
0 0 0 0 −2.673
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The total length of time that a patient stays in OTR is the convolution of all the PH distributions shown in
Figure 2 , which is distributed by PH(πππC,TC).

πππC =
[
1 0 0 0 0 0 0 0 0

]

Figure 1: Diagrammatic representation of patient flow in a hospital

Figure 2: PDFs of the lognormal dataset and the approximated distributions
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In this paper, We proposed an Extension Definition to derive, simultaneously, the first, second and high
order generalized derivatives (GDs) for non-smooth functions, in which the involved functions are inte-
grable but not necessarily locally Lipschitz. We define a functional optimization problem corresponding
to smooth functions where its optimal solutions are the first and second derivatives of these functions
in a domain. Then applying these functional optimization problems to nonsmooth functions and using
this method, we obtain generalized first derivative (GFD) and generalized second derivative (GSD). We
extend this approach to obtain generalized high order derivatives (GHODs) of non-smooth functions,
simultineously. Finally, to show the efficiency of our approach some numerical examples have been
presented.
Keywords Generalized Derivative; Smooth and Nonsmooth Functions; Nonsmooth Optimization
Problem; Linear Programming.

1 Introduction
Nonsmooth analysis, which refers to differential analysis in the absence of differentiability and can be
regarded as a subfield of nonlinear analysis, has grown rapidly in the past decades. Nonsmooth analysis
have been successfuly applied to problems in functional analysis, optimization, mechanics, differential
equations, optimal control, etc. In recent years, there was a growing realization that a large number of
optimization problems which appeared in applications, involved minimization of non-differentiable func-
tions which need GDs of nonsmooth functions. Since the early 1960s, many different GDs have been
proposed, for instance Clarke [1], Rockafellar [2], Ioffe [3] and Mordukhovich [4], that are not practical
and applicable. These results include some restrictions, for exapmles:

1. The function f(·) must be locally Lipschitz or convex.

2. We must know that the function f(·) is non-differentiable at a fixed point x ∈ [a, b].

3. The GDs of f(·) on [a, b] is a set, which either is empty or including several members.

4. The directional derivative is used to introduce the GD.

5. The concepts lim sup and lim inf are applied to obtain the GD in which calculation of these is usually
hard and complicated.

6. To obtain the second derivative, the gradient of the function should be computed which will be hard
in some cases.

In the present paper, we focus on practical generalized derivatives of nonsmooth functions which can be
used it to obtain the optimal solution of the optimization problems. It will be shown that this method is a
practical generalized derivative for nonsmooth functions and has no the above mentioned restrictions.
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2 Main Results

Let
V =

{
vk(·) : vk(x) = sin kπx, x ∈ [0, 1], k = 1, 2, . . .

}
.

Given a function f(x) on [0, 1], consider the following functional optimization problem:




min J(g(·)) =∑∞
k=1

∣∣∣
∫ 1

0
vk(x)g(x)dx− λk

∣∣∣
s.t.∫ si+δ

si−δ

∣∣∣f(x)− f(si)− (x− si)g(si)
∣∣∣dx ≤ εδ2

g(·) ∈ C[0, 1], si ∈
(

i−1
m
, i
m

)
, i = 1, 2, . . . ,m.

(2.1)

where vk(·) ∈ V ,

λk = −
∫ 1

0

v
′

k(x)f(x)dx, k = 1, 2, 3, . . .

and ε, δ are sufficiently small positive numbers.

Theorem 2.1. Let f(·) ∈ C1[0, 1] and g∗(·) ∈ C[0, 1] be the optimal solution of the functional optimization
problem (2.1). Then f

′

(·) = g∗(·).

Proof. see [5].

Definition 2.2. Let f(·) be a nonsmooth continuous function on the interval [0, 1] and g∗(·) be the optimal
solution of the functional optimization problem (2.1). The GFD of f(·) is denoted by GFdf(·) and defined
as GFdf(·) = g∗(·).

By trapezoidal and midpoint integration rules, the last problem can be written as the following problem
in which g1, g2, . . ., gm are its unknown variables:





min
∑N

k=1

∣∣∣δ
∑m

i=1 vkigi − λk
∣∣∣

s.t.∣∣∣fi1 − fi + δgi

∣∣∣+
∣∣∣fi2 − fi − δgi

∣∣∣ ≤ εδ
i = 1, 2, . . . ,m.

(2.2)

Lemma 2.3. Let the pairs (v∗i , u
∗
i ), i = 1, 2, · · · ,m be the optimal solution of the following linear program-

ming (LP) problem: 



min
∑m

i=1 vi
s.t.
vi ≥ ui, vi ≥ −ui, vi ≥ 0, ui ∈ I.

Then u∗i , i = 1, 2, · · · ,m are the optimal solutions of the following nonlinear programming problem
(NLP):

min
u∈I

m∑

i=1

|ui|

where I is a compact set.
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Now, by Lemma 2.3, the problem (2.2) can be converted to the following equivalent LP problem:

(GFD)





min
∑N

k=1 µk

s.t.
−µk + δ

∑m
i=1 vkigi ≤ λk

−µk − δ
∑m

i=1 vkigi ≤ −λk
(ui + qi) + (wi + zi) ≤ εδ
ui − qi − δgi = fi1 − fi
wi − zi + δgi = fi2 − fi
wi, zi, ui, qi, µk ≥ 0
k = 1, 2, . . . , N, i = 1, 2, . . . ,m.

(2.3)

where gi, µk and wi, zi, ui, qi are decision variables of the problem.

Remark 2.4. Let g∗i be the optimal solution of problem (2.3) for i = 1, 2, . . . ,m. Then GFdf(si) = g∗i for
i = 1, 2, . . . ,m.

3 Main Approach
In this section, we propose a method based on GDs, to obtain simultaneously, GHODs for smooth and
nonsmooth functions in which the involved functions are Lebsgue integrable.

Theorem 3.1. Let f(·), g1(·), g2(·) ∈ C2[0, 1] and
∫ 1

0

(v
′

k(x)f(x) + vk(x)g1(x))dx = 0,

∫ 1

0

(v
′′

k (x)f(x) + 2v
′

k(x)g1(x) + vk(x)g2(x))dx = 0

for any vk(·) ∈ V . Then we have
f

′

(·) = g1(·), f
′′

(·) = g2(·).

Let ε > 0 and δ > 0 be two sufficiently small given numbers and m ∈ N. For a given function f(x) on
[0, 1], the following functional optimization problem defined the Extension generalized derivatives (EGDs):

(P )





minL(g1(·), g2(·)) =
∑∞

k=1

∣∣∣
∫ 1

0
(vk(x)g2(x)(x)

+2v
′

k(x)g1(x) + v
′′

k (x)f(x))dx
∣∣∣

s.t.∫ si+δ

si−δ

∣∣∣f(x)− f(si)− (x− si)g1(si)
∣∣∣dx ≤ εδ2

∫ si+δ

si−δ

∣∣∣f(x)− f(si)− (x− si)g1(si)− 1
2 (x− si)2g2(si)

∣∣∣dx
≤ 2εδ2

g1(·), g2(·) ∈ C1[0, 1], si ∈
(

i−1
m
, i
m

)
, i = 1, 2, . . . ,m.

(3.1)

where vk(·) ∈ V for all k = 1, 2, 3, . . . ·

Theorem 3.2. Let f(·) ∈ C2[0, 1] and g∗1(·), g∗2(·) be the optimal solution of the functional optimization
problem (3.1). Then f

′

(.) = g∗1(·), f
′′

(·) = g∗2(·).

Definition 3.3. Let f(·) be a nonsmooth Lebesgue integrable function on the interval [0, 1] and g∗1(·),
g∗2(·), be the optimal solutions of the functional optimization problem (3.1). The EGDs of f(·) is denoted
by GFdf(·) and GSdf(·), respectivily, and defined as GFdf(·) = g∗1(·) and GSdf(·) = g∗2(·).
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Now, problem (3.1) can be converted to the following equivalent linear programming problem:




min
∑N

k=1 µk

s.t.
−µk + δ

∑m
i=0(vkig2i + 2v

′

kig1i) ≤ λk
−µk − δ

∑m
i=0(vkig2i + 2v

′

kig1i) ≤ −λk
(τi + ϱi) + (σi + γi) ≤ εδ
τi − ϱi − δg1i = fi1 − fi
σi − γi + δg1i = fi2 − fi
(ui + qi) + (wi + zi) ≤ 2εδ
ui − qi − δg1i + 1

2δ
2g2i = fi1 − fi

wi − zi + δg1i +
1
2δ

2g2i = fi2 − fi
σi, γi, ϱi, τi, wi, zi, ui, qi, µk ≥ 0.

(3.2)

where g1i, g2i, µk for k = 1, 2, . . . , N and wi, zi, ui, qi, τi, ϱi, γi, σi for i = 1, 2, · · · ,m are decision
variables of the problem.

4 Numerical results
Example 4.1. Consider the nonsmooth function f(x) = ||2x − 1| − 0.5| on [0, 1] . This function is not
differentiable in x = 0.25, 0.5, 0.75, and according to the problem (3.2), GFD and GSD of f(x) has been
shown in below.
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Given a network G(V,A, c), the eccentric node of a node v ∈ V is the farthest node from v with respect
to the edge length vector c. The inverse eccentric problem consists of modifying the edge length vector
c minimally so that a specific node t becomes the eccentric node of another specific node s. The length
modifications can be measured by different distances. In this paper, the problem under the weighted
sum-type Hamming distance is considered when the network is a tree. It is shown that the problem is
NP-hard. Then, a polynomial-time algorithm is presented for a special case of the problem.
Keywords Eccentric problem; Inverse problem; Hamming distance; Complexity.

1 Introduction
Suppose thatG(V,A, c) is a connected and undirected network where V = {1, . . . , n} is the set of nodes,
A = {e1, e2, . . . , em} is the set of edges. Each edge ej has an associated length cj . We denote by dc(v, w)
the length of the shortest path from v ∈ V to w ∈ V with respect to c. For each node v ∈ V , the eccentric
node of v, denoted by ecc(v), is the furthest node from v, i.e., ecc(v) = argmax{dc(v, w) : w ∈ V }. The
problem of finding the eccentric node of a node has some applications in formal hardware verification
[1].
In this paper, we study the inverse eccentric problem. In general, inverse optimization problems are
interested by many authors because these problems have applications in network design, traffic mod-
elling and seismic tomography. For a survey of inverse optimization problems, readers are referred to
the survey paper [2].
The inverse eccentric problem is to modify the edge lengths minimally so that a specified node t be-
comes a eccentric node of another specified node s. We designate the node s as the origin and t as
the destination. To the best of our knowledge, this problem is studied only by Nguyen and Chassein [3]
when the modifications are measured by the l1 norm. They showed that the problem is NP-hard even
on cactus network, i.e., a connected network where any edge lies on at most one simple cycle. Then,
they presented two polynomial-time algorithms for the cases which the network is a tree and a cycle. In
this paper, we consider the inverse eccentric problem on trees in which the Hamming distance is used
to measure the modifications. Assume that the underlying graph of G(V,A, c) is a tree. This problem
can be formulated as follows:

min z =
∑

ej∈A

wjH(cj , ĉj)

s.t. dĉ(s, v) ≤ dĉ(s, t) ∀v ∈ V, (1.1)
max{0, cj − lj} ≤ ĉj ≤ cj + uj ∀ej ∈ A,

where ĉ is the new nonnegative length vector to be determined, lj ≥ 0 and uj ≥ 0 are respectively the
lower and upper bounds on length modifications of each edge ej ; wj is the penalty of modifying the edge
length cj and H(cj , ĉj) is the Hamming distance between cj and ĉj , i.e., H(cj , ĉj) = 0 if ĉj = cj and
H(cj , ĉj) = 1 otherwise.
We first show that the problem (1.1) is NP-hard. This is an interesting result due to the fact that this
problem under the l1 norm is solvable in polynomial time [3]. We then present an efficient algorithm for
the special case that wj ’s are equal to 1 and the lower and upper bounds are the same.
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Figure 1: Constructing an IED instance from an KD instance.

2 NP-hardness result
Let us first introduce some notations. We denote the unique path from any node v to every other node v′
by Pvv′ . The descendants of an edge ej (a node v) is the set of all nodes v′ so that ej ∈ Psv′ (v ∈ Psv′ ).
Without any loss of generality, we assume that the destination node t is a leaf of the tree. Because if not,
then we have to set ĉj = 0 for each edge ej whose endpoints belong to des(t).

Lemma 2.1. If c∗ is an optimal solution to the problem (1.1), then the solution ĉ defined as

ĉj =





cj + uj ej ∈ Pst and c∗j ̸= cj ,

max{0, cj − lj} ej /∈ Pst and c∗j ̸= cj ,

cj c∗j = cj ,

∀ej ∈ A. (2.1)

is also optimal.

Proof. The objective values of both the solutions are the same because ĉj ̸= cj if and only if c∗j ̸= cj for
each ej ∈ A. The inequalities

∑

ej∈Pst

c∗j ≤
∑

ej∈Pst

ĉj ,
∑

ej∈Psv\Pst

c∗j ≥
∑

ej∈Psv\Pst

ĉj , ∀v ∈ V \{t}

together with the feasibility of c∗ imply that ĉ is a feasible solution. This completes the proof.

We prove the problem (1.1) is NP-hard by a reduction from the well-known Knapsack problem.The
decision versions of these problems are given as follows:
Knapsack Decision (KD) problem

Instance: n items with nonnegative weights g1, g2, . . . , gn and nonnegative profits p1, p2, . . . , pn and also,
two nonnegative numbers G and P .

Question: Is there a subset S of items so that
∑

i∈S gi ≤ G and
∑

i∈S pi ≥ P .

Inverse Eccentric Decision (IED) problem

Instance: An instance of the problem (1.1) as well as a nonnegative numberW .

Question: Is there a vector ĉ so that it is feasible to the problem (1.1) and
∑

ej∈A wjH(cj , ĉj) ≤W .

Theorem 2.2. The problem (1.1) is NP-hard even on trees.
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Proof. It is shown that the IED problem is NP-complete. Obviously, the IED problem is in NP class. For
an arbitrary instance of the KD problem, we construct the following instance of the IED problem (see
Figure 1):

• The node set is V = {1, 2, . . . , n} ∪ {s, t}. For simplifying notations, node s is also denoted by 0.

• We introduce an edge ei = (i− 1, i) for each item i. We also add edge et = (s, t).

• Length of each edge ei is gi and length of et is G.

• Penalty of each edge ei is pi and penalty of et is 0.

• Lower bound of each edge ei is gi and lower bound of et is zero. Upper bound of all edges is 0.

• W =
∑n

i=1 pi − P

Suppose that S is a yes solution of the KD problem. We define ĉ as follows:

ĉi =





gi i ∈ S,
0 i /∈ S,
G i = t,

(2.2)

and show that ĉ is a yes solution of the IED problem. It is obvious that this solution satisfies the bound
constraints of the problem (1.1). The expression

∑

ei∈Psn

ĉi =
∑

i∈S

gi ≤ G =
∑

ej∈Pst

ĉj

guarantees that t is an eccentric node of s. On the other hand, we have

∑

i∈S

pi ≥ P ⇒
∑

i/∈S

pi ≤
n∑

i=1

pi − P

⇒
∑

i/∈S

wi ≤W ⇒
∑

ei∈A

wiH(ĉi, ci) ≤W.

Therefore, ĉ is a yes solution of the IED problem. Now, assume that ĉ is a yes solution to the given
instance of the IED problem. Based on Lemma 2.1, without any loss of generality, we can assume that
ĉ is in the from of (2.1). Thus, ĉ is defined as (2.2) for some subset S of A. It is straightforward to prove
the set S is a yes solution of the KD problem.

Since the problem (1.1) is NP-hard, this aspect is worthwhile to propose polynomial-time algorithms for
some special case. Here, we present a greedy algorithm for the case that penalties are equal to 1 and
all of lower and upper bounds are the same. The algorithm chooses an edge in each iteration to modify
its length. The following properties clarify how the algorithm chooses an edge for modifying in each
iteration.

• Length of each edge ej ∈ Pst is either modified to its upper bound or not modified (Lemma 2.1).

• Length of each edge ej ∈ A\Pst is either modified to its lower bound or not modified (Lemma 2.1).

• Increasing length of each edge ej ∈ Pst improves the feasibility of the constraints dĉ(s, v) ≤ dĉ(s, t)
only for each v /∈ des(ej). Therefore, it is advantageous to modify length of edges ej ∈ Pst nearer
to t.

• Decreasing length of each edge ej ∈ A\Pst improves the feasibility of the constraints dĉ(s, v) ≤
dĉ(s, t) only for each v ∈ des(ej). Hence, it is advantageous to decrease length of edges ej ∈ A\Pst

nearer to s.
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We associate an index
dj =

{
|des′(s)| − |des′(ej)| ej ∈ Pst,

|des′(ej)| ej /∈ Pst,
(2.3)

with each ej ∈ A where des′(ej) contains nodes of des(ej) whose corresponding constraints are not
satisfied in the current iteration. dj is the number of the improved constraints when cj is modified. Our
algorithm modifies length of an edge with the maximum label in each iteration. Let us to state the algo-
rithm formally.

Input: A tree G(V,A) with the edge length vector c; a fixed number U as the lower and upper bound for
decreasing and increasing edge lengths.
Initialization: Set ĉ = c and S = ∅.
Step 1: For each edge ej ∈ A, compute the label dj defined by (2.3) for each ej ∈ A\S. Select an edge
ej0 with the maximum label. Set S = S ∪ {ej0}.
Step 2: If dj0 = 0, then the solution ĉ is feasible to the problem (1.1) and stop.
Step 3: If ej0 ∈ Pst, then set ĉj0 = cj0 + U and otherwise, set ĉj0 = max{0, cj0 − U}.
Step 4: If S = A but dj > 0 for some ej ∈ A, then the problem is infeasible and stop. Otherwise, go to
Step 1.
Output: If the problem is feasible, then the solution ĉ is optimal to the problem (1.1).
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Some new concepts of solutions to a fuzzy type general multiobjective nonlinear programming problem
are introduced in this research, and two scalarization techniques are presented to obtain them.
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1 Introduction
In the real world,we must often make a decision on the basis of uncertain data or information. For such
decision making problems involving uncertainty,there exist two typical approaches: stochastic program-
ming and fuzzy programming. In this paper, we treat a general multiobjective programming problem in
which the decision maker(DM) has three typs of fuzzy goals expressed in words such as ” fi(x) should
be substantially less than or equal to pi or greater than or equal to qi” or ”fi(x) should be in vicinity of ri”.
Such a generalized multiobjective nonlinear programming problem(GMONLP) may be expressed as:

fuzzy min fi(x) i ∈ I1

fuzzy max fi(x) i ∈ I2 (1.1)

fuzzy equal fi(x) i ∈ I3
s.t x ∈ X ≜ {x ∈ Rn|gi(x) ⩽ 0, j = 1, 2, , . . . ,m}

where I1 ∪ I2 ∪ I3 = {1, 2, . . . , p} , Ii ∩ Ij = ∅, i, j = 1, 2, 3 i ̸= j.
Here ” fuzzy min fi(x) ” or ”fuzzy max fi(x) ” reperesents the fuzzy goal of decision maker(DM) such as ”
fi(x) should be substantially less than or equal to pi or greater than or equal to qi ”and ” fuzzy equal fi(x)
” reperesent the fuzzy goal of DM such as ”fi(x) should be in the vicinity of ri.” This problem has been
discussed completely in Sakawa[2]. Having elicited the membership function µi(fi(x)), i = 1, 2, . . . , p
from the DM for each of the objective functions fi(x), the GMONLP can be converted into the following
fuzzy multiobjective optimization problem

max
x∈X

(µ1(f1(x)), µ2(f2(x)), . . . µp(fp(x))). (1.2)

Since the ordinary Pareto optimality concept using objective function values cannot be directly applied
to 1.2 in case that there exist fuzzy goals representing ”fuzzy equal” , Sakawa [2] defined M-Pareto
optimality on the basis of membership function values for fuzzy multiobjective decision making problems.
In this paper, the concepts of weakly, properly, and strictly M-Pareto optimal solutions to 1.1 are defined,
and two scalarization techniques are proposed to obtain them.

Definition 1.1. (M-Pareto optimal solution) [2]. x∗ is said to be an M-Pareto optimal solution to GMONLP
if and only if there does not exist another x ∈ X such that µi(fi(x)) ⩾ µi(fi(x

∗)) for all i and µj(fj(x)) ̸=
µj(fj(x

∗)) for at least one j.

Definition 1.2. (Weak M-Pareto optimal solution). x∗ ∈ X is said to be a weak M-Pareto optimal solution
to GMONLP if there does not exist another x ∈ X such that µi(fi(x)) > µi(fi(x

∗)) ∀i.
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Definition 1.3. (Strictly M-Pareto optimal solution). x∗ ∈ X is said to be a Strictly M-Pareto optimal
solution to GMONLP if there does not exist x ∈ X , x ̸= x∗ such that µi(fi(x)) ⩾ µi(fi(x

∗)) ∀i.
Definition 1.4. (Properly M-Pareto optimal solution). x∗ ∈ X is said to be a Properly M-Pareto optimal
solution to GMONLP if it is M-Pareto optimal solution and if there is a real number M > 0 such that for
all i and x ∈ X satisfying µi(fi(x)) > µi(fi(x

∗)) there exists an index j such that µj(fj(x
∗)) > µj(fj(x))

and
µi(fi(x))− µi(fi(x

∗))
µj(fj(x∗))− µj(fj(x))

≤M .

We denote the sets of all M-Pareto, weakly, properly and strictly M-Pareto optimal solutions of (1.2)
by XMP , XWMP , XPMP , and XSMP respectively. Clearly:

XSMP ⊂ XMP ⊂ XWMP .

2 Main Results
In this section, we present two methods to solve GMONLP, which involve formulating a single objective
optimization problem related to the GMONLP.

2.1 The weighted sum method
Consider the single objective optimization problem

max
x∈X

p∑

i=1

λiµi(fi(x)). (2.1)

where λ ∈ Rp is a vector of nonnegative weights, and define
R

p

≧
:= {y ∈ Rp : y ≧ 0}, the nonnegative orthant of Rp,

R
p
⩾ := {y ∈ Rp : y ⩾ 0} = R

p

≧
\{0},

R
p
> := {y ∈ Rp : y > 0} = intR

p

≧
, the positive orthant of Rp .

Theorem 2.1. Suppose that x∗ is an optimal solution of the weighted sum optimization problem (2.1).
Then the following statements hold:
1. If λ ∈ Rp

⩾ then x∗ ∈ XWMP .
2. If λ ∈ Rp

> then x∗ ∈ XMP .
3. If λ ∈ Rp

⩾ and x∗ is a unique optimal solution then x∗ ∈ XSMP .

Proof. 1. Suppose that x∗ /∈ XWMP , then ∃x ∈ X such that µi(fi(x)) > µi(fi(x
∗)) for i = 1, 2, . . . p.

Thus,
∑p

i=1 λiµi(fi(x)) >
∑p

i=1 λiµi(fi(x
∗), this contradiction implies the result.

2.Suppose that x∗ /∈ XMP , then ∃x ∈ X such that µi(fi(x)) ≥ µi(fi(x
∗)) for all i and ∃j such that

µj(fj(x)) > µj(fj(x
∗)). Thus,

∑p
i=1 λiµi(fi(x)) >

∑p
i=1 λiµi(fi(x

∗) , this is a contradiction.
3.Suppose that x∗ /∈ XSMP , then ∃x ∈ X such that x ̸= x∗ and µi(fi(x)) ≥ µi(fi(x

∗)) for all i. Thus,∑p
i=1 λiµi(fi(x)) ≥

∑p
i=1 λiµi(fi(x

∗), this contradiction implies the result.

A test of M-Pareto optimality for x∗ can be performed by solving the following problem [2]:

max

p∑

i=1

εi

s.t µi(fi(x))− εi = µi(fi(x
∗)) i = 1, 2, . . . , p

x ∈ X, ε = (ε1, ε2, . . . , εp) ≥ 0,

Let (x̄, ε̄) be an optimal solution to this problem . If all ε̄i = 0, then x∗ is an M-Pareto optimal solution
. If at least one ε̄i > 0, then x̄ is M-Pareto optimal solution.
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Theorem 2.2. If x∗ is an optimal solution of (2.1) with λi > 0, i = 1, 2, . . . , p, then x∗ ∈ X is properly
M-Pareto optimal solution to GMONLP.

Proof. Let x∗ be an optimal solution (2.1), thus x∗ is a M-Pareto optimal solution of GMONLP. To show
that x∗ is properly M-Pareto to GMONLP, we choose an appropriately large numberM such thatM := (p−
1)maxi ̸=j

λj

λi
, for all i, j ∈ {1, 2, . . . , p}. Suppose that x∗ is not properly M-Pareto. Then there exist i and

x ∈ X such that µi(fi(x)) > µi(fi(x
∗)) and µi(fi(x))−µi(fi(x

∗)) > M(µj(fj(x
∗))−µj(fj(x))) for all j ∈

{1, 2, . . . , p} such that µj(fj(x
∗)) > µj(fj(x)). Therefore, µi(fi(x))− µi(fi(x

∗)) >
p− 1

λi
λj(µj(fj(x

∗))−

µj(fj(x))) for all j ̸= i by the choice of M. Muliplying the ith inequality by λi

p− 1
and summing them over

j ̸= i obtains:
p∑

i=1

λi(µi(fi(x)) >

p∑

i=1

λiµi(fi(x
∗))

this is a contradiction.

2.2 The ε- constraint method
In the ε-constraint method to solve fuzzy multiobjective optimization problems, We substitute the problem
(1.2) by the ε- constraint problem:

max µj(fj(x))

s.t µi(fi(x)) ≥ εi, i = 1, 2, . . . , p, i ̸= j, (2.2)

x ∈ X,
To justify the approach we show that optimal solutions of problems (2.2) are at least weak M-Pareto.

Theorem 2.3. 1) If x∗ is an optimal solution to the constraint problem for some εi, i = 1, 2, . . . , p , then
x∗ is a weak M-Pareto optimal solution for the GMONLP. 2) Let x∗ ∈ X be a unique optimal solution of
(2.2) for some j. Then x∗ ∈ XSMP (and therefore x∗ ∈ XMP ) .

Proof. 1). Suppose x∗ /∈ XWMP . Then ∃ x ∈ X such that µi(fi(x)) > µi(fi(x
∗)) ∀i. In particular;

µj(fj(x)) > µj(fj(x
∗)), since µi(fi(x)) > µi(fi(x

∗)) ⩾ εi for i ̸= j, x is feasible for (2.2), this is a
contradiction to x∗ being an optimal solution of (2.2) .
2). Suppose that there is some x ∈ X with µi(fi(x)) ≥ µi(fi(x

∗)) ≥ εi for all i ̸= j. If in addition
µj(fj(x)) ≥ µj(fj(x

∗)) we must have µj(fj(x)) = µj(fj(x
∗)) because x∗ is an optimal solution of (2.2)

. So x is an optimal solution of (2.2). Thuse, uniqeness of the optimal solution implies x = x∗ and
x ∈ XSMP .

Theorem 2.4. The feasible solution x∗ ∈ X is M-Pareto if and only if there exists an ε∗ ∈ RP such that
x∗ is an optimal solution of (2.2) for all j = 1, 2, . . . , p

Proof. =⇒ Let ε∗ = µ(f(x∗)). Suppose that x∗ is not an optimal solution of (2.2) for some j. Then there
must be some x ∈ X with µj(fj(x)) > µj(fj(x

∗)) and µi(fi(x)) ≥ ε∗i = µi(fi(x
∗)) for all i ̸= j, that is,

x∗ /∈ XMP , this is a contradiction.
⇐= Suppeose that x∗ /∈ XMP . Then there is an index j and x ∈ X such that µj(fj(x)) > µj(fj(x

∗)) and
µi(fi(x)) ≥ µi(fi(x

∗)) for i ̸= j. Therefore x∗ cannot be an optimal solution of (2.2) for any ε.

Example 2.5. (Nonlinear problem) Consider the following three-objective nonlinear programming prob-
lem:

fuzzy max f1(x) = 2x21 + 4(x2 − 20)2 + 3(x3 − 15)2
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fuzzy min f2(x) = (x1 + 10)2 + 2(x2 − 25)2 + 3(x3 + 5)2

fuzzy equal f3(x) = 3(x1 + 15)2 + 2(x2 + 10)2 + (x3 + 20)2

s.t (x1 + 5)2 + (x2 + 8)2 + 3(x3 − 10)2 ≤ 200,

0 ≤ xi ≤ 10 i = 1, 2, 3 .

Sakawa [2] proposed using five types of membership functions: linear, exponential, hyperbolic,hyperbolic
inverse and piecewise linear functions. By considering the calculated individual minmum and maximum
of each of the objective functions f1(x), f2(x) and f3(x), assum the DM determines the following meme-
bership functions for the fuzzy goal,

f1(x) : linear, (f
0
1 , f

1
1 ) = (950, 2200)

f2(x) : hyperbolic, (f
0.25
2 , f0.52 ) = (1900, 1750)

f3(x)

{
left : linear, (f03 , f

1
3 ) = (1300, 1900)

right : linear, (f03 , f
1
3 ) = (2500, 1900)

Where fαi is the value of fi having membership degree α. Solving the corresponding ε-constraint problem
for j = 2, εi = 0.8 i = 1, 3 using the LINGO software yields the M-Pareto optimal solution, (x1, x2, x3) =
(3.5017, 0.7493, 2.8466), with objective values f1 = 1949.9970, f2 = 1543.1962, f3 = 1780.0007 . The
corresponding membership values are µ1 = 0.8, µ2 = 0.8395, µ3 = 0.8.
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In this paper, we present a nonsmooth trust region method for linearly constrained optimization problems
with a locally Lipschitz objective function. Trust region method is an iterative method. In each iteration,
the objective function is approximated by the quadratic model. In the quadratic model, the gradient
vector is replaced by an approximation of the steepest descent direction. Then we use a null space
technique to handle the constraints. Next, we use the CG-Steihaug method for solving the new quadratic
model. Finally, using the BFGS updating formula for the Hessian approximation of the model, we show
the convergence of this algorithm. This algorithm is implemented in the MATLAB environment.
Keywords Trust region method; Lipschitz functions; Linearly constrained optimization; Quadratic local
model.

1 Introduction
In this paper, we consider the following constrained nonsmooth optimization problem:

min f(x)
s.t. ATx = b, (1.1)

where f : Rn → R is a locally Lipschitz function, therefore it is almost everywhere differentiable and
A ∈ Rn×m, x ∈ Rn, b ∈ Rm, rank(A) = m.

There are some methods for solving problem (1.1) [2, 3]. In this paper, we consider the Nonsmooth
Trust Region (NTR) method, where proposed for unconstrained nonsmooth optimization problems in [1].
Then, we try to extend NTRmethod for solving problem (1.1). Akbari and et al. considered unconstrained
nonsmooth optimization problems with the locally Lipschitz objective function [1]. They introduced a
practical nonsmooth trust region method for locally Lipschitz functions:

A local quadratic model is constructed for the objective function as following:

m(xk, s) = f(x) + vTws+
1

2
sTBs.

where Bk is a positive definite matrix. And vw is an approximation of adequate subgradient of objective
function at point xk [1]. For ϵ > 0, let

v0 = arg min
v∈∂ϵf(xk)

∥v∥. (1.2)

Since problem (1.2) is impractical. Therefore, for solving problem (1.2), problem’s feasible region set,
i.e. ∂ϵf(xk), is approximated by a finite subset [4]. Indeed, vw is the approximation of v0. Mahdavi-Amiri
and yousefpour introduced an effective method to obtain vw [4]. supposeWk is a finite subset of ∂ϵf(xk).
convWk is considered as an approximation of ∂ϵf(xk). let

vw = arg min
v∈convWk

∥v∥.

If f(xk − ϵ vw
∥vw∥ )− f(xk) ≤ −cϵ∥vw∥, for some constant c ∈ (0, 1), then convW and vw are good approx-

imations of ∂ϵf(xk) and v0, respectively. Otherwise, w ∈ ∂εf(xk) is selected such that w ̸∈ convW (A

73



procedure for finding such element w in ∂ϵf(xk) that does not belong to convW has been proposed in
Section 3.1 of [4] named as the descent direction algorithm). Indeed, vw is subgradient of the objective
function at point xk. This subgradient has the smallest norm between all the subgradients. Also, the
objective function at point xk is decreased along the direction −vw.

Then, they considered a trust region quadratic subproblem as follows [1]:

min m(xk, s) s.t. ∥s∥ ≤ ∆. (1.3)

This subproblem is approximately solved by the CG-Steihaugmethod [5]. They constructed a trust region
algorithm based on the above model ( model (1.3) ), and gave convergence analysis.

In this paper, we generalize NTR method to solve linearly constrained optimization problem (1.1). In
Section 2, the motivation of a detailed description of our method and new algorithm are given. Also,
section 2 contents convergence analysis of the new algorithm.

2 Motivation and Algorithm
As a continuing work of [1], in this paper, we describe a nonsmooth trust region method to minimize the
locally Lipschitz function with the linearly constrained. The trust region subproblem is the minimization
of a quadratic model subject to the linear constraints and an additional trust region constraint. In contin-
uance, assume that the current point xk is a feasible solution for problem (1.1), namely ATxk = b. We
let x = xk + s, it is easy to see that the constrained condition is equivalent to AT s = 0. Therefore, we
can use the following subproblem:

min m(xk, s) (2.1)
s.t. AT s = 0, (2.2)

∥s∥ ≤ ∆k, (2.3)

where ∆k is the trust region radius. There are some methods for solving this subproblem. In this paper,
we use a null space technique to handle the constraint (2.2). Let Y ∈ Rn×m and Z ∈ Rn×(n−m) be two
matrices that satisfy

ATY = I, ATZ = 0, ZTZ = I,

where rank(Z) = n −m. Y and Z can be obtained from the QR decomposition of matrix A. Assume
that

A = Q

(
R

0

)
=
(
Q1 Q2

)( R

0

)
,

where Q is a n × n orthogonal matrix, R ∈ Rm×m is a nonsingular upper triangular matrix, and Q1 and
Q2 are n×m and n× (n−m) matrices, respectively. We set

Y = (A+)T = Q1R
−T ,

Z = Q2,

where A+ is a Moore Penrose pseudoinverse . Since A is a column full- rank matrix, then A+ =
(ATA)−1AT . Obviously, the columns of Z are form an orthogonal basis for the null space of AT . There-
fore condition (2.2) reduced to s = Zu , where u ∈ Rn−m. Therefore our subproblem (2.1)-(2.3) can be
rewritten as

min m̂(xk, u) = f(xk) + v̂Twu+
1

2
uT B̂ku

∥u∥ ≤ ∆k, (2.4)

where v̂k = ZT vw is a reduced given subgradient, B̂k = ZTBkZ is a reduced Hessian approximation. If
û be a solution of subproblem (2.4), therefore we check whether the x = xk+Zû is an adequate solution
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Algorithm 4A nonsmooth trust region algorithm for Locally Lipschitz Optimization Problems with Linearly
Constrained
Step 1: {Initialization} Set parameters ∆0,∆1 > 0, η > 0, θ∆, δ1, θδ ∈ (0, 1), x1 ∈ Rn, ξ1 ∈ ∂f(x1), c4 > 1

and c1, c2, c3 ∈ (0, 1), let B1 ←− I and k ←− 1.

Step 2: Apply Algorithm 2 in [4], at xk. Compute the approximation of ∂εf(xk), i.e. convWk, and an
adequate subgradient, i.e. vk.

Step 3: If ∥vk∥ ≤ η, then stop. If ∥vk∥ ≤ δk, then update parameters, and go to Step 1. Else, go to
Step 4.

Step 4: Using QR decomposition of matrix A. Solve the following quadratic subproblem:

min
u∈Rn

f(xk) + v̂Tk u+
1

2
uTBku s.t. ∥u∥ ≤ ∆k.

uk is a solution of above problem, set pk = Zuk.

Step 5: If f(xk + pk)− f(xk) ≤ c1vTk pk, then go to Step 6.
Else, decrease the trust region radius, and go to Step 2.

Step 6: Define the following ratio

ρk =
f(xk + pk)− f(xk)
m(xk, pk)−m(xk, 0)

.

If ρk ≥ c2, then set xk+1 = xk + pk. If ρk > c3 and ∥pk∥ = ∆k, then set ∆k+1 = min {∆0, c4 ×∆k}.
Else if ρk < c2, then set ∆k+1 = ∆k × θ∆. Else, set ∆k+1 = ∆k.

Step 7: Update the matrix Bk by the BFGS formula. Set k ←− k + 1 and go to Step 2.

for continuing trust region where f̂(x̂) = f(xk+Zx̂). We solve subproblem (2.4) by CG-Steihuagmethod.
Next, the obtained solution, with proportion test, is accepted or rejected.

Algirithm 4 presentes the nonsmooth trust region method for solving problem (1.1).
In continuance, we present convergence property of the trust region algorithm for linearly constrained

optimization problems with the locally Lipschitz objective function. For this , we need to introduce the
following assumptions :

Assumption1 Suppose the level set L := {x : f(x) ≤ f(x1)} is bounded and ∥Bk∥ ≤M , for all k.

Assumption2 Suppose that there exist positive constantsM and m̄ so that m̄ ∥p∥2 ≤ pTBkp ≤M ∥p∥2,
for all k and p ∈ Rn.

We suppose that the above assamption are satisfied, and define set K be all the indices in which ρk ≥ c2
and the sufficient reduction is achieved. Indeed, when k ∈ K, we go to Step 6 of Step 5. Now, we can
state Lemma 2.1 and Theorem 2.2.

Lemma 2.1. If Algorithm 4 does not terminate after finitely many iterations, then

lim inf
k→∞

∥vk∥ = 0, for k ∈ K.

Theorem 2.2. Algorithm 4 either terminates finitely at some k0 with ∥vk0∥ = 0, or 0 ∈ ∂f(x∗), where x∗
is a limit point of the infinite sequence {xk}k∈K.
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This paper presents a new neural network model to solve chance constrained optimization (CCO)
problems. The main idea is to convert the chance constrained problem into an equivalent convex
second order cone programming (CSOCP) problem. A neural network model is then constructed for
solving the obtained CSOCP problem. It is also shown that the proposed model is stable in the sense
of Lyapunov and it is globally convergent to an exact optimal solution of the problem. Simulation results
show the effectiveness of the method.
Keywords Stochastic linear programming, chance constrained optimization, neural network models,
stability, convergence.

1 Introduction
Prior research [1] indicates that the neural networks can be used to solve various optimization problems.
The main idea of the neural network approach for optimization is to construct a nonnegative energy
function and establish a dynamic system that represents an artificial neural network. The dynamic system
is usually in the form of first order ordinary differential equations. Furthermore, it is expected that the
dynamic system will approach its static state (or an equilibrium point), which corresponds to the solution
for the underlying optimization problem, starting from an initial point. In the present paper, a neural
network model for solving the CCP problem [2] and [3] is presented. Several numerical simulations are
also provided.

2 Problem statement and transformation
In the CCO problems, the stochastic LP is as:

minimize F(x) =
n∑

j=1

cjxj , (2.1)

subject to (2.2)

P [
n∑

j=1

aijxj ≤ bi] ≥ pi, i = 1, 2, ...,m, (2.3)

xj ≥ 0, j = 1, 2, ..., n, (2.4)

where cj , aij and bi are random variables and pi are specified probabilities. In this case, the CCO
(2.4)-(2.6) can be stated as

minimize F (x) = k1

n∑

j=1

c̄jxj + k2
√
XTV X, k1 ≥ 0, k2 ≥ 0, (2.5)

subject to
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h̄i + ei
√
Var(hi) ≤ 0, i = 1, 2, ...,m, (2.6)

xj ≥ 0, j = 1, 2, ..., n, (2.7)

where

hi =

n∑

j=1

aijxj − bi =
n+1∑

k=1

qikyk, qik = aik, k = 1, 2, ..., n,

qi,n+1 = bi, yk = xk, k = 1, 2, ..., n, yn+1 = −1.

h̄i =

n+1∑

k=1

q̄ikyk =

n∑

j=1

āijxj − b̄i, Var(hi) = Y TViY,

Vi =




Var(qi1) Cov(qi1, qi2) · · · Cov(qi1, qi,n+1)
Cov(qi2, qi1) Var(qi2) · · · Cov(qi2, qi,n+1)

...
...

. . .
...

Cov(qi,n+1, qi1) Cov(qi,n+1, qi2) · · · Var(qi,n+1)


 ,

V =




Var(c1) Cov(c1, c2) · · · Cov(c1, cn)
Cov(c2, c1) Var(c2) · · · Cov(c2, cn)

...
...

. . .
...

Cov(cn, c1) Cov(cn, c2) · · · Var(cn)


 ,

ϕ(ei) = pi ≥ 0.5, (ei ≥ 0).

From [4], it is seen that the CCP problem can be expressed as the CSOCP problems. Thus, we consider
the following problem

minimize f(x), (2.8)

subject to

Ex+ d ⪰K 0, E ∈ Rn × Rm, d ∈ Rm (2.9)
x ≥ 0, (2.10)

where f : Rn → R
∪{+∞}, is a convex function, x ⪰K 0 means x ∈ K and K is the Lorentz cones [4] as

K = Km1 ×Km2 × ...×Kmr , m1 + ...+mr = n,

Kmi := {(x1, x2)T ∈ R× Rmi−1 | x1 ≥ ∥x2∥}.

3 A neurodynamic model
We replace the non-smooth second-order cone constraints x ⪰Kmi 0 (i = 1, ..., r) with a smooth one as

√
ϵ2 + ∥x2∥2 ≤ x1, ϵ = 10−6. (3.1)

Thus,the non-smooth CSOCP (2.1)-(3.1) can be transformed into an equivalent smooth convex optimiza-
tion problem as

minimize f(x), (3.2)

subject to

g(x) ≤ 0, (3.3)

where g(x) ≡
[
h(x)
−x

]
, and h(x) ∈ Rm is the smoothing formulation of Ex+ d ⪰K 0.
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Theorem 3.1. x∗ ∈ Rn is an optimal solution of (2.7) and (1.4) iff there exists u∗ ∈ Rm such that
(x∗T, u∗T)T satisfies the following KKT system

{
u∗ ≥ 0, g(x∗) ≤ 0, u∗Tg(x∗) = 0,
∇f (x∗) +∇g(x∗)Tu∗ = 0.

(3.4)

We propose a neural network for solving (2.7) and (1.4) as

dy

dt
= κΦ(y), (3.5)

y(t0) = y0, y = (xT, uT)T ∈ IRn+m, (3.6)

where

Φ(y) =

[
−
(
∇f(x) +∇gT(u+ g(x))+

)

(u+ g(x))+ − u

]
. (3.7)

4 Stability and convergence properties
Theorem 4.1. Let y∗ = (x∗T, u∗T)T be the equilibrium point of the neural network (3.5) and (3.6). Then
x∗ is a KKT point of the problem (2.7) and (1.4). On the other hand, if x∗ ∈ R⋉ is an optimal solution of
problem (2.7) and (1.4), then there exists u∗ ∈ R⋗ such that y∗ = (x∗T, u∗T)T is an equilibrium point of
the proposed neural network (3.5) and (3.6).

Lemma 4.2. The equilibrium point of the proposed neural network model (3.5) and (3.6) is unique.

Lemma 4.3. For any initial point y(t0) = (x(t0)
T, u(t0)

T)T, there exists a unique continuous solution
y(t) = (x(t)T, u(t)T)T for system (3.5) and (3.6).

Lemma 4.4. The Jacobian matrix ∇Φ(y) of the mapping Φ defined in (3.7) is a negative semidefinite
matrix.

Theorem 4.5. The proposed neural network model in (3.5) and (3.6) is globally stable in the Lyapunov
sense and is globally convergent to y∗ = (x∗T, u∗T)T, where x∗ is the optimal solution of (2.7) and (1.4).

Corollary 4.6. If D∗ = {(x∗T, u∗T)T}, then the neural network (3.5) and (3.6) for solving (2.7) and (1.4)
is globally asymptotically stable to the unique equilibrium point y∗ = (x∗T, u∗T)T.

Example : If the machining times required, maximum times available and the unit profits are all
assumed to be normally distributed random variables with the following data, find the number of parts to
be manufactured per week to maximize the profit. The constraints have to be satisfied with a probability
of at least 0.99 [5].

Table 1: The values for the Example.

Machining time required per unit (minutes) Maximum time available
per week (minutes)

Part I Part II
Mean Standard Mean Standard Mean Standard

Type of machine deviation deviation deviation
Lathes ā11 = 10 σa11 = 6 ā12 = 5 σa12 = 4 b̄1 = 2500 σb1

= 500

Milling machines ā21 = 4 σa21 = 4 ā22 = 10 σa22 = 7 b̄2 = 2000 σb2
= 400

Grinding machines ā31 = 1 σa31 = 2 ā32 = 1.5 σa32 = 3 b̄3 = 450 σb3
= 50

profit per unit c̄1 = 50 σc1 = 20 c̄2 = 100 σc2 = 50

The optimal solution to the equivalent deterministic nonlinear optimization problem with k1 = k2 = 1
is x∗ = (29.43502, 43.76386)T. Please see Figures 1 and 2.
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Figure 1: Transient behaviors of (3.5) and (3.6) with 100 random initial points.
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Figure 2: Phase diagram of (3.5) and (3.6) with 10 random initial points.
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In this paper, we improve the full Nesterov-Todd (NT)-step infeasible interior-point algorithm for sym-
metric optimization of Gu et al. In each main iteration of Gu et al.’s algorithm, one feasibility and a few
centering steps are needed to get feasible iterates for a pair of perturbed problems, close enough to
its central path. In this paper, we perform only one full-NT-step in each main iteration of the algorithm.
Despite eliminating the centering steps, the complexity bound of our algorithm matches the best
obtained one for symmetric optimization.
Keywords Infeasible interior-point method; symmetric optimization; Euclidean Jordan algebra.

1 Introduction

The modern era of interior-point methods (IPMs) dates to the algorithm of Karmarkar [1] for linear pro-
gramming (LP). In the years since then, many researchers have proposed and analyzed various IPMs for
LP and a large amount of results have been reported. During the last two decades, the symmetric opti-
mization (SO) problems have been one of the most active research areas in mathematical programming.
SO problem is a convex optimization problem that minimizes a linear function over the intersection of an
affine subspace and a symmetric cone. Because of the difficulties in finding the feasible starting points
in various optimization problems, the use of infeasible IPMs (IIPMs) is inevitable. Roos [4] introduced
the first full-Newton-step IIPM for LP and derived the currently best known iteration bound. Instead of
using damped steps in the line search, the key feature of his method is that it uses only full-Newton
steps at each iteration. Thus, line searches are no longer needed. Gu et al. [2] extended this algorithm
to SO by using Euclidean Jordan algebras. Their algorithm uses still both feasibility and centering steps.
In this paper, based on a reformulation of the central path, we eliminate the centering steps in Gu et
al.’s algorithm. So, our algorithm performs only one full-step in each main iteration. This is a significant
improvement in Gu et al.’s algorithm, especially in practical applications, which also improves the Roos’s
algorithm.
In the sequel, we briefly recall some basic concepts and results about Euclidean Jordan algebras and
their associated symmetric cones from [1]. Let J be a finite dimensional vector space over R along with
a bilinear map ◦ :J ×J −→ J . Then (J , ◦) is called a Jordan algebra if for all x, y, z ∈ J , x ◦ y = y ◦ x
and x ◦ (x2 ◦ y) = x2 ◦ (x ◦ y), where x2 = x ◦ x. A Jordan algebra is called Euclidean if there exists
a symmetric positive definit quadratic form Q on J , which satisfies Q(x ◦ y, z) = Q(x, y ◦ z). J has an
identity element, if there exists an element e ∈ J such that e◦x = x◦e = x for all x ∈ J . In the sequel, we
assume that (J , ◦) is a Euclidean Jordan algebra with an identity element e, which simply is denoted as
J . For x in J , let r be the smallest positive integer such that {e, x, x2, · · · , xr} is linearly dependent; r is
called the degree of x and is denoted by deg(x). We define the rank of J as r := max{deg(x) : x ∈ J }.
An element x is said to be invertible if there exists a unique element y such that x ◦ y = e. An element
c ∈ J is said to be an idempotent if c2 = c. Two idempotents c1 and c2 are said to be orthogonal if
c1 ◦ c2 = 0. Moreover, an idempotent is primitive if it is non-zero and cannot be written as the sum of two
(necessarily orthogonal) non-zero idempotents. We say that {c1, · · · , cr} is a Jordan frame, if each ci is a
primitive idempotent and if ci ◦ cj = 0 for all i ̸= j, and

∑r
i=1 ci = e. Suppose J has rank r, then for any x

in J there exists a Jordan frame c1, c2, · · · , cr and real numbers λ1, λ2, · · · , λr such that x =
∑r

i=1 λici.
The numbers λi (with their multiplicities) are uniquely determined by x. Furthermore,Tr(x) =

∑r
i=1 λi
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and det(x) =
∏r

i=1 λi. In fact, the above λ1, · · · , λr are eigenvalues of x. To express their dependence
on x, we denote them as λ1(x), · · · , λr(x). For an element x ∈ J , let L(x) : J −→ J be the linear map
defined by L(x)y := x◦y, for all y ∈ J . We define P (x) := 2L(x)2−L(x2) where L(x)2 = L(x)L(x). The
map P (·) is called the quadratic representation of J . For two elements x and y in J the inner product is
defined as ⟨x, y⟩ = Tr(x ◦ y). The symmetric positive definite bilinear form Tr(x ◦ y) is associative, i.e.,
Tr ((x ◦ y) ◦ z) = Tr (x ◦ (y ◦ z)) , for all x, y, z ∈ J , and the Jordan algebra J equiped with this inner
product is Euclidean. The norm induced by the just mentioned inner product is named as the Frobenius
norm:

∥x∥F :=
√
⟨x, x⟩ =

√
Tr(x2) =

√√√√
r∑

i=1

λ2i (x).

Let J be a Euclidean Jordan algebra, then the cone of squares K := {x2 : x ∈ J } is a symmetric cone.
We have x ∈ K (int K) iff λi(x) ≥ 0 (> 0), ∀ i = 1, · · · , r, where int K denotes the interior of cone K.
Furthermore, if x is invertible, then P (x)int K = int K. The partial order ⪰K associated with the cone K,
is defined by x ⪰K y if x−y ∈ K. Given x, s ∈int K, there exists a unique w ∈int K, called the NT-scaling
point of x and s, such that x = P (w)s. Moreover,

w := P (x)1/2
(
P (x)1/2s

)−1/2
[
= P (s)−1/2

(
P (s)1/2x

)1/2]
.

2 MAIN RESULTS
Let J be a Euclidean Jordan algebra with dimension n, rank r, and cone of squares K. We deal with the
following problem:

min{⟨c, x⟩ : Ax = b, x ∈ K}, (P )

where, c ∈ J and A : J → Rm is a linear transformation, and b ∈ Rm. The dual of this problem is:

max{bT y : A∗y + s = c, y ∈ Rm, s ∈ K}, (D)

where A∗ is the adjoint of A. We make the following assumptions: (P ) and (D) have interior feasible
solutions, and A is surjective. Under these assumptions, we know that the central path of (P ) and
(D) exists and is defined by the solutions (x(µ), y(µ), s(µ)), called the µ-centers of (P ) and (D), of the
following parametrized system with µ > 0:

Ax = b,

A∗y + s = c,

x ◦ s = µe,

x ∈ K, s ∈ K.

We assume (P ) and (D) have an optimal solution (x∗, y∗, s∗) with Tr(x∗ ◦ s∗) = 0. We start the
algorithm with

x0 = ζe, y0 = 0, s0 = ζe, µ0 = ζ2,

where ζ is a (positive) number such that

x∗ + s∗ ⪯K ζe. (2.1)

The initial values of the primal and dual residual vectors are denoted as r0b and r0c , respectively. So, we
have

r0b = b−Ax0, r0c = c−A∗y0 − s0.
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For any ν with 0 < ν ≤ 1, we consider the perturbed problems as follows:

min
{(
c− νr0c

)T
x : b−Ax = νr0b , x ∈ K

}
, (Pν)

and

max
{(
b− νr0b

)T
y : c−A∗y − s = νr0c , s ∈ K

}
. (Dν)

The central path for the problems (Pν) and (Dν) contains the solutions of the following parametrized
system with µ > 0:

b−Ax = νr0b ,

c−A∗y − s = νr0c ,

x ◦ s = µe,

x ∈ K, s ∈ K.
(2.2)

Suppose that we have strictly feasible iterate (x, y, s) for (Pν) and (Dν). We need displacements ∆x,
∆y and ∆s, such that

(x+, y+, s+) := (x+∆x, y +∆y, s+∆s) ,

are feasible for (Pν+) and (Dν+), where ν+ = (1− θ)ν. One may easily verify that by replacing the third
equation of the system (2.2) with P (u)x◦P (u−1)s = µe for u ∈ int K (to reach a unique solution for every
µ), applying Newton’s method to the resulting system, and neglecting the term P (u)∆x ◦ P (u)−1∆s, the
following should be satisfied:

A∆x = θνr0b ,

A∗∆y +∆s = θνr0c ,

P (u)x ◦ P (u−1)∆s+ P (u−1)s ◦ P (u)∆x = µe− P (u)x ◦ P (u−1)s.

Let u = w−1/2, where w is the NT-scaling point of x and s. Define

v :=
P (w)−1/2x√

µ
, dx :=

P (w)−1/2∆x√
µ

, ds :=
P (w)1/2∆s√

µ
. (2.3)

We replace the term µe in the third equation of the last system with µv, then using (2.3), we obtain our
modified system as follows:

√
µAP (w)1/2dx = θνr0b ,(√

µAP (w)1/2
)∗ ∆y

µ
+ ds =

θν√
µ
P (w)1/2r0c ,

dx + ds = e− v.
(2.4)

In our algorithm, we use the proximity function

δ(v) := δ (x, s; µ) = ∥e− v∥F ,

to measure the distance of the new iterates to the centeral path. The initial datas are denoted in the
algorithm. So initially we have δ(x, s;µ) = 0. Suppose that for some µ ∈

(
0, µ0

)
we have (x, y, s)

satisfying the feasibility conditions of (2.4) for ν, and δ(v) ≤ τ , for some threshold parameter τ < 1. We
reduce µ to µ+ = (1− θ)µ and ν to ν+ = (1− θ) ν with θ ∈ (0, 1), and find new iterates (x+, y+, s+)
that satisfy (2.4), with µ replaced by µ+ and ν by ν+. This process will be repeated until the norm of the
residuals and the value of Tr(x ◦ s) are less than the accuracy parameter ε.
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Primal-Dual IIPM for SO

Input:
Accuracy parameter ε > 0;
barrier update parameter θ, 0 < θ < 1;
parameter ζ corresponds to (2.1);

begin
x := ζe; y = 0; s := ζe; µ := ζ2; ν := 1;
while max

(
Tr(x ◦ s),

∥∥r0b
∥∥
F
,
∥∥r0c
∥∥
F

)
≥ ε do

begin
(x, y, s) := (x, y, s) + (∆x, ∆y, ∆s);
ν := (1− θ)ν; µ := (1− θ)µ;

end
end

Theorem 1. If (P ) and (D) have an optimal solution (x∗, y∗, s∗) such that x∗ + s∗ ⪯K ζ, for some ζ > 0,
then after at most

16r log
max

{
rζ2,

∥∥r0b
∥∥
F
,
∥∥r0c
∥∥
F

}

ε
,

iterations the algorithm finds an ε-solution of SO.

The above iteration bound is the same best-known obtained iteration bound in Gu et al. [2] for SO; while
our algoritm need not to perform any centering step in each main iteration.
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1 Introduction

consider the multiple objective linear program (MOLP) with upper bounds in the standard form,




maxCx
s.t.
Ax = b

0 ≦ x ≦ h,

(1.1)

where C is a real p×n matrix consisting of the rows ckT , k = 1, . . . , p, A is a realm×n matrix, b is a real
m× 1 vector and h is a real n× 1 vector. Without loss of generality, we assume that rank of A is m. For
simplicity, we assume that each hi is finite. In practice, if some variables in the program are not subject
to upper bounds, an extremely large bound can be artificially introduced.

The bounded-variable problem (1.1) can be solved using the usual multicriteria simplex method [1,
3, 4], by adding slack variables to the upper-bound constraints, thereby converting them to equalities.
However, this approach incurs high computing and storage costs. Here, instead, we are to extend the
usual simplex method for multiple objective linear programs introduced by Zeleny [4] to consider the
bounded-variable constraints implicitly.

Throughout, Rn denotes the n-dimensional Euclidean space. If v ∈ Rn and A ∈ Rm×n, then by vi we
denote the ith component of v and by aj we denote the jth column of A. For two vectors a and b in Rn,
by a ≧ b, we mean ai ≥ bi, for all i = 1, . . . , n, by a ⩾ b, we mean ai ≥ bi, for all i = 1, . . . , n, and aj > bj ,
for at least one j ∈ {1, . . . , n}, and by a > b, we mean ai > bi, for all i = 1, . . . , n.

For program (1.1) we have some notations and definitions as follows. The feasible set is X = {x ∈
Rn : Ax = b, 0 ≦ x ≦ h}. Given x1, x2 ∈ X, we say that x1 is dominated by x2 if Cx1 ⩽ Cx2. A
point x ∈ X is an efficient (nondominated) solution if it is not dominated by any other feasible point.
Let B ⊆ {1, . . . , n} be a set of indices that corresponds to m linearly independent column of A, and let
N = {1, . . . , n} \ B. Consider a rearrangement of A as [B N ], where B is the m × m matrix whose
columns are indexed by the indices in B, andN is them× (n−m)matrix whose columns are indexed by
the indices in N . Similarly, consider x as [xTB , xTN ]T . The components of xB and xN are called basic and
nonbasic variables respectively. An extended basic feasible solution corresponding to program (1.1) is
a feasible solution for which n−m (nonbasic) variables are equal to either their lower bounds (zero) or
their upper bounds, and the remaining m (basic) variables correspond to linearly independent columns
of A.
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2 Simplex method for MOLP with bounded variables
In this section we modify the usual multicriteria simplex method introduced by Zeleny [4], for multiple
oboective linear program with bounded variables, problem (1.1), to compute all nondominated basic
feasible solutions (extreme points). Each iterate generated by the extended multicriteria simplex method
is an extended basic feasible solution. A general extended multicriteria simplex tableau for problem (1.1)
is shown in Table 1, expressing the following relations:

xB + Y xN = y0,

zk = yk00 − yk
T

0 xN , k = 1, . . . , p,

where ykT

0 = ck
T

B B−1N − ckT

N and yk00 = ck
T

B B−1b, for k = 1, . . . , p. Each xi, i ∈ N , is equal to zero or hi,
with respect to the definition of the extended basic feasible solution. Here, we are assuming that every
extended basic feasible solution is nondegenerate, which means that the m basic variables take values
not equal to either of their bounds.

Table 1: Extended multicriteria simplex tableau.
(z1, . . . , zp) xTB xTN column 0

xB 0m×p Im Y = B−1N y0 = B−1b

Reduced−
cost rows

Ip 0p×m

y1
T

0
...
y
pT

0

y100
...
y
p
00

indicator eB eN

In the extended multicriteria simplex method, whenever xi is nonbasic at its upper bound hi, we
substitute hi − xi for xi in the model making xi nonbasic at value zero. For this, it is convenient to
introduce the notations x+i = xi and x−i = hi − xi. In the indicator row of the extended multicriteria
simplex tableau, for the ith column corresponding to x+i = xi, an indicator of ei = +, and for x−i = hi−xi,
an indicator of ei = −, are specified.
Remark 2.1. Everywhere in this section, by θj , we mean the minimum of three numbers hj , t1 =

min{yi0

yij
; yij > 0} and t2 = min{yi0−hi

yij
; yij < 0} (hi is the upper bound associated with basic vari-

able xi); and by introducing the nonbasic variable xj , we mean that the extended multicriteria simplex
tableau is updated as follows (for more details, see Section 3.6 in [2]):

(a) If θj = hj then the variable xj goes to its opposite bound, that is, substitute hj −xj for xj . To do this,
subtract hj times column j from column 0. Multiply column j by minus unity (including a change in
sign of ej). The basis does not change and no pivot is required.

(b) If θj = t1 then suppose i is the minimizing index in t1. Then, the ith basic variable return to its old
bound. Pivot on the (i, j)th element.

(c) If θj = t2 then suppose i is the minimizing index in t2. Then, the ith basic variable goes to its opposite
bound. Substitute hi − xi for xi (subtract hi from yi0 and change the signs of yii and ei), and pivot
on the (i, j)th element.

We have established the following results, making use of the reduced-cost rows of the extended
multicriteria simplex tableau to check the efficiency of the extended basic feasible solutions.

Theorem 2.2. Given a current extended basic feasible solution x0, if there is a nonbasic variable xj = 0
so that yk0j ≤ 0, for all k = 1, . . . , p, and yk0j < 0, for at least one k ∈ {1, . . . , p}, or there is a nonbasic
variable xj = hj so that yk0j ≥ 0, for all k = 1, . . . , p, and yk0j > 0, for at least one k ∈ {1, . . . , p}, then x0
is not an efficient solution.
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Theorem 2.3. Given a current extended basic feasible solution x0, if there is a nonbasic variable xj = 0
so that yk0j ≥ 0, for all k = 1, . . . , p, and yk0j > 0, for at least one k ∈ {1, . . . , p}, or there is a nonbasic
variable xj = hj so that yk0j ≤ 0, for all k = 1, . . . , p, and yk0j < 0, for at least one k ∈ {1, . . . , p}, then
introducing xj will lead to a solution which is not an efficient solution.

Theorem 2.4. Given a current extended basic feasible solution x0, if there are nonbasic variables xj =
αjhj , αj = 0, 1, and xq = αqhq, αq = 0, 1, so that for αj = αq = 0 or αj = 0 and αq = 1 or αj = 1
and αq = 0 or αj = αq = 1 we have θjy

k
0j + αqhqy

k
0q ≤ θqy

k
0q + αjhjy

k
0j , for all k = 1, . . . , p, and

θjy
k
0j + αqhqy

k
0q < θqy

k
0q + αjhjy

k
0j , for at least one k ∈ {1, . . . , p}, then the solution resulting from

introduction of xq is dominated by the solution resulting from introduction of xj .

Remark 2.5. It is easily shown that if in an extended multicriteria simplex tableau corresponding to one
objective all the nonbasic reduced costs are strictly positive for xj = 0 and strictly negative for xj = hj ,
then the extended multicriteria simplex tableau provides an efficient solution.

We are now ready to outline the steps of our proposed extended simplex algorithm for the MOLP with
bounded variables. The approach is based on moving from one nondominated extreme point to adjacent
nondominated extreme points until all nondominated extreme points are found. In the algorithm, we use
a stack to store all the remaining introductions which could lead to nondominated extreme points. The
process continues until all the promising leads in the stack have been followed (see [4] for details).
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Algorithm 5 Extended simplex algorithm for MOLP with bounded variables (ESA-MOLPBV)

Step 1: Start with an extended basic feasible solution x0 and form the initial extended multicriteria sim-
plex tableau.

Step 2: Check if the current solution is efficient or not.

(i) Use Remark 2.5 to check whether x0 is efficient. If
x0 is efficient then go to Step 3.

(ii) Use Theorem 2.2 to check whether x0 is not
efficient. If x0 is not efficient then go to Step 3.

(iii) Apply Zeleny’s algorithm given in [4]. Find the solution v∗ of the following linear problem:




max v =
∑p

k=1 δk
s.t.
Ax = b

ck
T

x− δk = ck
T

x0, k = 1, . . . , p
0 ≦ x ≦ h

δk ≥ 0, k = 1, . . . , p.

If v∗ = 0 then x0 is an efficient solution.

Step 3: (i) Find all nonbasic variables xj so that the conditions of Theorem 2.2 are established and
push all such nonbasic variables and the corresponding tableau one by one onto the stack
and go to Step 4.

(ii) If there is a nonbasic variable xj for which for all q ∈ N \ {j}, xj and xq satisfy the conditions
of Theorem 2.4 then push xj and the tableau onto the stack and go to Step 4.

(iii) Find all nonbasic variables xj with y0j = (y10j , . . . , y
p
0j)

T having both positive and negative
entries and push all such nonbasic
variables and the corresponding tableau one by one onto the stack and go to Step 4.

Step 4: If the stack is not empty then pop off the stack to get
xj and the corresponding tableau. Introduce xj and
update the extended multicriteria simplex tableau by Remark 2.1 to get the new solution x1. If x1
corresponds
to a tableau met before then go to Step 4 else set x0 = x1

and go to Step 2.
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1 Introduction
In this paper, we deal with semidefinite optimization (SDO) problem, whose primal and dual forms are:

min
{
C •X : Ai •X = bi, i = 1, ...,m, X ⪰ 0

}
, (P )

and

max
{
bT y :

m∑

i=1

yiAi + S = C, S ⪰ 0
}
, (D)

where C,Ai, X, S ∈ Sn and b, y ∈ Rm. The operator • denotes the standard inner product in Sn and the
matrices Ai, i = 1, ...,m are assumed to be linearly independent.

In 1984, Karmarkar [1] proposed a polynomial-time algorithm the so-called interior-point method (IPM)
for linear optimization (LO). This method and its variants are frequently extended for solving wide classes
of optimization problems, for example, quadratic optimization problem (QOP), semidefinite optimization
(SDO) problem, second-order cone optimization (SOCO) problem, P∗(κ) linear complementarity prob-
lems (LCPs), etc. Interior-point methods for SDO have been studied intensively because of their poly-
nomial complexity and practical efficiency. Semidefinite optimization problems are convex optimization
problems over the intersection of an affine set and the cone of semidefinite matrices.

In this paper we define a new class of these functions kernel functions, which have a parametric and
trigonometric barrier term and propose a primal-dual interior-point algorithm for SDO based on these
functions. We analyze the complexity for large-update method based on three conditions of kernel func-
tion. We assume that (P) and (D) satisfy the interior-point condition (IPC), i.e., there exist X ∈ P and
S ∈ D with X ≻ 0 and S ≻ 0, hence both problems are solvable.

The basic idea of primal-dual IPM is to replace the complementarity condition XS = 0 by the param-
eterized equation XS = µI. Then the perturbed KKT condition for (P) and (D) is

Tr(AiX) = bi, i = 1, ...,m, X ⪰ 0,
m∑

i=1

yiAi + S = C, S ⪰ 0, (1.1)

XS = µI.
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It is well known that this system has a unique solution, denoted
(
X(µ), y(µ), S(µ)

)
. The set of all

solution
(
X(µ), y(µ), S(µ)

)
with µ > 0 is known as the central path. If µ→ 0, then the limit of the central

path exists and, since the limit point satisfies the complementarity condition, the limit yields optimal
solutions for (P) and (D) [4]. To obtain a search direction for IPM an ordinary method is to follow an idea
of Newton’s method and to linearize the third equation in (1.3) by replacing X, y and S with

X+ = X +∆X, y+ = y +∆y and S+ = S +∆S

respectively. To obtain a search direction for IPM an ordinary method is to follow an idea of Newton’s
method [1]. This method yields the following system of equations:

Tr(Ai∆X) = 0, i = 1, ...,m,
m∑

i=1

∆yiAi +∆S = 0, (1.2)

∆X + P∆SPT = µS−1 −X,

where
P := X

1
2

(
X

1
2SX

1
2

)− 1
2

X
1
2 = S− 1

2

(
S

1
2XS

1
2

) 1
2

S− 1
2 . (1.3)

This direction was introduced by Nesterov and Todd [3]. In this paper we use this direction so called
NT-direction determined by system (1.4). We also define the square root matrix D = P

1
2 . The matrix D

can be used to rescale X and S to the same matrix V , defined by

V :=
1√
µ
D−1XD−1 =

1√
µ
DSD. (1.4)

It is clear that D and V are symmetric and positive definite. Let us define

DX :=
1√
µ
D−1∆XD−1, DS :=

1√
µ
D∆SD,

Ai =
√
µDAiD, i = 1, ...,m. (1.5)

Using the above notations, the system (1.4) can be rewritten as follows:

Tr(AiDX) = 0, i = 1, ...,m,
m∑

i=1

∆yiAi +DS = 0, (1.6)

DX +DS = V −1 − V.

The first two equations imply thatDX andDS are orthogonal, i.e., Tr(DXDS) = 0, which implies thatDX

and DS are both zero if and only if V −1−V = 0. In this case, X and S satisfy XS = µI, which indicates
that X and S are the µ-centers. Hence, we can use the δ(V ) := 1

2∥V −1−V ∥ as the quantity to measure
closeness to µ-centers.

2 The new kernel function
A twice differentiable function ψc : (0,∞)→ [0,∞) is called kernel function if

1. ψc(1) = ψ
′

c(1) = 0,

2. ψ′′

c (t) > 0, ∀t > 0,
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3. lim
t↓0

ψc(t) = lim
t→∞

ψc(t) =∞.

The right hand side of (2.5) is the negative gradient direction of the function Ψc(V ) := Tr(ψc(V )),
whose kernel function is the classical logarithmic barrier function. In this paper we present a primal-dual
interior-point algorithm for SDO based on the kernel functions:

ψ(t) :=

∫ t

1

(
ξ − 1(

ξ sin(u(ξ))
)p
)
dξ, u(t) =

πt

1 + t
, p = 1, 2, 3. (2.1)

The direction of kernel functions ψ can be extended to any diagonalizable matrix with positive eigen-
values. In particular, for a given eigen-decomposition V = Q−1

V diag
(
λ1(V ), ..., λn(V )

)
QV , with a non-

singular matrix QV , the matrix function ψ(V ) is defined by

ψ(V ) = Q−1
V diag

(
ψ(λ1(V )), ..., ψ(λn(V ))

)
QV . (2.2)

Since the derivatives ψ′

(t) and ψ′′

(t) are well-defined, we can obtain matrix functions ψ′

(V ) and
ψ

′′

(V ) if ψ
(
λi(V )

)
in (2.7) is replaced by ψ′(

λi(V )
)
and ψ′′(

λi(V )
)
for each i = 1, ..., n, respectively,

then we have

ψ
′

(V ) = Q−1
V diag

(
λ1(V )− 1(

λi(V ) sin(u(λi(V )))
)p
)
QV

= Q−1
V diag

(
λi
)
QV −Q−1

V diag
((
λi sin(u(λi))

)−p
)
QV

where λi := λi(V ).
In this section, we study some properties of the kernel functions (2.6). We start with this technically

lemma from [2].

Lemma 2.1. For the function u(t) defined in (2.6), one has

1. −π cos(u(t)) < (1 + t) sin(u(t)) < π, t > 0.

2. πt cos(u(t)) < (1 + t) sin(u(t)) < πt, t > 0.

3. (1 + t) sin(u(t)) < 2πt cos(u(t)), 0 < t ≤ 1
2 .

The next lemma is fundamental in the analysis of algorithm based on the kernel functions (2.6).

Lemma 2.2. For ψ(t) defined in (2.6), we have

ψ
′′

(t) > 1, (2.3)
tψ

′′

(t) + ψ
′

(t) > 0, t < 1 (2.4)
tψ

′′

(t)− ψ′

(t) > 0, t > 1 (2.5)
ψ

′′′

(t) < 0. (2.6)

3 Complexity Analysis
We determine a default step size and obtain an upper bound to the decrease of barrier function Ψ(υ)
during an inner iteration. Let us denote a difference between the proximity before and after one step
by a function of the step size, that is f(α) := Ψ(υ+) − Ψ(υ), and ρ : [0,∞) → (0, 1] denote the inverse
function of the restriction of − 1

2ψ(t) on the interval [0, 1], then the largest possible value of the step size
of α is given by

ᾱ :=
1

2δ
(ρ(δ)− ρ(2δ)) ≥ 1

ψ
′′(ρ(2δ))

≥ 1

Mδq
,
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whereM := 6q + 2
√
π × 10q and q := 2p+1

2p . In the sequel, we use the notation

α̃ =
1

Mδq
. (3.1)

If the step size α is such that α ≤ ᾱ, then f(α) ≤ −αδ2, and

f(α̃) ≤ −δ2
ψ

′′(ρ(2δ))
≤ −δ

2

Mδq
≤ −Ψ(υ)

2p−1
4p

M
√
6

. (3.2)

Theorem 3.1. Let K be the total number of inner iterations in the outer iteration. Then we have

K ≤ 4
√
6M

3
Ψ

q
2
0 , (3.3)

where q = 2p+1
2p and Ψ0 is the value of Ψ(υ) after the µ-update in outer iteration. Then the iteration bound

of the large-update method becomes
O
(
n

q
2 log n

ϵ

)
.
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Let T = (V,E) be a tree, with | v |= n . A 2-(k, l)-core of T is 2 subtrees with at most k leaves and with
a diameter of at most l where the sum of the distances from all vertices to these subtrees is minimized.
At first, we investigate the unweighted 2-(k,l)-core and prove any of 2 subtrees of 2-(k,l)-core is not a
vertex. Also we show that, when the sum of the weights of vertices is negative, 2-(k, l)-core of T is
obtained, by deleting an edge that is connected to a leaf. Then we propose an algorithm for finding
the 2-(k, l)-core of a tree with pos/neg weights, which is in fact a modification of the one proposed by
Becker et al.
Keywords Core; Facility location; Median subtree; Semi-obnoxious.

1 Introduction
Classical location theory is concerned with the finding optimal location of a set of single points on a given
network G = (V,E). An important location problem of this kind is the p-median problem. In this problem
we want to find a subset X ⊆ V of cardinality p such that the sum of the weighted distances from X

to all other vertices is minimized. The p-median problem has been known to be NP-hard [4]. When the
underlying network is a tree Kariv and Hakimi [4] show that this problem can be solved in O(p2n2) time.

A core of a tree is a path of tree so that the sum of the weighted distances from all vertices to this path
is minimized. For the case in which weight of all vertices is positive, Morgan and Slater [5] and Becker [1]
presented linear time algorithms for finding a core of a tree. This problem is extended to finding a subtree
of tree with at most k leaves and with a diameter of at most l so that the sum of the weighted distances
from all vertices to the subtree is minimized. This subtree is called a (k, l)-core of tree. Becker et al. [2]
presented an efficient algorithm for finding a (k, l)-core of a tree with time complexity of O(n2logn).

A 2-core of a graph is a set of two paths minimizing the sum of the distances of all vertices of the
graph from any of the two paths. Becker and Perl [3] presented an efficient algorithm for finding the
2-core. The complexity of this algorithm is O(| V |2).

In this paper, we consider 2-(k, l)-core of T that is 2 subtrees with at most k leaves and with a diameter
of at most l which the sum of the distances from all vertices to this subtrees is minimized. Then prove
any of 2 subtrees of 2-(k,l)-core in an the unweighted tree is not a vertex. Also we show that, when the
sum of the weights of vertices is negative, 2-(k, l)-core of T obtain, by deleting an edge that is connected
to a leaf. At last we propose an algorithm for finding the 2-(k, l)-core of a tree with pos/neg weight, which
is in fact a modification of the one proposed by Becker et al.[2].

2 Problem definition
Let T = (V,E) be a tree, that |V | = n, w(vi) be the weight of vertex vi ∈ V (for simplicity we write wi)
and a(i, j) be the length of edge (i, j). Then w(T ) =

∑n
i=1 wi is the weight of the tree T . Also let d(vi, vj)

be the length of path from vi to vj , then the length of shortest path between path p and vertex v is given
by

d(p, v) = minu∈p d(u, v).

The diameter dT of T is the maximum distance between two vertices of T and any path whose length
equals dT is a diameter path.
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Suppose T ′ = (V ′, E′) be a subtree of T. Let d(v, T ′) be the minimum distance from v /∈ V ′ to a vertex
in T ′. We show the sum of distances from T ′ to all the vertices that they are not in V ′ by d(T ′), that is
called DISTSUM of T ′.

A 2-(k, l)-core of a tree is a set of two subtrees with at most k leaves and with a diameter of at most
l minimizing the sum of the distances of all vertices of the tree from any of the two subtrees.
Suppose T1 = (V1, E1) and T2 = (V2, E2) be two subtrees of T. Let d(v, T1, T2) be the minimum distance
from v /∈ V1, V2 to a vertex in T1 or T2, In other words:

d(v, T1, T2) = min{d(v, T1), d(v, T2)}

So a 2-(k, l)-core of T is set of two subtrees as (T1, T2) with at most k leaves and with a diameter of at
most l that the following function is minimized:

F (T1, T2) =
∑

v/∈V1,V2

w(vi)d(v, T1, T2)

First consider the 2-(k, l)-core on an unweighted tree, the following theorem show any of 2 subtrees of
2-(k,l)-core is not a vertex.

Theorem 2.1. Let T = (V,E) be a tree without weights and (T ′
1, T

′
2) be 2-(k, l)-core that l > 0 and E > l.

Then T ′
1 or T ′

2 is not a vertex.

3 2-(k,l)-core of a tree with pos/neg weight
In this section, We investigate the case w(T ) ≤ 0. For finding 2-(k, l)-core we should delete an edge
and then find the (k, l)-core of obtained subtrees. In the following theorem, we claim that the obtained
2-(k, l)-core of T, by deleting an edge is connected to a leaf.

Theorem 3.1. Let T = (V,E) be a tree with w(T ) ≤ 0. If vc be (k, l)-core of T and vk be a leaf that
vk = max

vi∈ leafs of T
{d(vi, vc)w(vi)} that w(vi) ⩾ 0 then 2-(k, l)-core of T obtain by deleting the edge

that is connected to vk and is equal to (vc, vk).

4 Algorithm
An algorithm with complexity O(n2logn) for finding a (k, l)-core of a tree with only positive weights is
presented by Becker et al. [2]. We modify their algorithm to make it applicable to find 2-(k, l)-core the
trees with pos/neg weights. Before introducing the algorithm, we give the following notations as in [2].
Let f(u) be the father of u. The distance saving sav(v, Pvu) obtained by adding Pvu to the root v in T c

v ,
is given by

sav(v, Pvu) = sav(v, Pvf(u)) + a(f(u), u)sumc(u)

where if v = f(u) then sav(v, Pvf(u)) = sav(v, v) = 0 and sumc(u) is calculated by

sumc(v) =





w(v) if v is a leaf of Tc

w(v) +
∑

u a child of v

sumc(u) Otherwise
(4.1)

Let the path P = Pvu is given and let B be the set of children of v. We denote by T v
b̄
with b ̸= b̄, the

subtree in which P lies. In the algorithm, the tree T v is pruned as follows:

1. Prune the paths that belong to subtrees T v
b , with b ̸= b̄, in order to obtain paths with length at most

min{l − L(P ), L(P )}.
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2. For the paths that lie in the same subtree as P = Pvu (i.e.,in T v
b̄
), prune those paths Pxw, with

x ∈ P , x ̸= v and w ∈ T v
b̄
\ P , such that L(Pxw) > min{L(P )− L(Pvx), l − L(Pxu)}

The pruned tree is called T̂ v, and the weights of tree T̂ v is calculated by the following function:

w′(u) =





w(u)

for each vertex u of T̂ v that is not a leaf

sumv(u)a(u, f(u))

for each vertex u that is a leaf of T̂ v

(4.2)

Algorithm (Beker et al. [2])
Input: a tree T with pos/neg weight
Output: a (k, l)-core S∗ of T and its DISTSUM d∗

begin
d∗ := +∞
for each subtree T1 and T2 obtained from T by removing
each edge q
do
T = Ti, i = 1, 2
SUBTREE(Ti)

end

Proedure SUBTREE(T ′)
Input: a subtree T ′ = (V ′, E′) of T with | V ′ |= n′ and the best current DISTSUM d∗

Output: if the best subtree in T ′ has DISTSUM less than the previous value of d∗, the best subtree S∗

in T ′ , having at most k leaves and with a diameter of at most l and its DISTSUM as the new value of d∗
begin

if T ′ consists of one vertex then
S′ = T ′ and let d(S′) be its DISTSUM

else
find a central vertex v of T ′

let S′ := BEST-TREE(T ′, v)
if d(S′) < d∗

d∗ := d(S′)
S∗ := S′

for each subtree T i obtained from T ′ by removing v
do
SUBTREE(T i)

end

Procedure BEST − TREE(T ′, v) (Beker et al. [2])
Input: a subtree T ′ = (V ′, E′) of T with n′ vertices rooted at the central vertex v
Output: the best subtree S′ containing v in T ′v having at most
k leaves and a diameter of at most l and its DISTSUM d(S′)
begin

find the paths starting from v with length at most l
for each path P starting from v with length at most l

do
prune the tree T ′v and let T̂ ′v be the new tree (see Prune)
find the distance savings of the paths from v to each
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vertex u ̸= v in T̂ ′v

if deg(v) ≥ 2 then
find the path P ′

find P ′′=p∪p′

else
P ′′ = P

find the set LS with respect to P ′′

if T̂ ′vhas more than k leaves then
select in LS the k − 2 paths to be added to P ′′

let S′ be the best subtree containing v and d(S′) be its
DISTSUM

else
select all the paths in LS
let S′ = T̂ ′v and let d(S′) be its DISTSUM

end for
end
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Recently, Yang suggested approximating the central path by using ellipse, and developed an algorithm
for linear programming which searches optimizers along the ellipse. In this paper we extend the
arc-search interior-point algorithm for solving linear complementarity problems. The algorithm search
for optimizers along an ellips to approximate the central path. The algorithm starts from a feasible point
in the 2-norm central path neighborhood, close to the central path, uses an arc that passes through the
point and approximates the central path. The algorithm searches along the arc to a new point in a larger
neighborhood that reduces the duality gap. The process is repeated by finding a better point close
enough to the central path in the primary neighborhood. We will show that the algorithm has polynomial
complexity bound O(

√
n log(1/ε)) which is the best known complexity bound which have been proposed

for linear programming and convex quadratic programming.

Keywords Arc-search algorithm, Interior-point method, Linear complementarity problems, Polyno-
mial complexity.

1 Introduction

In this paper, we deal with monotone linear complementarity problems (LCPs). It is easy to reexpress in
terms of LCP all the algorithms we have described for linear programming, and the theoretical properties
also extend in a straightforward way. The monotone LCP is to find vectors x and s in Rn that satisfy the
following conditions:

s =Mx+ q, (x, s) ≥ 0, xT s = 0, (1.1)

where M is an n × n positive semidefinite matrix and q is a vector in Rn. we can rewrite (1.1) as the
constrained nonlinear system

F (x, s) =

[
Mx+ q − s

XSe

]
= 0, (1.2)

where X = diag(x1, ..., xn) and S = diag(s1, ..., sn). Arc-search interior-point algorithm is developed for
linear programming in [1] by Yaguang Yang (2009). The arc-search method is also applied to primal-dual
path-following interior-point method for convex quadratic programming (QP) [4]. The algorithms search
for optimizers along an ellipse that is an approximation of the central path. We will use an ellipse E where

E =
{(
x(α), s(α)

)
:
(
x(α), s(α)

)
= a⃗ cos(α) + b⃗ sin(α) + c⃗

}
,

in 2n + m dimensional space to approximate the central path C =
{(
x(τ), s(τ)

)
: τ > 0

}
. a⃗, b⃗ ∈ R2n+m

are the axes of the ellipse, and they are perpendicular to each other, and c⃗ ∈ R2n+m is the center of the
ellipse. It is clear that such an ellipse should approximate the central path well when

(
x(α), s(α)

)
is close

to the central path.
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By taking the first and second derivatives, one has
[
M −I
S X

] [
ẋ

ṡ

]
=

[
0

XSe

]
, (1.3)

[
M −I
S X

] [
ẍ

s̈

]
=

[
0

−2ẊṠe

]
. (1.4)

2 Search along the Approximate Central Path
It is easy to see that

a⃗ =

[
ax
as

]
=

[
−ẋ sin(α)− ẍ cos(α)
−ṡ sin(α)− s̈ cos(α)

]
,

b⃗ =

[
bx
bs

]
=

[
ẋ cos(α)− ẍ sin(α)
ṡ cos(α)− s̈ sin(α)

]
,

c⃗ =

[
cx
cs

]
=

[
x+ ẍ

s+ s̈

]
.

Let x(α) and s(α) be the updated x and s after the search, then

x(α) = ax cos(α0 − α) + bx sin(α0 − α) + cx

= ax
(
cos(α0) cos(α) + sin(α0) sin(α)

)

+bx
(
sin(α0) cos(α) + cos(α0) sin(α)

)
+ cx

+cx cos(α)− cx cos(α).
= x cos(α) + ax sin(α0) sin(α)− bx cos(α0) sin(α)

+cx(1− cos(α))
= x cos(α)−

(
ẋ sin(α0) + ẍ cos(α0)

)
sin(α0) sin(α)

−
(
ẋ cos(α0)− ẍ sin(α0)

)
cos(α0) sin(α)

+(x+ ẍ)(1− cos(α))
= x− ẋ

(
sin2(α0) sin(α) + cos2(α0) sin(α)

)

+ẍ
(
− sin(α0) cos(α0) sin(α)
+ sin(α0) cos(α0) sin(α) + (1− cos(α))

)

= x− ẋ sin(α) + ẍ
(
(1− cos(α)

)
. (2.1)

Similarly we can write
s(α) = s− ṡ sin(α) + s̈

(
(1− cos(α)

)
. (2.2)

Assuming strictly feasible set F is not empty, one can easily see that if ẋ
x
, ẍ

x
, ṡ

s
and s̈

s
are bounded

from above by some constants, and if α is small enough, then x(α) > 0 and s(α) > 0.

Lemma 2.1. Let (ẋ, ṡ) and (ẍ, s̈) be defined in (1.3) and (1.4) and µ = xT s
n

. Then, the following relations
hold:

1. ẋT ṡ = ẋTMẋ ≥ 0, ẍT s̈ = ẍTMẍ ≥ 0;

2. sT ẋ+ xT ṡ = xT s = nµ, sT ẍ+ xT s̈ = −2ẋT ṡ;

3. −(ẋT ṡ+ ẍT s̈) ≤ ẍT ṡ+ ẋT s̈ ≤ ẋT ṡ+ ẍT s̈.
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Proof. Pre and post-multiplying ẋ(1− cos(α))± ẍ sin(α), we have
(
ẋ(1− cos(α))± ẍ sin(α)

)T
M
(
ẋ(1− cos(α))± ẍ sin(α)

)

= (ẋTMẋ)(1− cos(α))2 ± 2(ẋTMẍ) sin(α)(1− cos(α))
+(ẍTMẍ) sin2(α)

= (ẋT ṡ)(1− cos(α))2 ± (ẋT ṡ+ ẍT s̈) sin(α)(1− cos(α))
+(ẍT s̈) sin2(α) ≥ 0.

This gives the last inequalities.

3 Complexity Analysis

We want to show that searching along the ellipse i.e., µ(α) = x(α)T s(α)
n

will reduce the duality gap µ. If
(x(α), s(α)) > 0 holds in all iterations, reducing the duality gap to zero means approaching the solution
of the LCP. By using (2.4), (2.5) and lemma 3.2.3, we have

nµ(α) =
(
x− ẋ sinα+ ẍ(1− cosα)

)T (
s− ṡ sinα+ s̈(1− cosα)

)

= xT s− (xT ṡ+ xT ṡ) sinα+ (xT s̈+ xT s̈)(1− cosα)
−(ẋT s̈+ ẋT s̈) sinα(1− cosα) + (ẋT ṡ) sin2 α+ ẍT s̈(1− cosα)2

= nµ(1− sinα)− 2ẋT ṡ(1− cosα)− (ẋT s̈+ ẋT s̈) sinα(1− cosα)
+ẋT ṡ(1− cos2 α) + ẍT s̈)(1− cosα)2

= nµ(1− sinα) + (ẍT s̈+ ẋT ṡ)(1− cosα)2

−(ẋT s̈+ ẋT s̈) sinα(1− cosα)
≤ nµ(1− sinα) + (ẍT s̈+ ẋT ṡ)(1− cosα)2

+(ẋT ṡ)(1− cosα)2 + (ẍT s̈) sin2 α
≤ nµ(1− sinα) + (ẍT s̈) sin4 α+ (ẍT s̈) sin2 α.

This gives the last inequalities. Therefore if µ > 0, then for any fixed θ ∈ (0, 1), there is an ᾱ depending
on θ, such that for any sin(α) ≤ sin(ᾱ) and µ(α) > 0. Now let (xk, sk) ∈ N2(θ) and µ(α) be updated as
follows:

(x(α), s(α)) = (xk, sk)− (ẋ, ṡ) sinα+ (ẍ, s̈)(1− cosα),

then (xk, sk) ∈ N2(2θ). This proves the feasibility of searching optimizer along the ellipse. To move the
iterate back to N2(θ), we use the direction defined by

[
M −I
S X

] [
∆x
∆s

]
=

[
0

µ(α)e−X(α)S(α)e

]
, (3.1)

and we update (xk+1, sk+1) and µk+1 by

(xk+1, sk+1) = (x(α), s(α)) + (∆x,∆s), (3.2)

µk+1 =
(xk+1)T sk+1

n
. (3.3)

Lemma 3.1. Let (xk, sk) ∈ N2(θ) and (∆x,∆s) be defineed by (2.7) and (xk+1, sk+1) be updated in (2.9),
then by choosing an appropriate θ and sin(α) = θ√

n
, it holds (x(α), s(α)) ∈ N2(2θ), (x

k, sk) ∈ N2(θ) and
for some constant δ0

µk+1 ≤ µk
(
1− δ0

n

)
.
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Now, to show the complexity bound of algorithm 20 is O(
√
n log(1/ε), we use the following theorem

from [1].

Theorem 3.2. Let ε ∈ (0, 1) be given. Suppose that the algorithm 20 for solving (1.1) generates a
sequence of iterates that satisfies

µk+1 ≤
(
1− δ

nω

)
µk, k = 0, 1, 2, ...,

for some positive constants δ and ω. Suppose too that the starting point (x0, s0) satisfies µ0 ≤ 1/(εκ) for
some positive constant κ. Then there exists an index K with K = O(nω| log ε|) such that

µk ≤ ε, for all k ≥ K.

Now, the algorithm can be stated as follows:

Algorithm 6 An arc-search interior-point algorithm for LCP

Step 1: M, q, θ ∈ (0, 1], ε > 0, initial point (x0, s0) ∈ N2(θ)

and µ = (x0)T s0

n
is given;

Step 2:
For k = 1, 2, ... do
Solve the systems (1.3) and (1.4) to get (ẋ, ṡ) and (ẍ, s̈);
Let sin(α) = θ√

n
, update (x(α), s(α))

and µ(α) by (2.3) and (2.5);
Calculate (∆x,∆s) by solving (2.6);
Update (xk+1, sk+1) and µk+1 by using (2.9) and (3.12);
k ←− k + 1.
End For

References
[1] Y. Yang, Arc-search path-following interior-point algorithms for linear programming, Optimization.

http://www.optimization online.org/DB_ HTML/2009/08/2375.html, August 2009.

[2] Y. Yang, A polynomial arc-search interior-point algorithm for linear programming, Optimization.
http://www.optimization-online.org/DB_ HTML/2010/12/2836.html, November 2010.

[3] Y. Yang, A Polynomial Arc-Search Interior-Point Algorithm for Linear Programming. Eur. J Optim
Theory Appl (2013) 158:859–873 DOI 10.1007/s10957-013-0281-0.

[4] Y. Yang, A polynomial arc-search interior-point algorithm for convex quadratic programming. Eur. J.
Oper. Res. 215, 25–38 (2011).

[5] S. J. Wright, Primal-Dual Interior-Point Methods, SIAM, Philadelphia, 1997.

100



A G A O I
P H L A M

C S
Mahdi Rashidi Kahag∗ , mehdi seif barghi, and Seyed Taghi Akhavan Niaki

∗Faculty Member

In this paper, a novel stochastic intermodal P hub median location allocation model is developed in
which hub facilities are modeled as M/M/m queuing system. Furthermore, capacity and service time
constraints are provided to make to make our proposed problem more realistic. Demand of commodities
from origin to destination is random variable. Our proposed model is aimed to maximize probability of
not exceeding total costs from its predefined upper bound. Since the proposed model is NP-Hard, a
meta-heuristic algorithm called genetic algorithm is proposed to solve it.
Keywords intermodal transportation, P-hub median location problem, demand uncertainty, capacity
constraint.

1 introduction

Hub location problems (HLPs) are studied by different researchers in recent years. These problems are designed
to find location of hub nodes among potential candidate nodes and assign and assign demand nodes to them so
that total costs of the network are minimized. It is shown that if we suppose some of nodes in a network as hub
nodes and connect them to all of the other nodes, the total number of connections to service all origin-destination
pairs will be reduced significantly. We also consider an intermodal transportation network in which more than one
transportation method of carrying goods from origin to destination is available.

2 problem formulation

2.1 indices, Parameters and decision variables

the indices, Parameters and decision variables of proposed model are: indices:
i: origin nodes
k: origin hub nodes
m: destination hub nodes
j: destination nodes
N : set of all nodes indexed by i or j
C: set of all nodes indexed by c

′

.
parameters:
P : Number of origin hub nodes located in the network.
fij : Demand of commodities carried from origin node i to destination node j

Cij : cost of transporting commodities from node i to node j

Cik : Unit transportation cost from node i to origin hub node k

Ckm : Unit transportation cost from origin hub k to destination hub m

Cmj : Unit transportation cost from destination hub m to destination node j

tij : Required time for transporting commodities from origin node i to destination node j

tik : Required time for transporting commodities from origin node i to origin hub node k

tkm : Required time for transporting commodities from origin hub node i to destination hub node m

tmj : Required time for transporting commodities from destination hub node m to destination node j

TWij : Maximum service time for transporting commodities from origin node i to destination node j

α : Discounted cost factor
β : Delay time factor
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C0 : Expected upper bound of total costs
Fk : Fixed cost of establishing facility at potential origin hub node k

bk : Upper bound of queue length at origin hub k

θ(q, k) : Desired upper bound of being extra queue length at hub k

λk : Arrival rate of commodities for hub node k

µn : Service rate of nth customer at hub node
Ps : Probability of being s commodity in system
P0 : Probability of being zero commodities in system
aij : Average demand rate from node i to node j through hub node k

Decision Variables:
yk= 1 if node k is origin hub ;0 otherwise.
ym= 1 if node m is destination hub ; 0 otherwise.
Xijkm=1 if shipments from i to j are assigned to hub pair (k,m); 0 otherwise.

2.1.1 Mathematical Model

We assume that demand of commodities from origin i to destination j follows a normal distribution with mean equal
to µij and variance σ2. according to this assumption, we will have:

E(Z) =
N∑

i=1

N∑

j=1

N∑

k=1

N∑

m=1

µijXijkm(Cik (2.1)

+ αCkm + Cmj) +

N∑

k=1

Fkyk

V ar(Z) = σ
2[

N∑

i=1

N∑

j=1

N∑

k=1

N∑

m=1

Xijkm(Cik + αCkm + Cmj)]
2

(2.2)

Since fij ∼ N(µij , σ
2), we can consider Z to follow normal distribution. So we have:

P (Z ≤ C0) = P (
Z − E(Z)

σ(Z)
≤

C0 − E(Z)

σ(Z)
) (2.3)

Finally, objective function is considered to be equivalent to the following function:

max f = ϕ(
C0 − E(Z)

σ(Z)
) (2.4)

N∑

k=1

yk = P (2.5)

N∑

k=1

N∑

m=1

Xijkm = 1 ∀i, j ∈ N (2.6)

N∑

m=1

Xijkm ≤ nyk ∀i, j, k ∈ N (2.7)

N∑

k=1

Xijkm ≤ nym ∀i, j,m ∈ N (2.8)

yc′ + yc′+C ≤ 1 (2.9)

Xijkm(tik + βtkm + tmj) ≤ TWij ∀i, j, k,m ∈ N (2.10)

Xijkm and yk ∈ 0, 1 ∀i, j, k,m ∈ N (2.11)
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2.1.2 capacity constraint

The probabilistic constraint is given as:

P (queu length at node k > bk) ≤ θq,k ∀k ∈ N (2.12)

Here we use a queuing approach to turn the probabilistic capacity constraint into deterministic one. According to
this approach, we will have:

1−

bk+c∑

s=0

ps ≤ θq,k (2.13)

the above Constraint states that probability of being more than bk commodities at queue cannot be greater than
(q, k). in order to write the deterministic equivalent of capacity constraint, we need to calculate the value of P0 and
Ps using following equations:

P0 =
1∑c−1

n=0
1
n!
(λ
µ
)n + 1

c!
(λ
µ
)c cµ

cµ−λ

(2.14)

Ps = P0[

c∑

n=0

λn

n!µn
+

c+bk∑

n=c+1

λn

cn−cc!µn
] ≥ 1− θq,k (2.15)

the above equation is deterministic version of probabilistic capacity constraint.But the main important issue of this
constraint is that arrival rates of hub nodes are not known before solving the model. To tackle this issue, the value
of arrival rates for hub nodes will be computed using following equation:

λk =

n∑

i=1

n∑

j=1

aijXik +

n∑

i=1

n∑

j=1

ajiXik −

n∑

i=1

n∑

j=1

aijXikXkj (2.16)

The first term in above equation represents flows coming directly from node i and the second term represents flows
coming from another hubm. Since there are some common elements in both first and second terms, the third term is
subtracted to avoid extra computations. Furthermore, the third term of the equation is nonlinear. So we use following
method for its linearization.

Wijk = xikxkj ∀i, j, k ∈ N (2.17)
Wijk − xik − xkj + 1.5 ≤ 0 ∀i, j, k ∈ N (2.18)
Wijk − xik − xkj + 1.5 ≥ 0 ∀i, j, k ∈ N (2.19)

Using this method, we will have:

λk =

n∑

i=1

n∑

j=1

aijXik +

n∑

i=1

n∑

j=1

ajiXik −

n∑

i=1

n∑

j=1

aijWikj (2.20)

maximum value of λk should be obtained by solving above equation. So, we will have:

λ ≤ λmax (2.21)

So, the deterministic capacity constraint can be written as:
n∑

i=1

n∑

j=1

aijXik +

n∑

i=1

n∑

j=1

ajiXik −

n∑

i=1

n∑

j=1

aijWikj ≤ λmax,k (2.22)

3 solving methodology

we propose a genetic algorithm to solve the proposed model. the results are shown in table 1.

best solution CPU time
1 0.95944 59.0886
2 0.95544 70.7652
3 0.95449 71.8272
4 0.88686 87.562
5 0.87900 89.631

—————————————————————————————–
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The max + sum spanning tree problem (MSST) is a particular case of the general combined minmax-
minsum combinatorial optimization which was solved in O(mlogn). In this paper, the min-max version
of MSST is considered. Exact and pseudo-polynomial algorithms are devised to solve the robust
subproblems of MSST in general networks under a set of scenarios.
Keywords Dynamic network;MSST problem; Min-max critria; Pseudopolynomial;Spanning tree.

1 Introduction
The min + sum spanning tree problem (MSST) is a particular case of the general combined minmax-
minsum combinatorial optimization problem investigated in some articles[3,4]. If the minimum spanning
tree problem on G is solved in O(f(m,n)) time, then the complexity of solving MSST using the general
algorithm is O(mf(m,n)). In 1991, Duin and Volgenant suggested an O(mn) algorithm to solve MSST,
after that in 1996 Punnen and Nair have presented an O(mlogn) algorithm which is improved complexity
bound by using an efficient data structure[4]. In this paper, we focuse on espicial application of MSST.
Suppose that we want to select a communication spanning tree for construction. Let ce be the cost of
constructing edge e and we is found as follows: Assuming that all edges in the tree will begin construc-
tion simultaneously, the tree construction time will be maxe∈T te where te is the construction time of edge
e. Therefore, the supervision cost of the entire construction will be maxe∈T we where we is the supervi-
sion cost associated with duration te. Then a spanning tree of interest for construction should Minimize
[maxe∈T {we}+

∑
e∈T ce], which is an MSST problem [4].

In combinatorial optimization problem may be seen uncertain or imprecisein in coefficients of the objec-
tive function. Usualy ncertainty/imprecision is called scenario which corresponds to an assignment of
plausible values to model parameters. There exist two natural ways of describing the set of all possible
scenarios. In the discrete scenario case, the scenario set is described explicitly. In the interval scenario
case, each numerical parameter can take any value between a lower and an upper bound. The min-max
criterion aims at constructing solutions having the best possible performance in the worst case[1].
In this paper, similar to min-max quickest path [5], we introduce min-max version of MSST in tree sub-
problems in section 2. The problems MSSTw and MSST c are examinated by solving corresponding
problems in assistance dynamic networks in sections 3 and 4.

2 PRELIMINARIES
Let G = [V,E] denote a graph G (without loops or parallel edges) having V as node set and E as edge
set such that |V | = n and |E| = m. Each edge e ∈ E has two weights ce and we respectively. We
designate these as c-weight and w-weight and their units are the same. Then the max + sum spanning
tree problem is
(MSST)

min
T∈T (G)

[max
e∈T
{we}+

∑

e∈T

ce], (2.1)
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where T (G) is the set of all spanning trees of G.

Definition 2.1. Given a dynamic network G = [V,E, c, w], the main cost of the spannig tree T in G, is
defined as follows:

c(T ) =
∑

e∈T

ce. (2.2)

The marginal cost of T is the maximum amount we on set of tree edges. On the other words,

w(T ) = max
e∈T
{we}. (2.3)

Let S = {1, · · ·, k}, k ∈ N be a set of scenarios. For each scenario s ∈ S and each edge e ∈ E

corresponding weights are defined as cse and ws
e and therefore, dependent cost construction of spanning

tree T is [maxe∈T {ws
e}+

∑
e∈T c

s
e]. The goal of the min-max MSST is to find a spanning tree having the

minimal worst case cost construction among all scenarios, i.e.,

min
e∈T

max
s∈S

[max
e∈T
{ws

e}+
∑

e∈T

cse]. (2.4)

In this paper, we introduce tree types of min-max MSST which are different on dependency on scenario
sets. First, we assume ce of each arc is fixed for all scenarios but the supervision costs are scenario-
dependent, the correspondind MSST is referred to asMSSTw. In other version, costs we , ∀e ∈ E, s ∈ S
are fixed but the cost constructions are changed in each scenario and the associated problem is named
MSST c. If both of costs are scenario-dependent, the problem is denoted by MSST c

w which we just
examine the first and second cases in following sections.

3 SCENARIO-RELATED MARGINAL COSTS VERSION
In this section, the problemMSSTw is examined . first, we define an auxiliary networkGmax = (V,E, c, wmax)
by modified marginal cost as wmax

e = maxs∈Sw
s
e, ∀e ∈ E. It is obvious the set of spanning tree in G and

Gmax is coincide.

Lemma 3.1. Suppose that T be the optimal solution for MSST in Gmax. then T is a solution of MSSTw
in G.

Proof. By assumption, T is optimal spanning tree in Gmax. Thus,

w(Ť ) + c(Ť ) = min
T∈T (G)

(wmax(T ) + c(T ))

= min
T∈T (G)

(max
e∈T

wmax
e + c(T ))

= min
T∈T (G)

(max
e∈T

max
s∈S

ws
e + c(T ))

= min
T∈T (G)

(max
s∈S

max
e∈T

ws
e + c(T ))

= min
T∈T (G)

(max
s∈S

ws(T ) + c(T ))

= min
T∈T (G)

max
s∈S

(ws(T ) + c(T ))

.

Corollary 3.2. Min-max MSSTw can be solved in O(mlogn).

Proof. The MSST problem was solved in O(mlogn) [4]. According to Lemma 1, the optimal solution
MSSTw is computed by only solving MSST problem in Gmax.
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4 SCENARIO-DEPENDENT MAIN COST VERSION
In this section, we discuss in the min-maxMSST problem with fixed marginal costs and senario-related
main costs. Since marginal costs for each spanning tree under chanching scenarios are constant, we
claim that solving min-max MSSTc is like that corresponding min-max minimum spannig tree problem.
For the first time, Kouvelis and Yu proved the NP-hardness of min-max and min-max regret versions of
minimum spanning tree, even for two scenarios and after that, Aissi et al. [5] have described polynomial
algorithms for Min-Max Spanning Tree with running time in a suitably chosen upper bound on the optimal
value.

Corollary 4.1. The min-max MSST c problem is Np-hard, even in layered networks with two scenarios.

Proof. It can be an obvious because of the min-max SPT is Np-hard.

Proposition 4.2. [2] Given U an upper bound on the optimal value and |S| = k then Min-Max Spanning
Tree can be solved in time O(mn4Uk logU).

4.1 Pseudopolynomial SOLUTION for MIN-MAX MSST c

Assume that there are l different marginal costs w1 > w2 > · · · > wl on the edges of G, l ≤ m. We
define the network G(θ) = (V,E(θ), c, w), θ ≥ 0 with E(θ) = {e ∈ E : we ≥ θ}. Thus, G(0) = G and
every spanning tree in G(θ) is a SPT in G.

Lemma 4.3. Let T̃ be an min-max MSST in G. Then, T̃ is a min-max spanning tree in G(w(T̃ )).

Proof. suppose that T́ is arbitury sppaning tree in G(w(T̃ ). We know T̃ is a min-max MSST and w(T́ ) ≤
w(T̃ ). Hence,

max
s∈S

[cs(T̃ ) + w(T̃ )]

= min
T∈T (G)

max
s∈S

[cs(T ) + w(T )]

≤ max
s∈S

[cs(T́ ) + w(T́ )] .

Therefore, the following inequality is satisfied

max
s∈S

cs(T̃ ) ≤ max
s∈S

cs(T́ ).

Lemma 4.4. Let Tj be a min-max spanning tree in G(wj),j = 1, . . . , l such as

[c(Tp) + w(Tp)] = min
j=1,···,l

max
s∈S

[c(Tj) + w(Tj)].

Then, Tp is a min-max MSST in G.

Proof. Let T is a min-max MSST in G. If w(T ) = wj0 then according to Lemma 4.3, both of T and Tj0
are spanning tree in G(wj0) and we have,

max
s∈S

cs(T ) = max
s∈S

cs(Tj0).

By w(T ) ≥ w(Tj0), we get
max
s∈S

[cs(Tj0) + w(Tj0)] ≤ max
s∈S

[cs(T ) + w(T )].

If we imply the definition of Tp and above inequality, then

max
s∈S

[cs(Tp) + w(Tp)] ≤ max
s∈S

[cs(T ) + w(T )],

which means Tp is a min-max MSST in G.
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Corollary 4.5. There is a Pseudopolynomial algorithm for min-maxMSST c which is solved it inO(m2n4Uk logU).

Proof. As result of Lemma4.5 and Proposition4.2, by using at mostmmin-max spanning tree problems,
the optimal solution forMSST c is acheived.
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In this paper, a mixed bundling strategy of two products for a retailer who has the monopolistic power in
the market is studied. The retailer has to make joint inventory and pricing decisions in order to maximize
his profit. Ordering decisions have to be made before the start of selling season. At the start of selling
season, the price of each component and a bundle consisting one unit of each individual component
has to be defined. In addition, the decision regarding the number of bundles to be offered to the market
has to be made. Hence, a mathematical programming model based on the concept of reservation
price is proposed in this study. We develop a solution approach based upon the generalized benders
decomposition algorithm. In order to accelerate it, a number of integer cuts and valid inequalities are
incorporated in the algorithm.
Keywords Pricing; Mixed bundling; Mixed-integer non linear programming; Generalized benders
decomposition.

1 Introduction
Bundling, first studied by Stigler [1], is a practice of collecting products and services in a package and
selling them at a (discounted) package price. Mixed bundling strategy allows the sale of bundles and
separate products at the same time [1]. In a product bundle pricing problem, a firm wants to maximize
his profit by virtue of defining optimal prices for bundles and products. After defining prices, costumers
arrive and buy a product with the most consumer surplus. Consumer surplus is the difference between
the reservation price and the price of a product. Reservation price of a costumer for a specific product
is the maximum amount his is willing to pay for it.

This classical perspective lacks inventory considerations. Hence, this paper is motivated to fill this
research gap. In this paper, we study the problem of joint pricing and inventory decisions under the
mixed bundling strategy. Products are ordered from different suppliers and sold to costumers as mixed
bundles. Only two individual products are considered for bundling. The retailer has to make ordering
decisions before the start of selling season. Moreover, decisions regarding the price of products and
bundle have to be made at the start of selling season. In addition, he has to decide upon the number of
bundles to be formed from the products which are ordered before the start of selling season. Once, the
inventory of bundles are decided, no new bundles are formed and none of them are unbundled to offer
individual products during the selling season.

1.1 Notations
The notations in Table 1, Table 2 and Table 3 are used throughout the study:
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Table 1: Indices.
Index Description
i Index of components, i=1,2 or 3,

where 3 stands for the bundle
k Index of customer segments, k=1, …, K

Table 2: Parameters.
Index Description
Rki Reservation price of customer

segment k for component i
Ci Unit cost of component i, i=1,2
Nk Number of customer in segment k
di Unit shortage cost of component i, i=1,2,3

Table 3: Decision variables.
Index Description
xi Order quantity for component i, i=1,2
pi Price of component i, i=1,2,3
yi The amount of component i after

making the bundle, i=1,2,3
tetaki Binary variable which is equal to 1 if

costumer segment k selects bundles i, 0 otherwise.
sk Consumer surplus obtained by customer segment k
wki The consumer surplus of a customer in segment k if

that customer selects component i
zki The marginal revenue generated from a customer in

segment k if that customer selects component i
fki The price a customer in segment k pays for

selecting component i
salei Amount of component i which is sold
qi Shortage of component i if customers select it

but there is not enough of it

.

1.2 Model formulation
The proposed model is as follows:
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The objective function (1) maximizes retailer’s profit. Constraint (2) shows costumer segment’s be-
havior that they select component with the maximum surplus. Constraint (3) imposes price subadditivity
of the bundle. If customer segment k buys component i and customer segment h buys the same compo-
nent, then fki=fhi. This condition is enforced by constraint (4) and (5). The single purchase requirement
is enforced in constraints (6)-(9). Constraint (10) calculates the number of bundles to be formed. Con-
straint (11) shows the amount of shortage. Constraints (12) and (13) calculate the sales figures. As it
can be seen, the model is a mixed-integer non linear programming problem.

2 Generalized Benders Decomposition
In order to solve the problem, a solution approach based upon the Geoffrion’s [2] generalized Benders
decomposition algorithm is developed. To improve the performance and stability of the algorithm, a num-
ber of refinements are proposed in the following subsections.

2.1 Integer cuts
These cuts which forbid a known integer solution to be considered again are as follows:
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2.2 Valid inequalities
If segment k buys component i and Rki<Rli, then segment l must buy a product (as opposed to buying
nothing). The following constraints reflect this property:

Where M is a large logical number and bkil={0 or 1}

3 Conclusions
In this paper, we studied the problem of joint inventory and pricing decisions for a retailer of two products
in a monopoly environment under the mixed bundling strategy. Considering the resulting non linear prob-
lem, we developed a generalized benders decomposition algorithm. In order to stabilize and accelerate
the algorithm, a number of integer and valid cuts were proposed. Future study can be carried out to
develop more valid inequalities and efficient cuts.
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We consider a parallel heterogenous machine scheduling problem arising in maintenance planning of
heterogeneous wells. This problem particularly arises in the context of workover rig scheduling. The
oil wells need regular maintenance to ensure an optimal level of production. After oil production being
decreased at some wells, appropriate workover rigs with compatible service capacity are deployed to
serve the wells at discrete locations. Every well needs a certain level of maintenance and rehabilitation
services that can only be offered by compatible workover rigs. A new mixed integer linear programming
model based on the arc-time-indexed formulation is proposed. Then, a heuristic selection type hyper-
heuristic algorithm is proposed, which is guided by a learning mechanism resulting in a clever choice of
moves in the space of heuristics that are applied to solve the problem. The output is then used to warm
start a branch, price and cut algorithm. Our numerical experiments are conducted on instances of a
case study of Petrobras, the Brazilian National Petroleum Corporation. The computational experiments
prove the efficiency of our hyper-heuristic in searching the right part of the search space using the
right alternation among different heuristics and confirm the high quality of solutions obtained by our
hyper-heuristic.
Keywords workover rig scheduling; arc-time-index formulation; branch, price and cut; hyper-heuristics.

1 Introduction

One of the most important natural resources of the world since late XIX century is oil. Many land (on-
shore) oil fields are composed of many wells, which are distributed geographically. Occasionally, failures
happen on these wells, requiring an intervention inside them to return to their original condition. Such
operation normally includes substituting the production equipments (cleaning) or stimulating the reservoir
itself (stimulation), to name a few. Those interventions require the use of workover rigs, big structures
that can be dismounted, transported and mounted from one well to another, providing safety and ac-
curacy conditions to the intervention. Renting of workover rigs come at great cost, thus having them
at standby availability is expensive. This paper boards the problem of prioritizing onshore interventions
using workover rigs to minimize production loss associated with the wells awaiting service. The problem
in study here can be classified like a particular case of machine scheduling problem.

In this paper, we propose a new model, which is based on an arc-time-indexed formulation inspired
by the work in [?]. We also propose several classes of valid inequalities in order for tightening the MIP
polytope. The model is well-designed in such a way that a particular relaxation of this model allows a
decomposition of the relaxed model per rigs thus reducing the computational difficulties in resolution. A
branch, price and cut is proposed that is capable of solving instances of moderate size to optimality.
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2 Problem Description

The problem is described as following: A set of wells requiring maintenance, J = {1, . . . , n}, scattered
within a geographical area. [dij ]|J|×|J| represents the distance in term of travel time between every
ordered pair of wells (i, j) ∈ J × J . A set of workover rigs (i.e. mobile maintenance heterogeneous
workover rigs) are available to serve the wells upon need and there is a service capacity qr associated to
each workover rig r ∈ R such that q1 ≤ · · · ≤ q|R|. Every workover rig r can offer all the services offered
by rig r′, qr′ ≤ qr. To every well j ∈ J a required service level lj is associated and there is a smallest r̂
for which every rig r : r ≥ r̂ can serve the well j. At time 0, all the rigs are at their initial locations and
the production is already interrupted (or significantly deteriorated) at all the wells requiring maintenance.
Duration of maintenance on well i ∈ J is pi and production revenue per time unit has a monetary value
of gi, i ∈ J . The objective is to minimize the total lost production revenue that is to minimize the total
completion time of maintenance activities.

3 Mathematical Model

The necessary parameters and variables are listed in tab:Params: We define J+ = J ∪{0}. To this end,

Table 1: Model Parameters and variables.
Parameters:
J : the set of well to be serviced,
R: the set of workover rigs to service the wells,
T : the time horizon periods, 1, . . . , T ,
pi: the process time of task i,
dij : the travel distance between the location of task i and the
location of task j,
0: the dummy task, which is the first and last task on every
machine.
Variables:
xijrt: 1, if task i is finished and task j is started at period t on
machine r, 0, otherwise.

we useworkover rig (WOR) andmachine, alternatively. Thewell and tasks/job are also used alternatively.

In our modeling approach at t = 0, every machine is processing dummy task 0.
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3.0.1 Mathematical model (WOR)

min
∑

r∈R

∑

t∈T

∑

i∈J

∑

j∈J+

gi(t+ pj)xijrt (3.1)

s.t.
∑

j∈J

x0jr p0+d0j + x00r p0 = 1, ∀r ∈ R, (3.2)

∑

i∈J

|T |∑

t=pi+1

xi0rt + x00r p0 = 1, ∀r ∈ R, (3.3)

∑

r∈R

∑

i∈J+:j ̸=i

|T |∑

t=pi

xijrt = 1, j ∈ J, (3.4)

∑

r∈R

∑

i∈J+:j ̸=i

|T |∑

t=pj

xjirt = 1, j ∈ J, (3.5)

xijrt ≤
∑

l∈J

t+djl+pj≤|T |

xjlr t+djl+pj
+ xj 0 r t+pj

,

∀t ∈ T, r ∈ R, i ∈ J+, j ∈ J : j ̸= i, (3.6)

xijrt ∈ {0, 1}|J
+|×|J+|×|T |×|R|. (3.7)
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3.1 Valid Inequalities
∑

t∈T

∑

j∈J+

∑

r∈R

xijrt = 1, ∀i ∈ J+ (3.8)

∑

t∈T

∑

r∈R

(xijrt + xjirt) = 1, i, j ∈ J (3.9)

∑

i,j ̸=i∈J

∑

r∈R

∑

t∈T

xijrt = |J |, (3.10)

∑

i,j ̸=i∈J+

∑

r∈R

∑

t∈T

xijrt = |J |+ 2|R|. (3.11)

|T |∑

t=p0

∑

j∈|J+|
xijrt ≤

|T |∑

t=p0

∑

j∈|J+|
xjirt, ∀r ∈ R, i ∈ J , (3.12)

|T |∑

t=p0

(xijrt + xjlrt + xlirt) ≤ 2, ∀r ∈ R, {i, j, l}
j ̸=i,l ̸=i,l ̸=j

∈ J, (3.13)

∑

i∈J+

∑

j∈J+:j ̸=i

xijrt ≤ 1, ∀r ∈ R, t ∈ {p0, . . . , , |T |} (3.14)

∑

i∈J+

∑

j∈J+:j ̸=i

xjirt ≤ 1, ∀r ∈ R, t ∈ {p0, . . . , , |T |} (3.15)

∑

j∈J

∑

t∈T

x0jrt + x00r0 = 1, ∀r ∈ R, (3.16)

∑

j∈J

∑

t∈T

xj0rt + x00r0 = 1, ∀r ∈ R, (3.17)

The aforementioned constraints are particularly useful when due to some relaxations or reduced
cost updates, the pricing problem or Lagrangian subproblem objective has variables with negative cost.
There, these constraints serve to avoid too many variables take 1 and will tighten the pricing prob-
lem/Lagrangian relaxation polytop.

3.1.1 variable fixing by model properties

Lemma 3.1. None of the wells i ∈ J can receive service during [0,min
j∈J
{p0 + d0j} − 1] on any machine.

Lemma 3.2. None of the wells i ∈ J can receive service during [T−min
j∈J
{pj+dj0}+1, T ] on any machine.

Let R(j) the represent the set of all workover rigs that can serve task j. The following constraint
ensure the feasibility of task assignment.

xijrt = 0 ∀i, j ∈ J : j ̸= i, r /∈ R(i) ∨ r /∈ R(j) (3.18)

4 Solution Methods and Numerical Results
A vast body of literature is devoted to the Dantzig-Wolfe decomposition, column generation and branch
and price (an cut) algorithms [?, ?, ?]. The applications range from variants of routing problems to
scheduling and network design and several other classes of problems.
In our Dantzig-Wolf decomposition, we choose to keep a reformulated equivalent of (3.4) and (3.5) in
the restricted master problem and move all the remaining constraints to the pricing sub-problem. This
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decomposition produces a set partitioning-like master problem and a subproblem that is separable for
every single machine (rig).

There are |R| workover rigs each of which has its own list of compatible wells that can service. Thus,
the subproblems are not identical.

Interested researchers are kindly invited to read [?].
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Given a graph G = (V,E), a coloring function is a function C : E → N such that C(i, j) ̸= C(i, k)
and C(i, j) ̸= C(l, j) for all edges (i, j), (i, k) and (l, j) ∈ E. A k−coloring Ck is a coloring function in
which no more than k different colors are used. In other words, Ck : E → {1, 2, ..., k}. In this paper,
we consider (d, f)− extended k− coloring of a fuzzy graph. Analogous to edge coloring given in [V.
Ramaswamy and B. Poornima, Edge coloring of a fuzzy graph, AFM, Volume 4, Number 1, 2009,
49 - 58.], we develop an algorithm for determining the (d, f)− extended chromatic number of a fuzzy
graph. Our proposed algorithm decreases the number of colors in a (d, f)− extended k− coloring on an
example existed in the literature.
Keywords Fuzzy optimization, Fuzzy graph, Edge coloring of a fuzzy graph, (d, f)−extended coloring
of fuzzy graph.

1 Introduction
Fuzzy graph coloring is one of the most important problems in the fuzzy graph theory and Fuzzy opti-
mization. That is used in many real world problems e.g. traffic light control [1], time table and network
clustering.
The first definition of fuzzy graph was given by Kaufman, from the fuzzy relations introduced by Zadeh.
Then, the fuzzy graph were discussed by many others [2, 3]. the (d, f)−extended coloring of fuzzy
graph studied by Ramaswamy and poornima [3]. Ramaswamy and poornima presented an algorithm for
(d, f)−extended coloring of a fuzzy graph. We, here, propose an greedy algorithm for (d, f)−extended
coloring of a fuzzy graph.

Definition 1.1. A fuzzy graph G = (V, δ, µ) is defined by a non-empty set V and two functions δ : V →
[0, 1] and µ : V × V → [0, 1] such that for all x, y ∈V, µ(x, y) ⩽ δ(x) ∧ δ(y). We can consider δ as the
fuzzy vertex set and µ as the fuzzy edge set of G.

Edge coloring is a function which assigns colors to the edges so that incident edges receive different
colors.

2 The (d, f)− extended coloring function of a fuzzy graph.
Definition 2.1. [4], Let S be the available color set. A dissimilarity measure, defined on S, is a function
d : S × S → [0,∞) which satisfies the following properties for all r, s ∈ S,

1. d(r, s) ≥ 0,

2. d(r, s) = 0⇐⇒ r = s,

3. d(r, s) = d(s, r).

This dissimilarity measure d can take into account the incompatibility degree in the sense that the
more incompatible two edges implies, the more distant their associated colors.
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Definition 2.2. Given I, the image of the membership function of the fuzzy graph Ĝ = (V, Ê), let f :
I → [0,∞) be a non-negative, non-decreasing (with respect to the order ≺) is called scale function, i.e
f(µ) ⩽ f(µ

′

), ∀µ, µ′ ∈ I such that µ ≺ µ′

.

Definition 2.3. Given a fuzzy graph G = (V, µ, S, d, f), (d, f)−extended coloring function of G denoted
by Cd,f , or simply as C, is a mapping C : E −→ S satisfying the following.

• d(C(i, j), C(i, l)) ≥ ∧{f(µi,j), f(µi,l)} for all edges (i, j) and (i, l),

• d(C(i, j), C(l, j)) ≥ ∧{f(µi,j), f(µl,j)} for all edges (i, j) and (l, j).

Definition 2.4. A (d, f)−extended k− coloring Ck
d,f or simply Ck, is a (d, f)−extended coloring function

which takes minimum k different colors. In other words, Ck : E −→ S where S = {1, 2, ..., k} which
satisfies the following.

d(Ck(i, j), Ck(i, l)) ≥ ∧{f(µi,j), f(µi,l)} ∀(i, j), (i, l) ∈ E (2.1)
d(Ck(i, j), Ck(l, j)) ≥ ∧{f(µi,j), f(µl,j)} ∀(i, j), (l, j) ∈ E (2.2)

Definition 2.5. The minimum value k for which there exists a (d, f)−extended k− coloring is called the
(d, f)− extended fuzzy chromatic number of G, denoted as χd,f .

3 our proposed algorithm
Let G = (V, µ) be fuzzy graph with |V | = n and S = {1, ..., k} be the color set. We use forward-
backward procedure alternately for coloring an edge. (to find suitable color in Step 5 of Algorithm 20) A
brief description of our proposed algorithm is given in Algorithm 20.

Algorithm 7 (d, f)− extended edge coloring of fuzzy graph

Step 1: {Initialization} Input: adjacency matrix of the fuzzy graph A, dissimilarity measure di, number of
vertices of fuzzy graph n and membership values ro.

Step 2: Let ecolor ← −1 and index← 1. Start from the index edge and let c← 1. Assign color c to the
index edge.

Step 3: Let ver1 and ver2 be the head and tail of the index
edge.

Step 4: If ver1 = 0, then go to step 6. (∗ all the edges of the graph were colored ∗)

Step 5: Choose suitable color c for the coloring edges of ecolor[ver1, ver2] and ecolor[ver2, ver1]. If c is
greater
than the maximum available color, then go to step 6, else
let c← 1 and index← index+ 1, go to Step 3.

Step 6: If there was an edge in the graph that was not been colored , the coloring of the graph is impos-
sible,
otherwise coloring of graph is possible.
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Example 3.1. ([3]), Consider a fuzzy graph with 5 vertices whose the membership value on the edges
and the dissimilarity measure function are given by the following tables:

Table 1: Membership value table.
A B C D E

A 0.0 0.2 0.0 0.4 0.6
B 0.2 0.0 0.4 0.0 0.0
C 0.0 0.4 0.0 0.6 0.4
D 0.4 0.0 0.6 0.0 0.2
E 0.6 0.0 0.4 0.2 0.0

Table 2: Dissimilarity measure.
1 2 3 4 5

1 0.0 0.8 0.5 0.2 0.4
2 0.8 0.0 1.0 0.4 0.2
3 0.5 1.0 0.0 0.2 0.6
4 0.2 0.4 0.2 0.0 0.9
5 0.4 0.2 0.6 0.9 0.0

Figure 1: Fuzzy graph

Note that Ramaswamy and poornima algorithm [3] used 5 colors for coloring, but our proposed algo-
rithm used only 4 colors.
The edges (A, B) and (C, E) are colored with color 1, The edges (A, D) and (C, B) are colored with color
2, The edges (A, E) and (C, D) are colored with color 3 and The edge (D, E) is colored with color 4.
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a novel multi-objective intermodal hub location allocation problem is presented in this paper in which
both origin and destination hub facilities are modeled as M/M/m queuing system. The model is designed
to optimize following objectives: 1) Minimizing total costs including transportation and fixed costs and 2)
minimizing total system time including waiting, service and idle times in both origin and destination hub
nodes. Since the model is strictly NP-Hard, a meta-heuristic algorithm called multi-objective invasive
weed optimization (MOIWO) is developed to solve the problem.
Keywords Queuing systems, intermodal P-hub median problem, Multi-objective invasive weed opti-
mization.

1 Introduction
Hub location allocation problem (HLAP) is defined to find location of hub nodes from potential hub sets in
a transportation network and allocate demand nodes to hub nodes so that total network costs including
transportation costs and fixed costs are minimized and costumers demand is satisfied. Since one of
the necessary issues in hub location problems is network time and this aim has not been considered
along with cost objective in literature,we use a queuing approach to develop a multi-objective multiple
allocation capacitated intermodal P-hub median problem with congestion.

2 mathematical modelling
following notation is used for modeling proposed multi-objective hub location allocation problem:
indices:
i: origin nodes
k: origin hub nodes
m: destination hub nodes
j: destination nodes
N : set of all nodes indexed by i or j
C: set of all nodes indexed by c′ .
Parameters:
λk: Entrance rate of commodities for origin hub node k.
λm: Entrance rate of commodities for destination hub node m.
µk: Service rate of servers at origin hub node k.
µm: Service rate of servers at destination hub node m.
u1: Maximum number of servers that can be used in each origin hub node.
u2: Maximum number of servers that can be used in each destination hub node.
p1: Number of hub facilities located at origin layer.
p2: Number of hub facilities located at destination layer.
α: Cost discount factor.
Fk: Fixed cost of establishing facility at potential origin hub node k.
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Fm: Fixed cost of establishing facility at potential destination hub node m.
csk: Unit staffing cost at origin hub node k.
csm: Unit staffing cost at destination hub node m.
π0,k: Idle probability of open origin hub facility k.
π0,m: Idle probability of open destination hub facility m.
Wk: Expected waiting time at open origin hub facility k.
Wm: Expected waiting time at open destination hub facility m.
cik: Unit transportation cost from node i to origin hub node k.
ckm: Unit transportation cost from origin hub k to destination hub m.
cmj : Unit transportation cost from destination hub m to destination node j.
fij : flows from origin i to destination j.
Decision Variables:
yk= 1 if node k is origin hub ;0 otherwise.
ym= 1 if node m is destination hub ; 0 otherwise.
Xik= 1 if node i is allocated to origin hub at node k; 0 otherwise.
Xkm= 1 if origin hub node k is allocated to destination hub m; 0 otherwise.
Xijkm=1 if shipments from i to j are assigned to hub pair (k,m); 0 otherwise.
lk: An integer variable indicating number of servers in origin hub node k.
lm: An integer variable indicating number of servers in destination hub node m.

2.0.2 Mathematical Model

Our proposed model for hub location allocation problem is formulated as follow as:

min f1 =
N∑

k=1

[λkWkyk (2.1)

+ (1− ρk)
lk

µk

yk]

+

N∑

m=1

[λmWmym

+ (1− ρm)
lm

µm

ym]
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min f2 =
N∑

i=1

N∑

j=1

N∑

k=1

N∑

m=1

fijXijkm(cik + αckm + cmj) (2.2)

+
N∑

k=1

(νFK + lkcsk)yk

+
N∑

m=1

(νFm + lmcsm)ym

s.t.

ρk =
λk

lkµk

(2.3)

ρm =
λm

lmµm

(2.4)

Wk = [(
π0,k

lk!
)(
lk

µk

)lk(
lkµk

lkµk − λk
+

1

µk

)] (2.5)

Wm = [(
π0,m

lm!
)(
lk

µm

)lm(
lmµm

lmµm − λm
+

1

µm

)] (2.6)

π0,k = [

lk−1∑

k=0

(
λk

µk

)k
1

k!
+

1

lk!
(
λk

µk

)lk
1

1− λk

lkµk

]−1 (2.7)

π0,m = [

lm−1∑

m=0

(
λm

µm

)m
1

m!
+

1

lm!
(
λm

µm

)lm
1

1− λm

lmµm

]−1 (2.8)

N∑

k=1

N∑

m=1

Xijkm = n ∀i, j ∈ N (2.9)

N∑

m=1

Xijkm ≤ nyk ∀i, j, k ∈ N (2.10)

N∑

k=1

Xijkm ≤ nym ∀i, j,m ∈ N (2.11)

yc′ + yc′+C ≤ 1 (2.12)
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N∑

k=1

yk = p1 (2.13)

N∑

m=1

ym = p2 (2.14)

lk ≤ u1yk ∀k ∈ N (2.15)
lm ≤ u1ym ∀m ∈ N (2.16)
N∑

i=1

λkXik ≤ lkµk ∀k ∈ N (2.17)

N∑

k=1

λkXkm ≤ lmµm ∀m ∈ N (2.18)

lk and lm ≥ 0 ∀k ∈ N (2.19)
yk, ym, Xik, Xkm, Xijkm ∈ 0, 1 (2.20)

The first objective function (2.1) is aimed to minimize waiting times and idle times of origin and destination
hub nodes. The second objective (2.2) is aimed to minimize total costs including fixed and transportation
costs.Constraints (3.1) and (1.4) are aimed to calculate productivity factor of hub nodes k and m. con-
straints (2.1) and (2.3) are aimed to calculate waiting times of customers at origin and destination hub
nodes k andm. constraints (2.4) and (2.5) are aimed to calculate idle probability of origin and destination
hub nodes k and m.Constraint (2.6) ensures that every origin destination pair is assigned to n hub pair.
Constraints (2.7) and (2.9) ensure that an origin-destination flow is assigned to nodes (k, m) if origin and
destination hub facilities are located at nodes k and m respectively. Constraint (3.12) forces one node
per city to be selected as hub node. constraints (3.13) and (3.14) imply that the number of active origin
and destination hub nodes should be equal to P1 and P2 respectively. constraints (4.1) and (2.16) limit
number of servers at each active origin and destination hub facility. Constraints (2.17) and (2.18) show
that service capacity should be greater than the entrance rate of each origin and destination hub facil-
ity.Constraint (2.19) represent integer variable restrictions on the number of servers at each origin and
destination hub facilities. Finally constraint (2.3) represents binary variables of our proposed formulation.

3 solving methodology

Since the proposed model is strictly NP-Hard, a meta-heuristic algorithm called MOIWO is developed to
solve the problem. the results are presented in table 1-3.

Table 1: the result of MIWO for small size problems
MID DM RAS NPS

1 145797.02 131427.45 0.4 3
2 2862735.17 2413238.45 0.27 18
3 3218662.75 2726211.36 0.24 9
4 326125.35 239682.02 0.5 7
5 540670.57 438975.46 0.4 7

126



Table 2: the result of MIWO for medium size problems
MID DM RAS NPS

1 6421379.20 1192336.20 0.378 12.67
2 9125486.44 1429981.52 0.295 12.33
3 6054123.11 1676677.42 0.384 13.67
4 9949574.16 1912733.25 0.288 15.33
5 11059883.13 2225567.73 0.298 12.67

Table 3: the result of MIWO for large size problems
MID DM RAS NPS

1 10932032.11 3129578.86 0.30 18.00
2 10915884.38 3417102.06 0.28 16.67
3 11256288.67 3681503.37 0.27 21.33
4 15534713.76 3984441.65 0.26 17.33
5 12344330.45 4053447.18 0.31 20.00
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In this paper, a combinatorial procurement auction mechanism is proposed for determining the best
suppliers among a set of potential suppliers for a manufacturing company. Through this mechanism,
the task of supplying each required item is assigned to only one potential supplier. The corresponding
winner determination problem is formulated as a combinatorial optimization problem. However, even
finding a feasible solution for the formulated problem is NP-complete. Since exact methods are failed in
solving this kind of problems, a problem-specific genetic algorithm is developed to estimate the optimal
solution(s) of winner determination problem. The performance of the proposed genetic algorithm is
evaluated by solving a set of randomly generated instances of problem. Computational results show
that the genetic algorithm performs well in finding feasible solutions and estimating optimal solution(s)
of problem instances.
Keywords outsourcing; combinatorial procurement auction; winner determination problem; genetic
algorithm.

1 Introduction
Outsourcing is the action or practice of obtaining goods or services by contract from outside sources and
helps companies to perform well in their core competencies and mitigate shortage of skill or expertise
in the areas where they want to outsource. Determining efficient suppliers is one of the key success
factors of outsourcing that can be viewed as an allocation problem in which a set of potential suppliers
are evaluated in terms of some quantitative and qualitative criteria and the best suppliers are determined
to assign the task of supplying required items. Auctions are used as popular ways for allocating items
or tasks to multiple agents to maximize revenue or minimize cost. Single-item auctions, such as English
and Vickrey auctions, are the most common auction formats, but they are not always efficient. Com-
binatorial auction, as one of multi-item auction formats, enables bidders to place all-or-nothing bids on
any subset of items (i.e. bundles of items) rather than just individual items according to their personal
preferences. This kind of auctions is efficient when bidders are interested in multiple items, and their val-
uations for these items are non-additive, particularly when complementarity relationships exist between
items [2][3]. Combinatorial auctions have various applications and applying them in companies’ procure-
ment processes can lead to significant savings [2][4]. In this paper, a combinatorial procurement auction
(CPA) mechanism is proposed for determining the best suppliers among a set of potential suppliers for
a manufacturing company which is described as follows.

2 COMBINATORIAL PROCUREMENT AUCTION
Suppose that a manufacturer wants to produce a product. He decides to outsource supplying some
of its components. Since, each potential supplier cannot supply all items in an efficient manner, the
manufacturer conducts a CPA for determining the best suppliers among a set of potential suppliers.
Through this mechanism, a competitive environment is established for potential suppliers to express their
preferences and submit several bids on combinations of tendered items which exhibit synergies in terms
of supplying cost (i.e. complementarity relationships). This provides an opportunity for the manufacturer
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to have savings in procurement costs. In our proposed CPA, each potential supplier can submit several
combinatorial bids. However, at most one of them will be accepted in winner determination process.
After potential suppliers submit several combinatorial bids, the manufacturer determines the winners of
CPA. The winner determination is done in such a way that each of tendered items is assigned to only
one potential supplier. This is the main contribution of this paper.

3 WINNER DETERMINATION PROBLEM
Consider the following notation:

I = {1,2,…,m} : index set of tendered items.
J = {1,2,…,n} : index set of potential suppliers.
Kj : number of bids that potential supplier j submits:Kj ≤ 10.
Ijk : items in the k-th bid of potential supplier j.
Cjk : the cost that potential supplier j asks for supplying Ijk.
[Ijk, Cjk] : k-th combinatorial bid of potential supplier j.
bijk : a binary parameter ( if i ∈ Ijk then bijk = 1).
Xjk : a binary decision variable which represents the acceptance of k-th bid of potential supplier j.

The corresponding winner determination problem (WDP) of CPA for identifying the best suppliers with
the objective of minimizing the total procurement cost is formulated as follows:

minTotalCost =
∑

j∈J

Kj∑

k=1

CjkXjk (3.1)

∑

j∈J

Kj∑

k=1

bijkXjk = 1, ∀i ∈ I (3.2)

Kj∑

k=1

Xjk ≤ 1, ∀j ∈ J (3.3)

Xjk ∈ {0, 1} , ∀j ∈ J, ∀k = 1, . . . ,Kj (3.4)
Constraints (2.1), i.e. equality constraints, ensure that supplying each tendered item is assigned to
only one potential supplier. Also, constraints (3.3), i.e. XOR constraints, guarantee that at most one
of combinatorial bids of each potential supplier is accepted. The formulated WDP is an NP-complete
combinatorial optimization problem (COP), and even finding a feasible solution for this problem is NP-
complete [5]. Since exact methods are failed in solving this kind of problems, a problem-specific genetic
algorithm (GA) is developed for estimating optimal solution(s) of WDP.

4 GENETIC ALGORITHM
Representation: The solutionX in the search space is represented with chromosome Y = [y1|y2| . . . |yn]
in which yj ∈ {0, 1, . . . ,Kj}. A non-zero value for yj means that the potential supplier j is one of the
winners of CPA, and the value of yj represents the index of his accepted bid. With this representation
scheme, satisfaction of XOR constraints is ensured.
Initialization: The initial population, with N non-duplicate solutions, is randomly generated. Because
finding a feasible solution for WDP is NP-complete, infeasible solutions are allowed to enter the initial
population.
Evaluation of solutions: The fitness of chromosome Y is defined as follows:

fit(Y ) = −
∑

j∈J|yj ̸=0

Cj,yj
(4.1)
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Also, for handling equality constraints, the infeasibility of chromosome Y is defined as follows:

inf(Y ) =
∑

i∈I

+

∑
i∈I|δi=1(

∑
j∈J|yj ̸=0 bij,yj

− 1)
∑

i∈I(
∑

j∈J

∑Kj

k=1 bijk − 1)
(4.2)

in which,

δi(Y ) =

{
1

∑
j∈J|yj ̸=0 bij,yj

> 1∑
j∈J|yj ̸=0 bij,yj

− 1 Other Wise (4.3)

Ranking the solutions in population: In each generation, the solutions in population are first sorted
based on infeasibility in ascending order, and then they are sorted based on fitness in descending order
to determine their ranks in population.
Reproduction:The reproduction phase includes parent selection, crossover, and mutation for creating
2N new non-duplicate solutions. The binary tournament method (based on solutions’ ranks) is used for
parent selection, and the uniform crossover with rate pc is used as crossover operator. Then, a random
mutation with rate pm is done to preserve the population diversity.
Replacement: After reproduction, the fitness and infeasibility of new solutions are evaluated. Then, the
solutions in current population and new solutions are ranked together and N non-duplicate solutions are
selected to form the new population.
Stopping criterion: The GA is terminated after a given number of generations, G.

5 COMPUTATIONAL RESULTS

To examine the capability of the proposed GA in estimating optimal solution(s) of WDP, it is tested with
a set of randomly generated problem instances with different real-world sizes. For each problem size
(m,n), 3 instances of WDP are generated. The proposed GA with pc = 1, pm = 0.1, and G = 250m, is
run 10 times for each problem instance in MATLAB. Computational results, including minimum of GA’s
estimations, objective function value of WDP’s LP-relaxation, and average runtime of GA for different
problem instances are summarized in Table 1.

Table 1: Computational results for different problem instances.
Problem size # N Min. of GA’s LP- Average

estimations relaxation runtime
1 472.41 472.41 612

I (10,25) 2 150 559.69 559.69 623
3 492.77 492.77 596
1 547.12 521.55 895

II (10,50) 2 200 513.02 489.69 842
3 462.91 437.47 881
1 2201.54 2081.36 2136

III (20,50) 2 250 1823.29 1648.87 2214
3 1955.72 1878.09 2163
1 2054.33 1878.46 2982

IV (20,75) 2 300 2287.58 2068.92 2947
3 2270.45 2011.72 2911
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6 CONCLUSIONS
In this paper, a CPA mechanism was proposed for determining the best suppliers for required items of a
manufacturing company. Through this mechanism, a competitive environment is established for potential
suppliers to place several bids on combinations of tendered items which exhibit synergies in terms of
supplying cost. This provides an opportunity for the manufacturer to have savings in procurement costs.
The winner determination in the proposed mechanism is done in such a way that the task of supplying
each of tendered items is assigned to only one potential supplier which is the main contribution of this
paper. The formulated WDP in the proposed CPA is an NP-complete COP, and even finding a feasible
solution for this problem is NP-complete. Since exact methods are failed in solving this kind of problems,
a problem-specific GA was developed to estimate optimal solution(s) of WDP. The performance of the
proposed GA was evaluated by solving several randomly generated instances of problem with different
real-world sizes. Computational results demonstrated that it performs well in finding feasible solutions
and estimating optimal solution(s) of problem instances.
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In this paper, we consider fuzzy multi-objective programming (FMOP) problems. We define fuzzy
properly efficient solutions of a given FMOP problem. Then, utilizing scalarization techniques, we obtain
two sufficient conditions for proper efficient solvtions.
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1 Introduction
In the conventional optimization problems, the coefficients are all assumed as real numbers. However,
uncertainty always occurs in the real world. The technique of solving fuzzy optimization problems using
embedding theorem was proposed by Wu [2]. The solution concept of fuzzy multiobjective programming
problems based on convex cones was also suggested by Wu [3]. The purpose of this paper is to utilize
scalarization of fuzzy multiobjective programming problems based on the concept of convex cones and
the embedding theorem, simultaneously. Using a general scalarization technique, sufficient conditions
for properly efficient solutions are obtained.

2 BASIC DEFINITIONS
Definition 2.1. (Fuzzy number). Let A be a fuzzy set in R. Then A is called a fuzzy number if

(i) A is normal,

(ii) A is convex,

(iii) µA is upper semicontinuous, and,

(iv) the support of A is bounded.

We denote by F(R) the set of all fuzzy numbers.

Definition 2.2. The function η : F(R)→ R is called a defuzzification function. We say that the defuzzi-
fication function η is linear if the following conditions are satisfied:

η(ã⊕ b̃) = η(ã) + η(b̃) and η(λã) = λ.η(ã) ∀λ ∈ R.

A fuzzy number ã ∈ F(R) is defuzzified into a real number η(ã). Therefore we call η as the defuzzication
function.

Definition 2.3. Let ã, b̃ ∈ F(R). If there exists a fuzzy number c̃ ∈ F(R) such that b̃ = ã ⊕ c̃, then c̃ is
unique, and c̃ is called the Hukuhara difference between b̃ and ã . We also write c̃ = b̃⊖H ã.

We denote by Fc(R) the set of all canonical fuzzy numbers. Let Fc(R) be a Hausdorff space.

Theorem 2.4. [4] The following statements hold true.
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(i) Let ã, b̃ ∈ F(R). Suppose that η is a linear defuzzification function on F(R). If the Hukuhara
difference b̃⊖H ã exists, then η(b̃⊖H ã) = η(ã)− η(ã).

(ii) Let ã, b̃ ∈ Fc(R). Suppose that π : Fc(R)→ R is the embedding function then defined by

π(ã) = [[ã, 0̃]] (2.1)

If the Hukuhara difference b̃⊖H ã exists and belongs to Fc(R), then π(b̃⊖H ã) = π(b̃)− π(ã).
We write Fn

c (R) = Fc(R)×· · ·×Fc(R) (n times). For ũ ∈ Fn
c (R), we also write ũ = (ũ1, ..., ũn), where

ũj ∈ Fc(R) for all j = 1, ..., n. Let η be a linear defuzzification function. In this paper, we are going to
consider two solution concepts. Therefore, we consider the following two sets:

C1 = {ũ = (ũ1, · · · , ũn) : η(ũj) ≥ 0 ∀j = 1, · · · , n and ũ ∈ Fn
c (R)}

and C2 = {ũ = (ũ1, · · · , ũn) : ũj nonnegative ∀j = 1, · · · , n and ũ ∈ Fn
c (R)}

Two binary relations ⪯1 and ⪯2 on Fn
c (R) are defined below. Let Nn is a normed space with norm given

by ∥s∥ = max{∥s1∥, ..., ∥sn∥},
where s = (s1, ..., sn) ∈ Nn. Let π be the embedding function given in (2.1). We define a function
⊓ : Fn

c (R)→ Nn by
⊓(ũ) =

(
π(ũ1), · · · , π(ũn)

)
for ũ ∈ Fn

c (R), (2.2)

Definition 2.5. Let ũ, ṽ ∈ Fn
c (R). We write ũ ⪯1 ṽ (resp. ũ ⪯2 ṽ) if the Hukuhara difference ṽ ⊖H ũ

exists and ṽ ⊖H ũ ∈ C1 (resp. ṽ ⊖H ũ ∈ C2).

Theorem 2.6. [4] Let ⊓ be the function given in (2.1).

(i) If η is a canonical linear defuzzification function on Fc(R), then the set ⊓(C1) is a pointed convex
cone in N n.

(ii) The set ⊓(C2) is a pointed convex cone in Nn.

Remark 2.7. We can easily show that relations ⪯1 and ⪯2 on Fn(R) are partially ordered. So, using
Theorem 3.2, we can induce two partial orderings ≤1 and ≤1 on Nn from ⊓(C1) and ⊓(C2), respectively.
We note that under the function ⊓, order preserving is satisfied.

In order to interpret the ordering concept for fuzzy constraint function values, we consider the following
two sets: C1π = {ã : η(ã) ≥ 0 and ã ∈ Fc(R)}
and

C2π = {ã : ã is nonnegative and ã ∈ Fc(R)}
Remark 1. Using the similar arguments as in Theorem 3.2, we can show that π(C1π) and π(C2π) are
convex cones in N , where π is the embedding function given in (2.1). Therefore, we can induce two
partial orderings ” ≤1

π ” and ” ≤2
π ” on N from π(C1π) and π(C2π), respectively. We note that under the

function ⊓, order preserving property is satisfied.

3 Sufficient conditions for proper efficiency
Let X be a real vector space. The function f̃ : X → Fc(R) is called a canonical fuzzy-valued function
defined on X. Now, we consider the following two fuzzy multi-objective programming problems:

min (f̃1(x), · · · , f̃n(x))
s.t g̃i ⪯1

π 0̃ i = 1, 2, · · · ,m (FMOP1)

x ∈ X,
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and

min (f̃1(x), · · · , f̃n(x))
s.t g̃i ⪯2

π 0̃ i = 1, 2, · · · ,m (FMOP2)

x ∈ X.

Applying the embedding function π to problems (FMOP1) and (FMOP2) and using Theorem 3.2 and
Remark 2.7, it is reasonable to consider the following two corresponding multi-objective programming
problems.

min (⊓of̃(x)) = ((πof̃1)(x), · · · , (πof̃n)(x))
s.t (πog̃i)(x) ≤1

π π(0̃) i = 1, 2, · · · ,m (MOP1)

x ∈ X,

and

min (⊓of̃(x)) = ((πof̃1)(x), · · · , (πof̃n)(x))
s.t (πog̃i)(x) ≤2

π π(0̃) i = 1, 2, · · · ,m (MOP2)

x ∈ X.

Let S be a nonempty subset of a partially ordered linear space with an ordering cone C.

Definition 3.1. We say that x∗ is a Pareto C1-optimal solution of problem (FMOP1) if ⊓of̃(x∗) is a
minimal element of the set S1 under the convex cone ⊓(C1).

By referring to Jahn [1], we have the following definition.

Definition 3.2. An element x∗ ∈ S is called a properly efficient of the set S (in the sense of Benson), if
x∗ is a minimal element of the set S and the zero element 0X is a minimal element of the set cl(cone(S+
⊓(C)− {x∗})).

Definition 3.3. A nonempty set S ⊂ X is called starshaped at s̄ ∈ S, if
λs+ (1− λ)s̄ ∈ S for all s ∈ Sand for all λ ∈ [0, 1].

Theorem 3.4. [1] Let S be a nonempty subset of a real normed space. If S is starshaped at some x∗ ∈ S,
then

T (S + ⊓(C), x∗) = cl(cone(S + ⊓(C)− {x∗})).

Let S1 and X1 be the sets of objective space and feasible space of problem (MOP1), respectively.
Then, we have the following definition.

Definition 3.5. We say that x∗ is a C1-properly efficient solution of problem (FMOP1) if x∗ is Pareto
C1-optimal and ⊓of̃(0̃X) is a minimal element of the set T (S + ⊓(C1), x∗) = cl(cone(S + ⊓(C1)− {x∗})).

We can similarly define the solution concepts based on the convex cone ⊓(C2) and problem (MOP2),
by considering S2 and X2. We define (Nn)′ as the set of all linear functionals from Nn to R. Then the
set C1(Nn)′ = {ϕ ∈ (Nn)′ : ϕ(s) ≥ 0 for all s ∈ ⊓(C1)}

is also a convex cone and is called a dual cone for ⊓(C1). The set defined by
(C1)0(Nn)′ = {ϕ ∈ (Nn)′ : ϕ(s) > 0 for all s ∈ ⊓(C1) \ {⊓(0̃, · · · , 0̃)}}

is called the quasi-interior of the dual cone for ⊓(C1), where ⊓(0̃, · · · , 0̃) is the zero element in the normed
space Nn. we have these definitions for this C2.
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Theorem 3.6. Suppose that problem (MOP1) is feasible and η is a canonical linear defuzzification func-
tion on Fc(R). If there exist a continuous linear functional ϕ ∈ (C1)0(Nn)′ and an element x∗ ∈ X1 such
that

ϕ(⊓of̃(x∗)) ≤ ϕ(⊓of̃(x)) for all x ∈ X1,

then x∗ is a C1-properly efficient solution.

Proof. Since the space is Hausdorff, so it is a separatable normed space and according to Theorem 3.2
(i), ⊓(C1) is a pointed closed convex cone in Nn, therefore by Theorem 3.38 in [1], (C1)0(Nn)′ is non-
empty. Then according to the Theorem 5.21 in [1], we conclude that y∗ is a properly efficient of the set
S. Then by Definition 3.5, x∗ is a C1-properly efficient solution of problem (FMOP1).

Theorem 3.7. Suppose that problem (MOP2) is feasible. If there exist a continuous linear functional
ϕ ∈ (C2)0(Nn)′ and an element x∗ ∈ X2 such that

ϕ(⊓of̃(x∗)) ≤ ϕ(⊓of̃(x)) for all x ∈ X2,

then x∗ is a C2-properly efficient solution.

Proof. The proof, follows from Theorem 3.2 (ii) and the similar arguments in the proof of Theorem 3.6.
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The analysis concerns determination of the optimal present extraction of a natural resouce and how
this is affected by different kinds of risk in the future. The most general definition of increasing risk,
according to Rothschild and Stiglitz, is used. It can be applied to all types of statistical distributions. The
approach is much more general than, for instance, increasing variance. The analysis is performed via
general function multi dimensional analyical optimization and comparative dynamics analysis in discrete
time. It is found that most of the analytical results can be derived via comparative dynamics in a system
with three equations in combination with supporting general function analysis. The general analytical
results are illustrated via computer solutions to numerically specified special cases.
Keywords Optimal stochastic control; Risk; Natural resource management; Forestry; Third order
derivatives.

1 Introduction
In real production processes, continuous adjustments of all activitites are mostly not technically possible
and would almost never be economically rational. The optimal extraction problems have often been
studied with optimal stochastic control theory in continuous time. Then, however, the continuous time
assumption and the commonWiener process assumption usually imply that derivatives of order three and
higher are not needed in the derivations. The present analysis proves that, in discrete time, derivations
of optimal decisions under risk have to take the third order derivatives into account. The most general
definitions of increasing risk introduced and analyzed by Rothschild and Stiglitz [4] and [1] are used. Third
order derivatives different from zero are often present in several parts of natural resource management
problems in cost functions, growth functions and demand functions. Furthermore, third order derivatives
different from zero can be very useful in approximation of capacity constraints and penalty functions.
Earlier results of a similar nature have been derived via comparative dynamic analysis within stochastic
dynamic programming problems. Such derivations are found in[5] and [5]. In those studies, you also
find detalied analyses of the effects of stationarity in the stochastic processes. The effects of increasing
future risk on the optimal present extraction level are usually also dependent on process stationarity. If
the processes are stationary, the effects of increasing risk on optimal present extraction may be quite
different from the case when the processes are nonstationary. These effects are also described in the
present analysis.

2 Main Results
In the first section, the price and/or cost risk in the next period increases. The direction of optimal ad-
justment of the present extraction level is then found to be a function of the third order derivatives of the
profit functions in later time periods with respect to the extraction levels. If the signs of these derivatives
are known and constant over time, it is possible to determine the sign of the optimal adjustment of the
present extraction level. In the second section, the resource is growing. The optimal present extraction
level is then studied under the influence of increasing risk in the growth process. The direction of op-
timal adjustment of the present extraction is found to be a function of the third order derivatives of the
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profit functions in later time periods with respect to the extraction levels. In some cases, it is possible
to determine the sign of the optimal adjustment of the present extraction level. In the third section, the
resource contains different species, growing together. Furthermore, the total harvest in each period is
constrained. The question is how the optimal present harvest of these species is affected by increasing
price risk in one of the species. Again, it turns out that the direction of adjustment of the present extrac-
tion is a function of the third order derivatives. In some cases, it is possible to determine the signs of
the optimal adjustments of the present extraction levels in the different species. An alternative way to
optimize similar but not identical stochastic dynamic multi species management management problems
is reported in [3].
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An interactive method for solving a type-2 fuzzy multiobjective linear programming problem is presented
in this research, which obtains the satisficing Pareto optimal solutions of the problem.
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1 Introduction

In 1976, H.J. Zimmermann [1] first considered linear programming problems with a fuzzy goal and fuzzy
constraints and in 1978, extended his fuzzy linear programming approach to the multiobjective linear
programming (MOLP) problem. In the fuzzy approaches proposed by Zimmermann and his successors, it
has been implicitly assumed that the fuzzy decision of Bellman and Zadeh [1] is the proper representation
when combining the goals and/or constraints. In the interactive MOLP method proposed by Sakawa et
al. [1], the type-1 membership functions for objective functions were used. In this research, assuming
that the DM has a type-2 fuzzy goal for each of the objective functions in MOLP problems, we present
an interactive fuzzy MOLP (FMOLP) method.

2 preliminaries

2.1 Interactive type-1 FMOLP

Consider the following MOLP problem:

min Z (x) = (z1 (x) , ..., zk (x)) (2.1)
s.t x ∈ X = {x|Ax ≤ b, x ≥ 0} (2.2)

(2.3)

where x is an n-dimensional vector of decision variables, [z1(x) = c1x, ..., zk(x) = ckx], are k conflicting
linear objective functions, and X is the feasible set of linearly constrained decisions.

Definition 2.1. [1] x∗ ∈ X is a Pareto optimal solution for (2.1) if there does not exist x ∈ X such that
zi(x) ≤ zi(x∗), for all i, and zj(x) < zj(x

∗), for at least one j.

Considering the imprecise nature inherent in human judgments in MOLP problems, the DMmay have
fuzzy goals expressed as “zi(x) should be in the vicinity of ri” (called fuzzy equal) or “zi(x) should be
substantially less than or equal to pi or greater than or equal to qi” (called fuzzy min or fuzzy max) [1].
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Such a generalized MOLP (GMOLP) problem may be expressed as

Fuzzy min zi(x) , i ∈ I1 (2.4)
Fuzzy max zi(x) , i ∈ I2 (2.5)
Fuzzy equal zi(x) , i ∈ I3 (2.6)
s.t x ∈ X (2.7)

(2.8)

where I1 ∪ I2 ∪ I3 = {1, 2, · · · , k} , Ii ∩ Ij = ∅, i, j = 1, 2, 3 i ̸= j.

When the fuzzy equal is included in the fuzzy goals of the DM, it is desirable the zi(x) should be as
close to ri as possible. Consequently, the notion of Pareto optimal solutions defined in terms of objective
functions can not be applied. Therefore, we apply concept of M-Pareto optimal solutions which is defined
in terms of membership functions.

Definition 2.2. [1] x∗ ∈ X is a M-Pareto optimal solution for GMOLP if there does not exist x ∈ X such
that µi(zi(x)) ≥ µi(zi(x

∗)), for all i, and µj(zj(x)) > µj(zj(x
∗)), for at least one j.

In the interactive MOLP method proposed by Sakawa et al.[1], the membership functions µ(z(x)) =
(µ1(z1(x)), ..., µk(zk(x)))

T for each of the objective functions z(x) = (z1(x), ..., zk(x))
T are determined

first. To generate a candidate for the satisficing solution which is also (M-) Pareto optimal, the DM is
then asked to specify the aspiration levels of achievement for the membership values of all membership
functions, called the reference membership levels. For the DM’s reference membership levels µ̄ =
(µ̄1, ..., µ̄k)

T , the corresponding (M-) Pareto optimal solution, which is nearest to the requirements in
the minimax sense or better than that if the reference membership levels are attainable, is obtained by
solving the following minimax problem

minimize
x∈X

max
i=1,...,k

{µ̄i − µi(zi(x))} (2.9)

2.2 Type-2 fuzzy sets
In 1975, Zadeh [1] introduced type-2 fuzzy sets as an extension of the usual type-1 fuzzy sets. For
type-2 fuzzy sets, the membership functions are type-1 fuzzy sets. Type-2 fuzzy sets are useful, when
specification of exact membership functions is not appropriate. To have a picture of type-2 fuzzy sets,
consider Fig.1, in which a membership function (a) may be blurred as in (b), so that for a given value of
x

′ , we do not have a fixed membership value u′ as in (a), but rather a membership function is assigned
as in (c). Assume that Ã, is a type-2 fuzzy set [5], with the fuzzy membership function µÃ(x, u), where
[x ∈ X] and u ∈ Jx ⊆ [0, 1], that is,

Ã = {((x, u), µÃ(x, u)) | x ∈ X,u ∈ Jx ⊆ [0, 1]}, (2.10)

where 0 ≤ µÃ(x, u) ≤ 1. Graphically, for a given x = x
′ assume the function µÃ(x

′

, u) for all values of u
to be as given in Fig. 1(c). The figure shows a vertical cut of µÃ(x

′

, u), which is termed as a secondary
membership function. With this notion, each u ∈ Jx ⊆ [0, 1] is called a primary membership function.
The inherent fuzzyness in type-2 membership functions is captured by a bounded region, called footprint
of uncertainty (FOU) (gray area in Fig. 1(b)). This lack of uncertainty can also be defined as the union
of all secondary membership functions, FOU(Ã) =

∪
x∈X

Jx. A type-1 fuzzy set can also be seen as a

special type-2 fuzzy set, having singleton secondary membership functions with the value 1 at one point
and zero everywhere else [5].
Fig. 1. (a) Type-1 membership function; (b) Type-2 membership function; and (c) Triangular secondary
membership function (bold line), interval secondary membership function (dotted line).
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3 Interactive type-2 FMOLP
Consider problem (2.4), with type-2 fuzzy goals. The type-2 fuzzy membership function [5] in a mini-
mization problem can be specified as (see Fig. 2):

µiR (zi (x)) =





(0, 0, 0)(
µ1
i (zi (x)) , µ

2
i (zi (x)) , µ

3
i (zi (x))

)

(1, 1, 1)

zi(x) > a2
a1 > zi (x) > a2
zi (x) < a1

(3.1)

and type-2 membership function in a maximization problem can be specified as (see Fig. 3):

µiL (zi (x)) =





(0, 0, 0)(
µ1
i (zi (x)) , µ

2
i (zi (x)) , µ

3
i (zi (x))

)

(1, 1, 1)

zi(x) < a2
a2 < zi (x) < a1
zi (x) > a1

(3.2)

For notational convenience, denote the membership function for the fuzzy min and the right function of
the fuzzy equal by µiR (zi(x)) and the membership function for the fuzzy max and the left function of
fuzzy equal by µiL (zi(x)) (see Fig. 4).

Consider GMOLP problem (2.4), in which, the objective functions have membership functions as (3.1)
or (3.2). Using type-2 membership functions, the problem is modeled as:

max (µ1 (z1(x)) , ..., µk (zk(x)))
T (3.3)

x ∈ X = {x|Ax ≤ b, x ≥ 0} . (3.4)
(3.5)

Consider an aggregate (normalized) objective [5], replacing the objectives in (3.3) and For the DM’S
type-2 referencemembership levels µ = (µ1, · · · , µk)

T , the correspounding (M-)Pareto optimal solutions,
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which is nearest to the requirements in the minimax sense or better than that if the reference membership
levels are attainable is obtained by solving the following minimax problem,

minimize
x∈X

max
i=1...k

{
4
(
µ1
i − µi

1
)
+
(
µ2
i − µi

2
)
+
(
µ3
i − µi

3
)

6

}
(3.6)

or equivalently,

minimize V (3.7)
s.t 4

(
µ̄1
i − µi

1
)
+
(
µ̄2
i − µi

2
)
+
(
µ̄3
i − µi

3
)

x∈X

≤ 6V i = 1 . . . k (3.8)

(3.9)

The relationships between the optimal solution to the minimax problem and the (M-) Pareto optimal
solution of the (G) MOLP can be charecterized by the following theorems.

Theorem 3.1.
1. If x∗ ∈ X is a unique optimal solution to the minimax problem for some reference point µ = (µ1, · · · , µk)

T

then x∗ is a (M-)Pareto optimal solution to the (G) MOLP.
2. If x∗ is a (M-)Pareto optimal solution to the (G) MOLP with 0 < µi (zi(x

∗)) < 1 holding for all i, then
there exists µi, i = 1 · · · , n such that x∗ is an optimal solution to the minimax problem.

Proof. Follows directly from the definitions of optimality and (M-) Pareto optimality by making use of
contradiction arguments.

To test the (M-)Pareto optimality [1] of current optimal solution x∗, we solve the following pareto
optimality test problem:

maximize
k∑

i=1

εi (3.10)

s.t
4µi

1(zi(x))+µi
2(zi(x))+µi

3(zi(x))
6 − εi = 4µi

1(zi(x
∗))+µi

2(zi(x
∗))+µi

3(zi(x
∗))

6

x ∈ X, ε = (ε1, . . . , εu)
T ≥ 0

(3.11)

(3.12)

For the optimal solution x and ε to this problem, (1) if all εi = 0, then x∗ is a (M-)Pareto optimal solution to
the (G) MOLP, and (2) if at least one εi > 0, not x∗ but x is a (M-)Pareto optimal solution to the (G) MOLP.
The DM must either be satisfied with the current (M-)Pareto optimal solution or act on this solution by
updating the reference membership levels. In order to help the DM express a degree of preference, trade
off information between a standing membership function and each of the other membership functions is
very useful [1].
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This paper models the interaction between the beneficiaries of an employee stock option plan within
a Stackelberg game framework. The beneficiaries are shareholders and employees. In the proposed
model, shareholders, as the leaders of the Stackelberg game, determine the optimal number of
employee stock option grants. In response, employees, the followers of the proposed Stackelberg
game, maximize their own profits by determining their own effort level. It is assumed that the stock price
follow Geometric Brownian Motion process with a known drift rate and volatility. Also, it is presumed
that the drift rate is an ascending function of the employees’ chosen effort level. Finally an approach is
proposed for finding the Stackelberg Equilibrium’ Strategies.
Keywords Stackelberg game; Employee stock option; Geometric Brownian motion; Stackelberg
equilibrium.

1 Introduction
Employee Stock Option (ESO) is issued by corporations for different purposes to employees, giving
them ”the right, but not the obligation to purchase a company’s share at a specified price.” [1] The
design issues regarding ESOs and whether and how firms should use ESO for different financial and
management purposes is currently at the forefront of public debate [2]. Game theory is a natural choice
for analyzing issues emerged in ESO design, simply because it is a tool for analyzing strategic situations.
For a comprehensive review of game theoretic models of ESO plans refer to [3].

This paper seeks to analyze the interaction between employees (receivers of ESO) and shareholders
(granters of ESOs) through modeling the interaction by a Stackelberg game and to give some advice on
ESO design. Stackelberg game is an appropriate choice to model this problem, because it has the
theme of leader-follower interaction just as in ESO interaction. In ESO interaction, the granters (leaders
of the game) issue a definite number of ESOs for the company’s employees; and in response, employee
determine their effort level to maximize their own profits

2 Model

2.1 Structure and Assumptions
The granters of the option want to determine the number of a particular type of company’s stock option for
their employees. In other words, determining the number of granted ESOs is the strategy for sharehold-
ers. In response, employees determine their effort level. It should be reasonable that as the employees’
effort level increases, the expected value of the company at expiration date of ESOs also increases.
However, every effort level has a cost for employees. In fact, more effort level results in more associated
cost. Furthermore it is assumed that stock price follows a Geometric Brownian Motion with known
drift rate and volatility. As the effort level of employees increases the drift rate of the Geometric Brownian
Motion also increases.
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2.2 Notation
We consider the following notations:
N = The current number of shares of the company
M = The number of ESOs issued where: 0 < M < 0.5N
x =The effort level of employees
k =Strike price for ESO
T =Maturity time of the ESO
S0 Current stock price of the company
Sx,T The stock price at the expiration date, if employees’ effort level is x
c = Cost coefficient for the employee
µ0 =The drift rate of company’s Geometric Brownian Motion’s price movement before granting the ESOs
σ0 = The volatility of company’s Geometric Brownian Motion’s price movement
UEmp(M,x) = Expected utility of employees at the expiration date as a function ofM and x
Ushareholders(M,x) = Expected utility of shareholders at the expiration date as a function ofM and x
CEmp = cx2 = Associated cost of employees for the effort level of x
Also assume the following equations for simplicity on later calculations:

A =
ln(S0)+µ0T+T

σ0
2 −ln(k)√

Tσ0
(2.1)

B = ln(S0) + µ0T (2.2)

To consider the effect of employees’ effort it is assumed that the drift rate changes to if the employees
choose the effort level of x.
Now we can derive the structure of utility functions of the players.

2.3 Utility Functions
2.3.1 Utility Function for the Employee

It is shown that if a stochastic variable follow a Geometric Brownian Motion, it has lognormal distribution
at t > 0 [4]. Thus the stock price has the following probability distribution at the expiration date:

f(Sx,T )
1

Sx,Tσ0

√
T
√
2π
e
− ln(Sx,T −ln(S0+µ0+x−

σ2
0
2

)T ))

2σ2
0T (2.3)

Now by considering the dilution effect and doing some calculations, we can calculate the payoff of em-
ployees for a known number of issued ESOs and know effort level.

UEmp(M,x) =M ∗ N
M+N

∫∞
k
Sx,T f(Sx,T )dSx,T

−kM ∗ N
M+N

∫∞
k
f(Sx,T )dSx,T − cx2 (2.4)

According to [5] we can substitute the terms below by the right hand side of their equation:

∫∞
0
Sx,T f(Sx,T )dSx,T = elnS0+(µ0+x−σ2

0
2 )+T

σ2
0
2 ×

ϕ(
ln(S0+(µ0+x−σ2

0
2 )T+Tσ2

0−lnk

σ0

√
T

)
(2.5)

∫∞
0
Sx,T f(Sx,T )dSx,T = 1− ϕ( lnk−[lnS0+(µ0+x−σ2

0
2 )T ]

σ0T
) (2.6)

From (2.4), (2.5), and (2.6), we derive the following formula for payoff of employees:

UEmp(M,x) = MN
M+N

eB+Txϕ(x
√
T

σ0
+A)−

kMN
M+N

[ϕ(x
√
T

σ0
+A− σ0

√
T )]− cx2

(2.7)
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2.3.2 Utility functions for the Shareholders

When the stock reaches the expiration date (T) , there are two possibilities about the exercising the
options by employees:
I. If the stock price in that day is smaller than the strike price , the employees won’t exercise the option.
In this case no dilution occurs; and the expected utility for shareholders by doing some math would be:

UShareholders((M,x)|Sx,T < T ) = N ∗ [1− exT+B ∗ ϕ(x
√
T

σ0
+A)] (2.8)

II. If the stock price in the expiration date is greater than the strike price, employees would exercise the
options and the dilution would occur. In this case, the expected utility for shareholders by doing some
mathematical calculations would be:

UShareholders((M,x)|Sx,T > T ) = N2

N+M
∗ exT+B ∗ ϕ(x

√
T

σ0
+A)

+ NMk
N+M

∗ [ϕ(x
√
T

σ0
+A− σ0

√
T )]

(2.9)

By considering the two conditions described above, the utility function for share holders is the sum of the
two final mathematical terms; by simplifying that is:

UShareholders(M,x) = N − MN
M+N

∗ exT+B ∗ (x
√
T

σ0
+A)+

NMk
N+M

∗ [ϕ(x
√
T

σ0
+A− σ0

√
T )]

(2.10)

3 Stackelberg Formulation
In our model the shareholders act as the leaders of the Stackelberg game; and take the first action by
determining how many stock options to grant (in fact, determine the M ). In response, employees who
seek to maximize their expected profits, choose the optimal effort level (x) according to the chosenM . In
this regard, shareholders determine their chosen M in a way that, employees’ response to their strate-
gies, maximizes the shareholders utility. Here is the proposed approach for determining Stackelberg
Equilibrium of the interaction between shareholders and employees:
1. Find the optimal effort level for everyM , which satisfies 0 < M < 0.5N . That is, find every x∗M which
satisfies the following equation:

x∗M = argmaxx(Uemp(M,x)) (3.1)

2. For every pair of (M,x∗M ), determine the associated utility of shareholders.
3. Find the optimal strategy taken by shareholders by finding optimal which satisfies the following equa-
tion:

M∗ = argmaxM (UShareholders(M,x∗M )) (3.2)

4. The Stackelberg Equilibrium strategy for the players of this game would be (M∗, x∗M∗).

4 Conclusion
The approach presented to find the optimal strategies for both players, uses the two-stage nature of the
modeled problem to find the equilibrium strategies. First it maximizes the follower’s payoff (employees’
payoff) for a given arbitrary strategy of leader (the shareholders). Then it finds the best response of
the follower according to every arbitrary strategy of leader. Then by having these sets of solutions, the
approach finds the best chosen strategy of the leader.
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In this paper we characterize the cone-convex and cone-quasiconvex vector-valued functions in terms
of the usual convexity and quasiconvexity of certain real-valued functions, defined by means of some
new scalarization functions based on the point-to-set distance.
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1 Introduction
As it is well-known, the convexity and quasiconvexity of real-valued functions play important roles in many
fields of mathematics, such as nonlinear optimization. The classical notions of convexity and quasicon-
vexity of real-valued functions have been extended for vector-valued functions as well as for set-valued
maps, in various ways (see e.g., [5, 2]).
An interesting topic in the theory of vector optimization is to characterize the cone-convexity and the
cone-quasiconvexity of the vector-valued objective functions through the usual convexity or quasicon-
vexity of certain real-valued functions defined by means of some appropriate scalarization functions.
Among all the existing scalarization functions, the Gerstewitz function [1] is widely used in vector op-
timization problems. Some authors have used this function for characterizing the cone-convexity and
cone-quasiconvexity of vector-valued functions (see e.g., [4, 3]).
In this paper, using a new scalarization function defined by means of the point-to-set distance, we charac-
terize the various notions of cone-convexity and cone-quasiconvexity of vector-valued functions through
the usual convexity and quasiconvexity of some real-valued functions.

2 Preliminaries
Throughout this paperX and Y are normed vector spaces, S ⊆ X is a nonempty convex set, andK ⊆ Y
is a closed convex cone (K + K = K, clK = K). Also x ≤K y iff y − x ∈ K. We denote by clA, the
closure of a nonempty subset A of Y and by Rn

+ the nonnegative orthant of Rn. The distance from the
point y ∈ Y to the set A ⊆ Y is defined as

d(y,A) := infa∈A ∥ y − a ∥.
Let f : S −→ Y be a vector-valued function.

Definition 2.1. ([5]) f is said to be
i) K-convex iff

f(λx+ (1− λ)y) ≤K λf(x) + (1− λ)f(y) ∀ (x, y ∈ S, λ ∈ [0, 1]).

ii) K-convexlike iff

∀ (x, y ∈ S, λ ∈ [0, 1]) ∃z ∈ S; f(z) ≤K λf(x) + (1− λ)f(y).
iii) K-properly quasiconvex iff

f(λx+ (1− λ)y) ≤K f(x) or f(λx+ (1− λ)y) ≤K f(y) ∀ (x, y ∈ S, λ ∈ [0, 1]).
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iv) K-naturally quasiconvex iff

∀ (x, y ∈ S, λ ∈ [0, 1]) ∃ 0 ≤ µ ≤ 1; f(λx+ (1− λ)y) ≤K µf(x) + (1− µ)f(y).

v) K-quasiconvex iff

(f(x) +K) ∩ (f(y) +K) ⊆ f(λx+ (1− λ)y) +K ∀ (x, y ∈ S, λ ∈ [0, 1]).

If Y = R andK = R+, part (i) of Definition 2.2 collapses to the usual convexity of real-valued functions
and parts (iii), (iv) and (v) are equivalent to the concept of quasiconvexity of real-valued functions.
In Proposition 2.4, we give some relationships among the various cone-convexity (cone-quasiconvexity)
notions of vector-valued functions.

Proposition 2.2. ([5]) The following statements hold:
i) If f is K-convex, then it is K-convexlike.
ii) If f is K-convex, then it is K-naturally quasiconvex.
iii) If f is K-properly quasiconvex, then it is K-naturally quasiconvex.
iv) If f is K-naturally quasiconvex, then it is K-quasiconvex.
v) f is K-convexlike iff F(S)+K is a convex set.
vi) f is K-quasiconvex iff the set F−1(y −K) = {x ∈ S : y ∈ F (x) +K} is a convex set.
vii) If f is K-naturally quasiconvex and continuous, then it is K-convexlike.

3 Main Results
In this section, first we introduce a new scalarization function and investigate some of its properties.

Definition 3.1. Define the scalarization function ρv : Y −→ R+ as ρv(y) = d(v, y +K), where v ∈ Y is
a fixed vector.

By fixing y ∈ Y , we can define the function ρ.(y) in a similar way.

Proposition 3.2. Let v, x, y ∈ Y . The following statements hold:
i) ρv(v) = 0.
ii) ρv is a convex function.
iii) x ≤K y =⇒ ρv(x) ≤ ρv(y).
iv) x ≤K y =⇒ ρx(v) ≥ ρy(v).

Proof. We only prove part (ii). Let y1, y2 ∈ S and λ ∈ [0, 1]. There exist k1, k2 ∈ K such that d(y, v+k1) =
ρv(y1) and d(y, v + k2) = ρv(y2). So,

ρv(λy1 + (1− λ)y2) ≤ d(v, λy1 + (1− λ)y2 + λk1 + (1− λ)k2) ≤ λd(v, y1 + k1) + (1− λ)d(v, y2 + k2) =
λρv(y1) + (1− λ)ρv(y2).

In the following results we provide some relationships between the cone-(quasi)convexity of f and
the (quasi)convexity of ρv ◦ f or the (quasi)concavity of ρf(.)(v).

Theorem 3.3. If f is K-convex, then ρv ◦ f is convex for each v ∈ Y .

Proof. Let v ∈ Y , x1, x2 ∈ S and λ ∈ [0, 1]. Since f(λx1 + (1 − λ)x2) ≤K λf(x1) + (1 − λ)f(x2), from
Proposition 3.2 we have

ρlv ◦ f(λx1 + (1− λ)x2) ≤ ρlv(λf(x1) + (1− λ)f(x2)) ≤ λρlv ◦ f(x1) + (1− λ)ρlv ◦ f(x2).

148



Example 3.4. Let Y = R2 equipped with Euclidean norm, S = [0, 1] × [0, 1] and K = R2
+. Consider

f : S −→ Y as follows f(x, y) = (x + y, 0) if x ∈ [0, 1], y ∈ (0, 1] and f(x, y) = (y, 14 − (x − 1
2 )

2)
if x ∈ [0, 1], y = 0. By means of Theorem 2.1, we show that f is not K-convex. For v = (0, 0), we
have ρv ◦ f(x, y) = x + y if x ∈ [0, 1], y ∈ (0, 1] and ρv ◦ f(x, y) = 1

4 if x ∈ [0, 1], y = 0. Taking
z1 = ( 14 ,

1
2 ), z2 = ( 12 , 0) and λ = 1

2 , ρv ◦ f is not convex and so f is not K-convex.

Theorem 3.5. If ρf(.)(v) is concave for all v ∈ Y , then f is K-convex.

Proof. Let x1, x2 ∈ S and λ ∈ [0, 1]. From the assumption for v := f(λx1 + (1− λ)x2), we have
0 = ρlf(λx1+(1−λ)x2)

◦ f(λx1 + (1− λ)x2) = ρlf(λx1+(1−λ)x2)
(v) ≥ ρλf(x1)+(1−λ)f(x2)(v) =

ρλf(x1)+(1−λ)f(x2) ◦ f(λx1 + (1− λ)x2).
Therefore ρλf(x1)+(1−λ)f(x2) ◦ f(λx1 + (1 − λ)x2) = 0 and so λf(x1) + (1 − λ)f(x2) ∈ cl(f(λx1 + (1 −
λ)x2) + K) = f(λx1 + (1 − λ)x2) + K. That is f(λx1 + (1 − λ)x2) ≤K λf(x1) + (1 − λ)f(x2) and the
proof is completed.

Under more restrictions, La Torre et al. [3] (Theorem 11) characterized the K-convexity of f through
the convexity of some real-valued functions defined by means of the Gerstewitz function.

Corollary 3.6. If ρf(.)(v) is concave for all v ∈ Y , then f is K-convexlike.

Remark 3.7. We can improve Theorem 3.5 and Corollary 3.6 by checking the concavity of ρf(.) ◦ v only
for v = f(x), x ∈ S.

Theorem 3.8. If ρv ◦ f is quasiconvex for all v ∈ Y , then f is K-quasiconvex.

Proof. It is enough to show that the set f−1(y − K) is convex for each y ∈ Y . Let y ∈ Y , x1, x2 ∈
F−1(y −K) and 0 ≤ λ ≤ 1. Therefore y ∈ f(x1) +K, y ∈ f(x2) +K. So, f(x1) ≤K y and f(x2) ≤K y.
From Proposition 3.2, we have ρy ◦ f(x1) = ρy ◦ f(x2) = 0. By the quasiconvexity of ρy ◦ f we get
ρly ◦ f(λx1 + (1− λ)x2) = 0. Therefore y ∈ f(λx1 + (1− λ)x2) +K. Thus F−1(y−K) is convex and the
result is proved.

Some characterizations of the K-quasiconvexity of f are obtained by using the Gerstewitz function
(see e.g., [4, 3]).

Theorem 3.9. f is K-naturally quasiconvex then ρv ◦ f is quasiconvex for all v ∈ Y .

Proof. Let x1, x2 ∈ S and 0 ≤ λ ≤ 1. From the K-naturally quasiconvexity of f , there exists 0 ≤ µ ≤ 1
such that

f(λx1 + (1− λ)x2) ≤K µf(x1) + (1− µ)f(x2).
From Proposition 3.2 for all v ∈ Y , it holds that
ρv ◦ f(λx1 + (1− λ)x2) ≤ ρv(µf(x1) + (1− µ)f(x2)) ≤ µρv ◦ f(x1) + (1− µ)ρv ◦ f(x2) ≤
max{ρv ◦ f(x1), ρv ◦ f(x2)}.

Corollary 3.10. If f is K-properly quasiconvex then ρv ◦ f is quasiconvex for all v ∈ Y .

Theorem 3.11. f is K-properly quasiconvex iff ρf(.)(v) is quasiconcave for all v ∈ Y .

Proof. Suppose that f is K-properly quasiconvex and let x1, x2 ∈ S, 0 ≤ λ ≤ 1 and v ∈ Y . We have

f(λx1 + (1− λ)x2) ≤K f(x1) or f(λx1 + (1− λ)x2) ≤K f(x2).

Taking into account part (iv) of Proposition 3.2 it holds that

ρf(λx1+(1−λ)x2)(v) ≥ min{ρf(x1)(v), ρf(x2)(v)}.
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Conversely, by contradiction suppose that f(λx1+(1−λ)x2) ̸≤K f(x1) and f(λx1+(1−λ)x2) ̸≤K f(x2)
for some x1, x2 ∈ S and 0 ≤ λ ≤ 1. So,

ρf(x1) ◦ f(λx1 + (1− λ)x2) > 0 , ρf(x2) ◦ f(λx1 + (1− λ)x2) > 0.

From the quasiconcavity of ρf(.) ◦ f(λx1 + (1− λ)x2), we have ρf(λx1+(1−λ)x2) ◦ f(λx1 + (1− λ)x2) > 0,
a contradiction.

Corollary 3.12. If ρf(.)(v) is quasiconcave for all v ∈ Y , then f is K-naturally quasiconvex and K-
quasiconvex.
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This paper attempts to present a nonlinear optimization method to find the optimal control of a parabolic
distributed parameter system with a quadratic cost functional. This method is based on a discretization
of the space and the implicit function theorem to arrive at a finite dimentional problem and then an
unconstrained optimization problem. Due the efficiency of the nonmonotone globalization technique for
solving nonlinear difficult nonlinear problem, a nonmonotone version of the truncated Newton method
is presented to solve the unconstrained optimization problem arised from discretization of the optimal
control problem.
Keywords Unconstrained optimization;Truncated Newton; Optimal control; Nonmonotone line search.

1 Introduction
Optimal control is widely applied in aerospace, engineering, economics and other areas of science and
has received considerable attention of researchers. Up to now, enormous efforts have been spent on the
development of computational methods for generating solutions of optimal control problems. Although
many computational methods have been developed and proposed, the modification of the existing meth-
ods and development of new method should yet be explored to obtain accurate solutions successfully.
Consider the one-dimensional diffusion equation [3]

∂y(x, t)

∂t
=
∂2y(x, t)

∂x2
+ u(x, t) (1.1)

with the initial condition
y(x, 0) = f(x), 0 < x < L, (1.2)

and the boundary conditions
∂y(x, t)

∂x
= 0, at x = 0, 0 < t < tf , (1.3)

∂y(x, t)

∂x
= 0, at x = L, 0 < t < tf . (1.4)

The purpose is to find the optimal control u(x, t) that minimizes the following cost functional:

J =
1

2

∫ tf

0

∫ L

0

(Q́y2(x, t) + Ŕu2(x, t))dxdt (1.5)

where Q́ and Ŕ are non-negative, positive weighting values, respectively.
In equations of (1.1)-(1.5), the function u is called the control, y is called the state, and (1.1) is called

the state equation. We do not study the infinite dimensional problem (1.1)-(1.5), but instead consider a
discretization of (1.1)-(1.5). To discretize (1.1)-(1.5) in space, we use piecewise linear finite elements to
construct a weak form. Then to discretize the problem in time, we use the Crank-Nicolson method to
attain the fully discretized problem

min
y,u

f̂(u) = f(y(u), u) (1.6)
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s.t.

c(y, u) = 0. (1.7)
In optimization problem (1.6) and (1.7) arised from discretized optimal control problems, since y is tied
to u via the implicit equation (1.7): In fact, the implicitly constrained optimization problem (1.6) and (1.7),
by the implicit function theorem, can be viewed as unconstrainned optimization problem

min f̂(u), subject to u ∈ Rn. (1.8)

There are many iterative methods to solve the problem (1.8). Most of these methods could be divided
into two general classes, namely line search and trust-region frameworks. We state a nonmonotone
version of the truncated Newoton method [2] in line search framework for solving (1.8). The Newton
equation ∇2f̂(uk)sk = −∇f̂(uk) is solved approximately using the conjugate gradient (CG) method.
The CG method is truncated if the Newton system residual is sufficiently small, more precisely

∥∇2f̂(uk)sk +∇f̂(uk)∥ ≤ ηk∥∇f̂(uk)∥, (1.9)

ηk ∈ (0, 1), or if a direction of negative curvature is detected. Once the direction sk is computed, a
nonmmonotone Armijo line-search procedure introduced as follow is used to compute the step-size αk.
Amini et al. in [1] introduced the new nonmonotone term as follows:

Hk = ρkf̂l(k) + (1− ρk)f̂k, (1.10)

where
f̂l(k) = max

0≤j≤m(k)
{f̂k−j}, k = 0, 1, 2, · · · , (1.11)

where m(0) = 0 and 0 ≤ m(k) ≤ min{m(k − 1) + 1, N} with N ≥ 0 and in the following, a new
nonmonotone Armijo-type line search proposed as follows:

f̂(xk + αkdk) ≤ Hk + δαk∇f̂T dk, (1.12)

where ρk ∈ [0, 1). It is obvious that when ρk is close to 1, one can obtain a strong nonmonotone strategy
and can get a weaker nonmonotone strategy when ρk is close to 0. Hence, by choosing ρk adaptively,
one can increase the affect of f̂l(k) far from the solution and decrease it near to the solution. Considering
the morphology of the function, the best criterion to measure the closeness of the current point uk to the
solution u∗ is to assess the first-order optimality condition, so ∥∇f̂(uk)∥ can be used as a criteria for the
closeness to the solution. Therefore, the the parameter can be updated adaptively by

ρk = 1− e−||∇f̂(uk)||. (1.13)

One can see that when ||∇f̂(uk)|| is major, then ρk will also be major, therfore nonmonotone strategy
will be stronger. But, when ||∇f̂(uk)|| tends toward zero, then ρk tends to 1, so, nonmonotone strategy
will be weaker and tend to be a monotone stategy.

Now, we can outline Algorithm 1 as the truncated Newton method with Nonmonotone Armijo Line
search (TNNAL).

2 Computational results
We consider the optimal control probleme (1.1) - (1.5) with

L = 4, tf = 1, Q́ = Ŕ = 1, f(y) = 1 + y.

For the discretization we use nx = 120 spatial subintervals and 120 time steps, i.e., ∆t = 1/120.
The convergence history of the Algorithm 20 applied to (1.8) is shown in Table 1 . We use Algorithm 20
with δ = 10−4, ϵ = 10−8, N = 10 and ηk = min{0.01, ||∇f̂(uk)||}.
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Algorithm 8 Truncated Newoton method with Nonmonotone Armijo Line search (TNNAL)

Step 1: {Initialization} Given u0 , δ ∈ (0, 1)and ϵ > 0.
Set k = 0 and H0 = f̂l(0) = f̂(u0)

Step 2: Compute ∇f̂(uk).

Step 3: If ∥∇f̂(uk)∥ < ϵ stop..

Step 4: Compute ∇2f̂(uk).

Step 5: Apply the CG method to compute an approximate solution of the Newton equation∇2f̂(uk)sk =

−∇f̂(uk)
(we use i as the itration index in the CG method):

5.1 : Set ηk ∈ (0, 1), sk = 0 and pk,0 = rk,0 = −∇f̂(uk).

5.2 : For i = 0, 1, 2, . . . do
i. If ∥rk,i∥ < ηk∥rk,0∥ go to 5.3.
ii. Compute pTk,iqk,i < 0.
iii. ∥rk,i∥ < ηk∥rk,0∥ go to 5.3.
iv. If γk,i = ∥rk,i∥2

pT
k,i

qk,i
.

v. sk = sk + γk,ipk,i.
vi. rk,i+ = rk,i − γk,iqk,i.
viii. βk,i =

∥rk,i+1∥2

∥rk,i∥2 .
viii. If ∥rk,i∥ < ηk∥rk,0∥ go to 5.3.

Step 5.3: If i = 0 set sk = −∇f̂(uk).

Step 6: Perform a nonmonotone Armijo line search.

6.1 : Set αk = 1 and evaluate f̂(uk + αksk).

6.2 : While f̂(uk + αksk) > Hk + δαks
T
k∇f̂(uk)

i. Set αk = αk/2 and evaluate f̂(uk + αksk).

Step 7: Set uk+1 = uk + αksk, k = k + 1 and compute ∇2f̂(uk).

Step 8: Compute f̂l(k), ρk and Hk by (1.11), (1.13) and (1.10), respectively and go to 3.
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Table 1: Performance of the algorithm TNNAL
k f̂k ∥∇f̂k∥ sk CG iters
0 1.951295e+01 5.873026e-02 1.546390e+02 3
1 1.500117e+01 3.882033e-04 3.689598e+00 11
2 1.500060e+01 9.060799e-08 8.662837e-04 22
3 1.500060e+01 5.600888e-15
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The purpose of a hub location problem is to obtain optimal hub numbers and to allocate non-hub nodes
to the hubs. A hub and spoke network design problem is one of the hub location problems. Facility
location problems have often vagueness and uncertain properties. In the hub and spoke network
design problem, this uncertainty can be in the parameters of demand nods. In this paper, a hub and
spoke network design problem under fuzzy random uncertainty is formulated as a fuzzy random hub
and spoke network design problem. Then, the proposed problem is converted to deterministic integer
programming problems by using fuzzy random chance-constrained programming based on the idea of
possibility theory for optimistic and pessimistic decision maker. Finally, a real case study about the air
transportation network of Iran is given to clarify described methods. The computational results of study
show that these methods can be implemented for the problem with uncertain framework.
Keywords Hub and spoke network design; fuzzy random chance-constrained programming; possibility
theory.

1 Introduction
In recent decades, the rate of air, sea and road transports has been increased. Therefore, the importance
of facility location of transportation system has been increased. One of the new discussions of the facility
location issues is hub location. This problem is one of the network optimization problems andwidely used.
Due to the large impact on final efficiency and economic costs, it has great importance. Hub locations as
the points switching and transmission are applied in many distribution systems. An air transport needs
more than other systems to the establishment of the air hub.
In these types of problem, the purpose is to find hubs and ways to send flow from a origin to a destinations
with minimum total cost of establishing of hubs, transportation cost and maximum economic benefits
using the hubs [3]. Facility hub location problems have often vagueness and uncertain properties which
is be in the parameters of demand nods[1, 4] and these uncertainties have both possibility and probability
aspects[2].

This paper consists of the following sections: Section 2 introduces the fuzzy random hub and spoke
network design problem and how to convert it into deterministic integer programming (IP) by using meth-
ods based on the possibility theory [2] and fuzzy random chance-constrained programming (FRCCP).
Section 3 includes a case study of Iran’s air transportation network. Furthermore, conclusions and sug-
gestions for future research are given in Section 3.

2 Model Definition
In this paper, we consider the uncapacitated, single assignment p-hub location problem. First, the orig-
inal hub and spoke network design problem (HSNDP) and its parameters are introduced. The sets ,
parameters and decision variables are defined as follows:
I Set of nodes indexed by i, j
K Set of hub indexed by k,m
dik Distance between node i and hub k
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dkm Distance between hub k and hub m
dmj Distance between hub m and node j
hi Demand of node i
Xijkm A binary variable, equal to 1 if node i is assigned to hub k, node k is select as a hub, and flow
(i, j) is routed from i to k to m to j; equal 0, otherwise
zik A binary variable, equal to 1 if node i is assigned to hub k; equal 0,otherwise
zk,k A binary variable, equal to 1 if node k is selection as a hub;0, otherwise
P A number of located hubs
α A unit discount between hubs
The HSNDP is formulated as follows:

min
∑

i

∑

j>i

∑

k

∑

m

hi[dik + αdkm + dmj ]xijkm (2.1)

s.t.
∑

k

zik = 1 ∀i, (2.2)

zik − zk,k ≤ 1 ∀i, k, (2.3)
∑

k

zkk = p (2.4)

∑

m

xijkm − zik = 0 ∀i, j, k, (2.5)

∑

k

xijkm − zjm = 0 ∀i, j,m, (2.6)

xijkm, zik ∈ {0, 1}. (2.7)

The objective function seeks to minimize the total distance, where dik, dkm and dmj represent the dis-
tance between nodes i and hub k,the distance between hubs k, m, and the distance between node j
and hub m, respectively. The model has 5 constraints, constraint (2.2) ensures that each node is allo-
cated to a hub, constraint (2.3) ensures that the node is allocated to nodes that are selected as hubs,
constraint (2.4) represents the number of hubs (p), and constraints (2.5) and (3.1) indicate that the flow
between nodes i and j is done by hubs k and m and the nodes i and j are allocated to the hubs k and
m, respectively.

2.1 Fuzzy Random Hub and spoke network design problem
Most real decision making issues include parameters that are unknown, and in some cases, decision
makers are faced with fuzzy and probability uncertainty simultaneously [2, 4]. In this case, a fuzzy random
HSNDP can be used which is defined as follows:

min
∑

i

∑

j>i

∑

k

∑

m

˜̄hi[dik + αdkm + dmj ]xijkm (2.8)

s.t.
∑

k

zik = 1 ∀i, (2.9)

zik − zk,k ≤ 1 ∀i, k, (2.10)
∑

k

zkk = p (2.11)

∑

m

xijkm − zik = 0 ∀i, j, k, (2.12)

∑

k

xijkm − zjm = 0 ∀i, j,m, (2.13)

xijkm, zik ∈ {0, 1}, (2.14)
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where ˜̄hi = (h̄0i , h̄1i , βi, γi)LR represents fuzzy random variable (FRV) whose observed value for each
ω ∈ Ω is fuzzy number ˜̄hi(ω) = (h̄0i (ω), h̄1i (ω), βi, γi)LR. h̄0i , h̄1i are random valiables defined as h̄(0)i =

h
(0)
i + t̄h

(2)
i and h̄(1)i = h

(1)
i + t̄h

(2)
i in which t̄ is random variable with distribution function T and h(2)i is

standard deviation of FRV. Now, possibility and necessity-based models are proposed.
2.1.1. Possibility model

Theorem 1 :
Pr{ω|Pos(z̃(ω) ≤ f)} ≥ λ⇔∑

i

∑
j>i

∑
k

∑
m[h

(0)
i + T ∗

i (λ)h
(2)
i − L∗(η)βi][dik + αdkm + dmj ]xijkm ≤ f

By using FRCCP and Theorem 1, the following problem is obtained:

min
∑

i

∑

j>i

∑

k

∑

m

[h
(0)
i + T ∗

i (λ)h
(2)
i − L∗(η)βi][dik + αdkm + dmj ]xijkm (2.15)

s.t.
∑

k

zik = 1 ∀i, (2.16)

zik − zk,k ≤ 1 ∀i, k, (2.17)
∑

k

zkk = p (2.18)

∑

m

xijkm − zik = 0 ∀i, j, k, (2.19)

∑

k

xijkm − zjm = 0 ∀i, j,m, (2.20)

xijkm, zik ∈ {0, 1}. (2.21)

The above problem is an integer programming which is solved by an IP solver.

2.1.2. Necessity model

Theorem 2:
Pr{ω|N(z̃(ω) ≤ f)} ≥ λ⇔∑i

∑
j>i

∑
k

∑
m[h

(0)
i +T ∗

i (1−λ)h
(2)
i −L∗(1− η)βi][dik+αdkm+dmj ]xijkm ≤

f

As a direct result of Theorem 2, we have:

min
∑

i

∑

j>i

∑

k

∑

m

[h
(0)
i + T ∗

i (1− λ)h(2)i − L∗(1− η)βi][dik + αdkm + dmj ]xijkm (2.22)

s.t.
∑

k

zik = 1 ∀i, (2.23)

zik − zk,k ≤ 1 ∀i, k, (2.24)
∑

k

zkk = p (2.25)

∑

m

xijkm − zik = 0 ∀i, j, k, (2.26)

∑

k

xijkm − zjm = 0 ∀i, j,m, (2.27)

xijkm, zik ∈ {0, 1}. (2.28)
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3 Case study and Conclusion
A case study in Iran’s air transportation network is study for further evaluation of described methods.
Tabel 1 shows the obtained solutions in possibility and necessity models respectively. Distances from
airports are obtained from Google Earth and flights out of airport are about 1392.

Table 1: The results of example by possibility and necessity models respectively.
P Optimal α Optimal η, λ Objective function value Optimal hubs
1 0.01 0.9 2.812242*107 1
2 0.01 0.9 2.805829*107 1,6
3 0.01 0.9 2.805829*107 1,6,7
1 0.01 0.9 2.767790*107 1
2 0.01 0.9 2.761797*107 1,6
3 0.01 0.9 2.761797*107 1,6,9

In this paper, we introduced fuzzy random hub and spoke network design problem and solved it by
FRCCP based on possibility theory. Furthermore, a real case study about Iran’s air transportation was
solved. As it was shown from the results of both methods, Mehrabad and Bandarabbas airports have
been selected as optimal solution and the objective function in the necessity model has the least value.
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Total Variation (TV) regularization is a powerful technique for image reconstruction tasks such as
denoising, in-painting, and deblurring, because of its ability to produce sharp edges in the images. In
this paper we discuss the use of TV regularization for tomographic imaging, where we compute a 2D or
3D reconstruction from noisy projections and implement a limit memory BFGS method for solving a TV
regularization problem.
Keywords Total Variation; Image Reconstruction; Limit Memory BFGS; Regularization.

1 Introduction

Tomography is the science of seeing through objects. Physical signals-waves and particles are sent
through an object from many different angles, the response of the object to the signal is measured, and
an image of the object’s interior is reconstructed. Computed tomography (CT ) is an indispensable tool in
modern science and technology as a non-invasive measurement technique for diagnostics, exploration,
analysis, and design, and it has become an independent research field on the border between mathe-
matics, scientific computing, and application sciences [3]. Tomographic imaging is an ill-posed problem,
which means that it involves the computation of solutions that are extremely sensitive to data errors,
model errors, and rounding errors. Useful reconstructions can only be computed by incorporating prior
information in order to define unique, stable, and physically meaningful solutions [3]. TV reconstruction,
originally proposed for image denoising by Rudin, Osher and Fatemi [5], incorporates the prior knowledge
that the reconstructions must be piecewise smooth with occasional steep transitions, i.e, sharp edges—
the underlying assumption being a Laplacian distribution for the image’s gradient magnitude. The TV
reconstruction model seeks to do so by explicitly producing an image with a sparse gradient (some-
thing that is not achieved by other reconstruction methods such as filtered back projection or Tikhonov
regularization), and this fact establishes an interesting connection to compressed sensing.

In this paper we discuss the use of TV regularization for tomographic imaging, where we compute a
2D or 3D reconstruction from noisy projections and implement a limit memory BFGS method for solving
a TV regularization problem.

2 Total variation-based image reconstruction

The mathematical model used in this work takes the form of a linear system of equations Ax ≈ b where
the sparse system matrix A ∈ Rm×n models the scanning process. The reconstructed N × N image
is represented by x ∈ Rn (with n = N2), and the right-hand side b ∈ Rm represents the data from
the scanner. While the raw data essentially consists of photon counts with Poisson noise, our data b is
obtained by further processing the raw data and we assume that the noise in b has a Gaussian distribution
with standard deviation σ.

In this work we consider TV based image reconstruction for computed tomography. The 3D recon-
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struction is represented by a vector x∗ which is solution to the minimization problem

min f(x) = 1
2∥Ax− b∥22 + α

∑n
j=1 ϕr(Djx)

s.t. x ≥ 0.
(2.1)

where the second term is the TV regularization term, α > 0 is a regularization parameter that controls
how much regularization we wish to impose, the matrices Dj ∈ R2×n are designed such that Djx ∈ R2

is a finite difference approximation to the gradient at pixel j, and ϕr(Djx) is our smooth approximation
to the gradient magnitude:

ϕr(Djx) =

{
∥Djx∥2 −

τ

2
, ∥Djx∥2 ≥ τ

1
2τ ∥Djx∥22, else.

(2.2)

This is actually the Huber approximation other smooth approximations might as well be used, such as
(∥Djx∥22 + τ2)

1
2 ; both include a smoothing threshold τ . We use a smooth approximation because the

gradient magnitude ∥Djx∥ is not differentiable, and while algorithms for non-smooth optimization do
exist, they generally suffer from slow convergence.

3 A Limit Memory Quasi-Newton method
A basic method for solving minimization problem in (2.1) is in the following form:

xk+1 = PQ

(
xk + αkpk

)
k = 0, 1, . . . (3.1)

where PQ is the Euclidean projection onto the convex set Q, pk = ∇−2f(xk)∇f(xk) is descent direction
and αk > 0 is step length.

Limited-memoryBFGS (L−BFGS orLM−BFGS) is an optimization algorithm in the family of quasi-
Newton methods that approximates the Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm using
a limited amount of computer memory. It is a popular algorithm for parameter estimation in machine
learning.

Like the original BFGS, L − BFGS uses an approximation to the inverse Hessian matrix to steer
its search through variable space, but where BFGS stores a dense n× n approximation to the inverse
Hessian (n being the number of variables in the problem), L − BFGS stores only a few vectors that
represent the approximation implicitly. Due to its resulting linear memory requirement, the L − BFGS
method is particularly well suited for optimization problems with a large number of variables.

Let {xk} be the sequence of approximate solutions to the optimization problem. Then we define

sk ≡ xk+1 − xk yk ≡ ∇f(xk+1)−∇f(xk)

If the BFGS quasi-Newton method is used, the Hessian approximations Bk ≈ ∇2f(xk) are defined by

Bk+1 = Bk − (Bksk)(Bksk)
T

sTkBksk
+
yky

T
k

yTk sk

with (say) B0 = I . At each iteration the search direction for the optimization method is obtained by
solving

Bkpk = −∇f(xk)
and then a line search can be used to determine xk+1. Every update formula for Bk has a companion
formula for updating Hk≡B−1

k . Using Sherman-Morrison formula the update formula for pk+1 can be
written as:

pk+1 = −
([
I − sky

T
k

yTk sk

]
Hk

[
I − yks

T
k

yTk sk

]
+
sks

T
k

yTk sk

)
∇f(xk+1).
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This final formula requires no matrix storage (other than the storage used to representHk) and uses only
vector operations.

Let Q = Rn. If in (3.1) we use L − BFGS quasi-Newton method and using strong wolfe conditions
for approximating step length then based on [2, Theorem 12.12] the generated sequence converges to
unique global minimizer of (2.1) on Q and also rate of convergence of {xk} is superlinear.

4 Numerical Results
We will report from tests using examples from the field of image reconstruction from projections using the
SNARK93 software package [1]. The phantom is discretized into 63× 63 pixels. We take 16 projections
with 99 rays per projection. Each projection is used as one block, so p = 16 in our tests. The resulting
projectionmatrixA has dimension 1584×3969, so that the system of equations is highly underdetermined.
In addition to A, the software produces a noise-free right-hand side bsnark and a phantom (translated into
vector form) x∗. By using SNARK93′s right-hand side bsnark, which is not generated as the product Ax∗
(∥Ax∗ − bsnark∥ = 2.73 ̸= 0), we avoid committing an inverse crime where the exact same model is
used in the forward and reconstruction models. We then added additive independent Gaussian noise
of mean 0 and to generate level noise (∥δb∥/∥bsnark∥) of size 5 where bnoisy = bsnark + δb. For the
choices ofM , we use Cimmino’s method and we set α = 2 in (2.1). Figure 1 demonstrate, the iteration

Figure 1: The history of relative error within noise iterations.

history for the relative error ∥xk−x∗∥/∥x∗∥ for L−BFGS when Q = Rn and it’s projected version where
Q = {x ∈ Rn|0 ≤ xi ≤ 1, i = 1, . . . , n}. Also we compute gradient method and it’s projected version that
proposed in [4]. As we seen, projected L−BFGS has faster reduction in error than other methods.

It should be noted that computing L − BFGS is very expensive in comparing with gradient method
proposed in [4], but however finding a fast quasi-Newton algorithm for solving TV regularization is hot
topic in medical image reconstruction.
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Optimal control of processes governed by partial differential equations has seen considerable progress
in the past decade. The appropriate treatment of such problems requires a fundamental understanding
of the subtle interplay between optimization in function spaces and numerical discretization techniques
and relies on advanced methodologies from the theory of PDEs and numerical analysis as well as
scientific computing. This paper focuses on optimal control problems where the state equation is a
diffusion equation and we solve the discretization form of this problem via the nonmonotone L-BFGS
method.
Keywords Optimal control; Partial differential equations; L-BFGS method.

1 Introduction
It is recognized that gradient-based and Newton-type methods are among the most effective solvers.
These schemes are widely used for various type of problems in computational mathematics as uncon-
strained optimization and optimal control problems.

In this paper, we consider the numerical treatment of a class of optimal control problems for a diffusion
equation. We investigate the following optimal control problem [3]

∂y(x, t)

∂t
=
∂2y(x, t)

∂x2
+ u(x, t) (1.1)

with the initial condition
y(x, 0) = f(x), 0 < x < L, (1.2)

and the boundary conditions

∂y(x, t)

∂x
= 0, at x = 0, 0 < t < tf , (1.3)

∂y(x, t)

∂x
= 0, at x = L, 0 < t < tf . (1.4)

The main purpose is to find the optimal control u(x, t) that minimizes the following cost functional:

J =
1

2

∫ tf

0

∫ L

0

(Q́y2(x, t) + Ŕu2(x, t))dxdt (1.5)

where Q́ and Ŕ are non-negative, positive weighting values, respectively.
In equations of (1.1)-(1.5), the function u is called the control, y is called the state, and (1.1) is called

the state equation. We do not study the infinite dimensional problem (1.1)-(1.5), but instead consider a
discretization of (1.1)-(1.5). To discretize (1.1)-(1.5) in space, we use piecewise linear finite elements to
construct a weak form. Then to discretize the problem in time, we use the Crank-Nicolson method to
attain the fully discretized problem

min
y,u

f̂(u) = f(y(u), u) (1.6)

s.t.
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c(y, u) = 0. (1.7)

In optimization problem (1.6) and (1.7) arised from discretized optimal control problems, since y is tied
to u via the implicit equation (1.7): In fact, the implicitly constrained optimization problem (1.6) and (1.7),
by the implicit function theorem, can be viewed as unconstrainned optimization problem

min f̂(u), subject to u ∈ Rn. (1.8)

There are many iterative methods to solve the problem (1.8). Most of these methods could be divided into
two general classes, namely line search and trust-region frameworks. We state a nonmonotone version
of the LBFGS method [2] in line search framework for solving (1.8). The Newton equation ∇2f̂(uk)sk =

−∇f̂(uk) is solved approximately using this direction which is determined by the following quasi-Newton
formula

dk = −Hkgk,

where Hk is a quasi-Newton approximation of the inverse matrix G−1
k generated by the well-known

LBFGS approach developed by Liu and Nocedal in [2]. Let H0 be a symmetric and positive definite
starting matrix and m = min{k, 5}. Then the limited memory version of Hk is defined by

Hk+1 = (V T
k · · ·V T

k−m)H0(Vk−m · · ·Vk)
+ ρk−m(V T

k · · ·V T
k−m+1)sk−ms

T
k−m(Vk−m+1 · · ·Vk)

+ ρk−m+1(V
T
k · · ·V T

k−m+2)sk−m+1s
T
k−m+1(Vk−m+2 · · ·Vk)

...
+ ρksks

T
k .

(1.9)

where ρk = 1/yTk sk and Vk = I − ρkyksTk . Once the direction sk is computed, a nonmmonotone Armijo
line-search procedure introduced as follow is used to compute the step-size αk. Amini et al. in [1]
introduced the new nonmonotone term as follows:

Nk = ηkf̂l(k) + (1− ηk)f̂k, (1.10)

where
f̂l(k) = max

0≤j≤m(k)
{f̂k−j}, k = 0, 1, 2, · · · , (1.11)

where m(0) = 0 and 0 ≤ m(k) ≤ min{m(k − 1) + 1,M} with M ≥ 0 and in the following, a new
nonmonotone Armijo-type line search proposed as follows:

f̂(xk + αkdk) ≤ Nk + δαk∇f̂T dk, (1.12)

where ηk ∈ [0, 1). It is obvious that when ηk is close to 1, one can obtain a strong nonmonotone strategy
and can get a weaker nonmonotone strategy when ηk is close to 0. Hence, by choosing ηk adaptively,
one can increase the affect of f̂l(k) far from the solution and decrease it near to the solution. Considering
the morphology of the function, the best criterion to measure the closeness of the current point uk to the
solution u∗ is to assess the first-order optimality condition, so ∥∇f̂(uk)∥ can be used as a criteria for the
closeness to the solution. Therefore, the the parameter can be updated adaptively by

ηk = 1− e−||∇f̂(uk)||. (1.13)

One can see that when ||∇f̂(uk)|| is major, then ηk will also be major, therefore nonmonotone strategy
will be stronger. But, when ||∇f̂(uk)|| tends toward zero, then ηk tends to 1, so, nonmonotone strategy
will be weaker and tend to be a monotone stategy.

Now, we can outline Algorithm 1 as the L-BFGS method with Nonmonotone Armijo Line search
(LNAL).
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Algorithm 9 L-BFGS method with Nonmonotone Armijo Line search (LNAL)

Step 1: {Initialization} Given u0 , δ ∈ (0, 1)and ϵ > 0.
Set k = 0 and H0 = f̂l(0) = f̂(u0)

Step 2: Compute ∇f̂(uk).

Step 3: If ∥∇f̂(uk)∥ < ϵ stop.

Step 4: Compute ∇2f̂(uk).

Step 5: Apply the L-BFGS method to compute an approximate solution of the Newton equation
∇2f̂(uk)sk = −∇f̂(uk) using (1.9)

Step 6: Perform a nonmonotone Armijo line search.

6.1 : Set αk = 1 and evaluate f(uk + αksk).

6.2 : While f̂(uk + αksk) > Nk + δαks
T
k∇f̂(uk)

i. Set αk = αk/2 and evaluate f̂(uk + αksk).

Step 7: Set uk+1 = uk + αksk, k = k + 1 and compute ∇2f̂(uk).

Step 8: Compute f̂l(k), ηk and Nk by (1.11), (1.13) and (1.10), respectively and go to 3.

2 Computational results
We consider the optimal control probleme (1.1) - (1.5) with

L = 4, tf = 1, Q́ = Ŕ = 1, f(y) = 1 + y.

For the discretization we use nx = 120 spatial subintervals and 120 time steps, i.e., ∆t = 1/120.
The convergence history of the Algorithm 20 applied to (1.8) is shown in Table 1 . We use Algorithm 20
with δ = 10−4 ϵ = 10−8 andM = 10.

Table 1: Performance of the algorithm LNAL
k f̂k ∥∇f̂k∥ sk
0 1.951295e+01 5.873026e-02 2.147991e+02
1 1.570542e+01 2.333287e-02 6.074678e+01
2 1.500078e+01 3.492392e-04 1.276920e+00
3 1.500061e+01 8.709645e-05 2.546850e-01
4 1.500060e+01 8.094958e-07 2.948844e-03
5 1.500060e+01 4.438369e-08 1.547961e-04
6 1.500060e+01 3.306077e-11
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In many engineering modeling, some of system parameters are not exactly known or can chang under
unpredictable influences. Sometimes the ambiguity of parameters can not be described by only random
or interval variables. Random interval variables have been introduced to describe the complexity of
these variations. To treat the optimization problems that include random interval parameters, stochastic
interval programming can be used. In this paper, we present a new approach for stochastic interval
linear programming problems (SILP).
Keywords Random Interval Parameter, Stochastic Programming, The Expected Value.

1 Introduction
In many problems, uncertain parameters can just be described by random variables. Theory of proba-
bility is an important tool to describe the complexity of these parameters. It has been applied in such
different fields as economy [1], stochastic geometry [2] or dealing with imprecise information [3]. Some-
times parameters of problem can rarely be simplified as deterministic numbers, and even intervals or
random variables can not tackle the complex characteristics of these kind of parameters. Stochastic
interval programming is an important tool to treat the optimization problems that include these kind of
parameters. In these problems, some (or all) of parameters are random interval variables. Some studies
about random intervals in statistics and engineering exist in literature, see [4–6].

In this study, we propose an approach for SILP. In this model, we use the concept of the expected
value to convert the stochastic interval programming to an interval linear programming problem. Using
a GP method, a satisfactory solution will be obtained.

2 Interval Arithmetic
An interval is defined by an ordered pair of brackets as

A = [AL, AR] = {A : AL ≤ A ≤ AR, A ∈ R},

where AL and AR are the left and right limits of A, respectively.

Definition 2.1. Let ∗ ∈ {+, −, ., ÷} be a binary operation on ℜ. IfA andB are arbitrary closed intervals,
then

A ∗ B = {A ∗B : A ∈ A, B ∈ B}.

In the case of division, it is supposed that 0 /∈ B.

Hence, the following relations are satisfied:

A + B = [AL, AR] + [BL, BR] = [AL +BL, AR +BR], (2.1)
A− B = [AL, AR]− [BL, BR] = [AL −BR, AR −BL], (2.2)
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Another subtraction which we will use for our GP model, can be defined by the following formulation. So
Consider the following interval equation

X + B = A, (2.3)

where A = [AL, AR], B = [BL, BR]. Obviously, the range of optimal solution of (2.3) is obtained as

X = A)− (B = [AL −BL, AU −BU ], if w(B) ≤ w(A), (2.4)

For K ∈ R the following relations are satisfied:

KA = K[AL, AR] = [KAL,KAR] if K ≥ 0, (2.5)
KA = K[AL, AR] = [KAR,KAL] if K < 0, (2.6)

The possibly extended maximum of A and B is derived as

A ∨ B = [AL ∨BL, AR ∨BR]. (2.7)

The absolute value of A is defined as

| A |=





[AL, AR], AL ≥ 0,
[0, (−AL) ∨AR], AL < 0 < AR,

[−AR,−AL], AR ≤ 0,
(2.8)

where A ∨B = max(A,B).

3 Stochastic Interval Linear Programming
In what follows, we propose a GP approach for SILP.

Definition 3.1. Given a probability space (Ω, A, P ), ā(ω) = [aL(ω), aU (ω)] is a random interval defined
in Ω, if aL(ω), aU (ω) are random variables, and for any ω ∈ Ω, aL(ω) ≤ aU (ω).

Definition 3.2. Let X = [XL, XR] be a random interval variable, where XL = {xL1 , xL2 , ..., xLn} and XR =

{xR1 , xR2 , ..., xRn }. The expected value E of X is shown by E = [EL, ER], where EL =
1

n
(xL1 +x

L
2 + ...+x

L
n)

and ER =
1

n
(xR1 + xR2 + ...+ xRn ).

3.1 The GP model for SILP
The standard mathematical formulation of the GP model is as follows:

Minimize

p∑

i=1

(δ+i + δ−i ),

S.t fi(x) + δ+i − δ−i = gi (i = 1, 2, ..., p)

x ∈ D, δ+i , δ−i ≥ 0 (i = 1, 2, ..., p)

where δ−i and δ+i are the positive and the negative deviations with respect to the aspiration levels (goals)
gi, respectively.

Consider the following linear programming problem

min Z(x, ω) =
∑n

i=1 ci(ω)xi
s.t. x ∈ X = {x ∈ Rn : Ax ≤ b, x ≥ 0}, (3.1)
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where cj(ω), j = 1, 2, ..., n are random interval variables, xj , j = 1, 2, ..., n are the decision variables, A
is a (K,n) matrix and b is a K−column vector.

According to Definition (3.2), problem (3.1) can be transformed to the following minimization problem

min E[Z(x, ω)] =
∑n

i=1[E(cLi ), E(cRi )]xi
s.t. x ∈ S = {x ∈ Rn : Ax ≤ b, x ≥ 0}. (3.2)

Using interval arithmetic, problem (3.2) can be written as follows:

min E[Z(x, ω)] =
∑n

i=1[E(cLi (ω))xi, E(cRi (ω))xi]
s.t. x ∈ X = {x ∈ Rn : Ax ≤ b, x ≥ 0,

(3.3)

Consider now the random interval T(ω) = [TL(ω), TR(ω)] as the target of the objective function which
[E(TL(ω)), E(TR(ω))] is the expected value of [TL(ω), TR(ω)]. The aim of GP model is minimizing the
deviation between the objective function and the target.

Adopting the necessary subtraction defined by (2.4), the deviation D(x) of
∑n

i=1E(ci(ω))xi from
E(T (ω)), can be represented as

D(x) =





| E(T(ω))− (
∑n

i=1E(ci(ω))xi |,
if w[E(T(ω)))] ≥ w[∑n

i=1E(ci(ω))xi],
|∑n

i=1E(ci(ω))xi)− (E(T(ω)) |,
if w[

∑n
i=1E(ci(ω))xi] ≥ w[E(T(ω))],

(3.4)

Using deviational variables dL−, dL+, dR−, and dR+, we define the following relations:
n∑

i=1

E(cRi (ω))xi + dR− − dR+ = E(TR(ω)), (3.5)

n∑

i=1

E(cLi (ω))xi + dL− − dL+ = E(TL(ω)), (3.6)

D1(x) and D2(x) are represented as follows:

D(x) =





[dR− − dR+, dL− − dL+], if dR− − dR+ < dL− − dL+,

0, if dR− − dR+ ≥ dL− − dL+,

(3.7)

and

D(x) =





0, if dR− − dR+ ≥ dL− − dL+,

[dL− − dL+, dR− − dR+], if dR− − dR+ < dL− − dL+,

(3.8)

Let us consider a representation of D, using the deviational variables dL−, dL+, dR− and dR+. The fol-
lowing four cases are possible.
(i) dL− = 0 and dR− = 0. Then

D(x) = [dL+ ∧ dR+, dL+ ∨ dR+]. (3.9)

(ii) dL− = 0 and dR+ = 0. Then

D(x) = [0, dL+ ∨ dR−]. (3.10)

(iii) dL+ = 0 and dR+ = 0. Then

D(x) = [0, dL− ∨ dR+]. (3.11)
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(iv) dL+ = 0 and dR+ = 0. Then

D(x) = [dL− ∧ dR−, dL− ∨ dR−]. (3.12)

where a ∧ b = min(a, b). Hence,

D(x) = [(dL− + dR+) ∧ ((dL+ + dR−), dL− ∨ dL+ ∨ dR− ∨ dR+]. (3.13)

The GP model with random interval coefficients and interval target becomes the problem of minimizing
D(x) under the constraints of problem (3.1). However, D(x) is obtained as an interval. The inequality
relation between intervals is not a total order. Thus, the meaning of minimizing D(x) should be defined.
In this paper, we adopt a definition based on the extreme interpretations, i.e. minimizing the lower bound
and the upper bound of D(x) under the constraints. So the GP problem can be formulated as follows:

min {(dL− + dR+) ∧ ((dL+ + dR−), υ}
Subject to:∑n

i=1E(cRi (ω))xi + dL− − dL+ = E(TL(ω)),∑n
i=1E(cLi (ω))xi + dR− − dR+ = E(TR(ω)),

dL+ ≤ υ, dL− ≤ υ, dR+ ≤ υ, dR− ≤ υ
x ∈ X = {x ∈ Rn : Ax ≤ b, x ≥ 0},

(3.14)

Problem (3.14) is a multi-objective nonconvex programming. Considering y = 0, 1, we transform this
problem to an integer programming.
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The convex feasibility problem is at the core of the modeling of many problems in various areas of
science. We present a generalized relaxation of a composition operator which is based on class of
strictly relaxed cutter operators on a general Hilbert space for solving convex feasibility problem. This
class is important because many commonly used nonlinear operators in convex optimization belong to
it. To evaluate the study, we examine a wide class of iterative methods for solving linear equations and
use the subgradient projection method for solving nonlinear convex feasibility problems.
Keywords convex feasibility problem; relaxed cutter operator; acceleration; convex optimization;
subgradient projection

1 Introduction
Finding a common point (feasible point) of a finitely many closed convex sets, which is called convex
feasibility problem, is at the core of the modeling of many problems in various areas of mathematics and
the physical sciences. For more detail, consider the following minimization problem.

min f(x)

s.t. gi(x) ≤ 0 i = 1, . . . ,m

x ∈ H

where {gi}mi=1 are convex functions. Denote the subset C as following form:

C := {x ∈ H|gi(x) ≤ 0, i = 1, . . . ,m}. (1.1)

If C ̸= ∅, then the convex feasibility problem is to find a point x ∈ C.
To have more acceleration in a fixed point iteration algorithm one may use relaxation parameters

or its generalized version which is called generalized relaxation. The generalized relaxation strategy is
recently studied for composition of cutter operators in [2]. We study a fixed point iteration method based
on generalized relaxation of a strictly relaxed cutter operators. The class of relaxed cutter operators holds
a promise to solve optimization problems in various areas, especially in smooth and convex optimization.

2 Preliminaries and Notations
Throughout this paper, we consider T : H → H with nonempty fixed point set, i.e., FixT ̸= ∅ where H
is a Hilbert space and Id denotes the identity operator on H. Followings are some definitions from [3]
which will be useful in our future analysis.

Definition 2.1. Let T : H → H and α ∈ [0, 2]. The operator Tα defined by

Tα := (1− α)Id+ αT

is called an α-relaxation or, shortly, relaxation of the operator T . If α ∈ (0, 2), then Tα is called a strictly
(or strict) relaxation of T .
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Based on [3, Remark 2.1.31], an α−relaxed cutter operator is defined as follows.
Definition 2.2. Let T : H → H has a fixed point. Then the operator T is an α-relaxed cutter, or, shortly,
relaxed cutter where α ∈ [0, 2], if

⟨Tα(x)− x, z − x⟩ = α ⟨T (x)− x, z − x⟩ ≥ ∥T (x)− x∥2

for all x ∈ H and z ∈ FixT . If α ∈ (0, 2), then Tα is called a strictly relaxed cutter operator of T .

We next reintroduce, see also [2, 3, 5], the generalized relaxation of an operator, which allows to
accelerate locally a fixed point iteration method.

Definition 2.3. Let T : H → H and σ : H → (0,∞) be a step size function. The generalized relaxation
of T is defined by

Tσ,λ(x) = x+ λσ(x)(T (x)− x) (2.1)
where λ is a relaxation parameter in [0, 2].

3 Main Results
In this section we consider a fixed point iteration method based on the generalized relaxation of a relaxed
cutter operator and present its convergence analysis. We deal in this paper with a finite family of relaxed
cutter operators Ti : H → H, i = 1, . . . ,m, with

∩m
i=1 FixTi ̸= ∅, and with compositions of {Ti}mi=1. We

propose local acceleration techniques for algorithms which apply this operation. Consider x0 ∈ H is
arbitrary. For an operator Ti : H → H, we define the operator Tσ,λ : H → H by

xk+1 = Tσ,λ(x
k) := xk + λkσ(x

k)(T (xk)− xk) k = 0, 1, . . . . (3.1)

Let Ti : H → H, i = 1, . . . ,m be strictly relaxed cutter operators with
∩m

i=1 FixTi ̸= ∅. Define the operator
T : H → H as the composition

T := TmTm−1 · · ·T1. (3.2)
Now denote S0 = Id and Si := TiTi−1 · · ·T1 for i = 1, . . . ,m. We define the step size function σmax :
H → (0,∞) in the following form:

σmax(x) =





∑m
i=1

⟨
T (x)− Si(x) +

1
αi
ζi(x), ζi(x)

⟩

∥T (x)− x∥2 , x ∈ H\FixT

1, x ∈ FixT
(3.3)

where x ∈ H\FixT and ζi(x) = Si(x) − Si−1(x). Next, we give convergence result of Tσ,λ, defined by
(3.1). We call an operator T of the form (3.2) a cyclic relaxed cutter.

Theorem 3.1. Let 0 < σ ≤ σmax be step-size function defined in (3.3) and λk ∈ [ε, 2 − ε] for an arbi-
trary constant ε ∈ (0, 1). Then generalized relaxation operator defined by (3.1) under a mild condition
converges weakly to a point in FixT .

Proof. see [5, Theorem 2]

4 Applications

4.1 block iterative methods
First, we begin with block iterative methods which are used for solving linear systems of equations (in-
equalities). Let A ∈ Rm×n and b ∈ Rm be given. We assume the consistent linear system of equations

Ax = b.
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Algorithm 10 Sequential Block Iteration

Step 1: Initialization: x0 ∈ Rn is arbitrary.

Step 2: Iterative Step: Given xk, compute for all k ≥ 0

xk,0 = xk

xk,t = xk,t−1 + λtA
T
t Mt(b

t −Atx
k,t−1)

= Tt(x
k,t−1), t = 1, . . . , p,

xk+1 = xk,p

Let A and b be partitioned into p row-blocks {At}pt=1 and {bt}pt=1 respectively. Consider the following
algorithm. where

Tt(x) = x+ λtA
T
t Mt(b

t −Atx).

Here {λt}pt=1 and {Mt}pt=1 are relaxation parameters and symmetric positive definite weight matrices
respectively. If 0 < ε ≤ λ ≤ 2−ε

ρ(AT
t MtAt)

for t = 1, . . . , p, where ρ(B) denotes the spectral radius of
B, then based on analysis of [5, section 4] we conclude that the operator Tt in (4.1) can be used in
(3.2). Numerical test is taken from the field of image reconstruction from projections using the SNARK93

Figure 1: The history of relative error within 50 iterations.

software package [1]. Figure 1 demonstrates iteration history for the relative error using extrapolation
(ue) and without extrapolation (we) within 50 iterations.

Remark 4.1. It should be noted that a wide range of iterative methods, for solving linear systems of
equations, is based on strictly relaxed cutter operators. Furthermore, such iterations appear applications
in signal processing, system theory, computed tomography, proton computerized tomography and other
areas. Therefore, our analysis can be applied for generalize and accelerate of all mentioned research
works, see [5, Section 4]..

4.2 subgradient projection
Subgradient projection methods use the subgradient calculations instead of orthogonal projections onto
the individual sets for solving convex feasibility problem. As shown in [5], We can examine the following
subgradient projection operator in (3.2).

Tt(x) = x− αt

g+t (x)

∥ℓt(x)∥2
ℓt(x) t = 1, . . . ,m
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where 0 < ε ≤ αt ≤ 2− ε and ℓt(x) and ∂g+t (x) denote subgradient and set of all subgradients of gt at x
respectively.

Next we examine classical examples taken from [4]. In Table 1, we give the results related to exam-
ples (top-down) Extended Powell singular function,Extended Rosenbrock function, Broyden tridiagonal
function, Penalty function and Variably dimensioned function. The number of variables is denoted by n.

Table 1: Results of classical examples taken from [4].
n using extrapolation without extrapolation
102 26 1054
101 6 35
200 3 38
199 10 63
198 16 53
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In this paper, a new general approach is proposed for designing the optimal three dimensional symmetric
shapes with desired physical center of mass. Herein, the main goal is to find such a shape whose
image in (r, θ)- plane is a divided region into a fixed and variable part. Finally, numerical examples are
presented and the results are compared to show the advantages of the proposed approach.
Keywords Symmetric three dimensional shape; Center of mass; Radon measure; Artificial control.

1 Introduction and the problem statement

Optimal shape design (OSD) is an application-oriented subject whose applications can be found in many
engineering branches. For instance, we can address some of them in mechanical engineering, civil en-
gineering, marine industry and chemical engineering. Moreover, it is necessary to remind that symmetry
is an important cue for many applications in the real world, including object alignment, recognition, seg-
mentation, computer graphics and geometric processing. Besides, the concept of “center of mass” has
a wide range of applications in science and technology. In this paper, by regarding these three facts, a
new approach is proposed for designing the optimal three dimensional symmetric shapes with desired
physical center of mass. Herein, our purpose is to find such a shape (say domain) whose image in (r, θ)-
plane is a divided region into a fixed and variable part.

The optimal shape is characterized in two stages. Firstly, for each given domain, the optimal surface
is determined by changing the problem into a measure-theoretical one, replacing this with an equivalent
infinite dimensional linear programming problem and approximating schemes. Then, a suitable function
that offers the optimal value of the objective function for any admissible given domain is defined. In the
second stage, by applying a standard optimization method, the global minimizer surface and its related
domain will be obtained in which whose smoothness is considered by applying outlier detection and
smooth fitting methods.

Here, the unknown bounded shape C is symmetric in cylindrical coordinate with respect to (r, z)-
plane and has a specified center of mass placed on the top of the (r, θ)-plane. The boundary of the
shape includes the unknown surface S with equation z = f(r, θ) and its unknown image, in (r, θ) plane is
the region D; that is, a bounded region with a piecewise-smooth, closed and simple boundary ∂D which
consists of a fixed and a variable part. We intend to find the optimal unknown surface S and the optimal
unknown region D simultaneously, so that a given performance criteria is minimized on C. Furthermore,
in general, a curve can be approximated by broken lines so that ∂D can be approximated with a number
M of its points (corners of broken lines belonging to ∂D) which will be called the M-representation of D.
For a fixed number M, without losing generality, the points in the M-representation set can have the fixed
θ-components like (θi = θ

′

i, i = 1, 2, . . . ,M). Hence, each admissible M-representation set, called DM ,
can be characterized by M variables r1, r2, . . . , rM . Therefore, the variable part of ∂D is defined by a
finite set ofM real variables(r1, r2, . . . , rM ).
The goal is to find an admissible surface which minimizes the given functional I(S,D). So, the problem,
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can be classified as follow:

Min I(S,D) =
∫
S
f0dσ

S ∈ SA , D ∈ DM

S. to : ∂C = S ∪D
(x, y, z) ∈ C (centerofmass)

zmin ≤ z ≤ zmax

(1.1)

where f0 is a piecewise continuous function on S and (x, y, z) is the given center of mass. In order to
transfer the optimal shape design in a variational form, we need to define some fundamental concepts.
First, to simplify the calculations, as in Cartesian coordinates, we have [3]:

∫

C

(x− x)dV = 0,

∫

C

(y − y)dV = 0,

∫

C

(z − z)dV = 0;

therefore, in cylindrical coordinates, we have:
∫

C

(x− x)dV =

∫ ∫

D

(x− rcosθ) zrdrdθ = 0.

Similarly, we have
∫

C

(y − y)dV = 0,

∫

C

(z − z)dV = 0.

To solve the optimal shape problem (2.1), we transfer the problem into a control one by defining artificial
controls ui : D → R, i = 1, 2, 3 as:

u1 = fθ, u2 = fr and u3 = frθ;

now problem (P1) can be rewritten as follows:

Min I(P,D) =
∫ ∫

D
f1(r, θ, z, u1 , u2, u3)rdrdθ

P ∈W,D ∈ DM

S. to :
∫ ∫

D
(x− rcosθ) zrdrdθ = 0;∫ ∫

D
(y − rsinθ) zrdrdθ = 0;∫ ∫

D
(z − z) zrdrdθ = 0;∫ ∫

D
(∂G
∂θ
− ∂G

∂z
fθ)rdrdθ = 0;∫ ∫

D
(∂G
∂r
− ∂G

∂z
fr)rdrdθ = 0,

(1.2)

where f1 (r, θ, z, u1 , u2, u3) = f0(r, θ, z)
√
f2r + 1

r2
f2θ + 1 and G(θ, r, z) is a continuous function on D×A

which is necessary for a better communication between control variables.
Then, Riesz Representation Theorem is applied to transfer (2.1) into the space of measure where

Λp : F ∈ C(Ω)→
∫ ∫

D

F (r, θ, z,u1, u2, u3) rdrdθ.

Extending the underlying space, applying density properties of the involved spaces and using atomic
measures cause to find the solution by a finite linear programming problem (2.2) in two step of ap-
proximation. Therefore, the solution of (2.2) can be approximated by the following linear programming
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problem with positive variables βj .

Min I (β,D) =
∑N

j=1 βjf1(qj)

S. to :
∑N

j=1 βj ((x− rjcosθj) zj) = 0;
∑N

j=1 βj ((y − rjsinθj) zj) = 0;
∑N

j=1 βj ((z − zj) zj) = 0;
∑N

j=1 βj

(
∂Gi(qj)

∂θj
− ∂Gi(qj)

∂zj
fθj

)
= 0, i = 1, 2, . . . ,M1;

∑N
j=1 βj

(
∂Gh(qj)

∂rj
− ∂Gh(qj)

∂zj
frj

)
= 0, h = 1, 2, . . . ,M2;

∑N
j=1 βj (Ψl(qj)) = 0, l = 1, 2, . . . ,M3;

∑N
j=1 βj(fsk (qj)) = afsk , s = 1, 2, . . . ,M4, k = 1, 2, . . . ,M5,

(1.3)

Each domain D ∈ DM , as explained, is determined by a set of finite points (θm, rm) , m = 1, 2, . . . ,M .
Thus, for a given D ∈ DM , by solving (3.1), the nearly optimal value for I(β∗, D) is found as a function
of variables r1, r2, . . . , rM . Consequently, one can define the following vector function:

J :(r1, r2, . . . , rM ) ∈ RM → I(β∗, D) ∈ R;

Now, the global minimizer of vector function J , say (r∗1 , r
∗
2 , . . . , r

∗
M ), can be identified by using a suit-

able search technique (like Honey-Bee-Method [2]). Each time the algorithm calculates a value for J ,
finite linear programming problem (3.1) should be solved; thus, the optimal coefficients β∗

j are character-
ized. Whenever it reaches the minimum value, the minimizer (r∗1 , r∗2 , . . . , r∗M ) (optimal domain D∗) and
therefore its associated optimal surface have been obtained.

2 Numerical examples

In this section, by giving a numerical example, we examine and show the efficiency of the method ex-
plained in the previous section.

Example 1: A simple computation shows that point
(
9
5 , 0, 0

)
is the center of mass for the generated

rotating shape (around x-axis) by the generator curve y =
√
x+ 1, 0 ≤ x ≤ 3. To have a comparison,

hereby, we intended to find the surface S with image D with unknown boundary τ(θ) and the initial and
the final points (0,1) and (3,2) so that point

(
9
5 , 0, 0

)
is its center of mass. We consider the initial curve

τ(θ) as the line that possesses points (0,1) and (3,2) i.e. y = 1
3x + 1. So, in polar coordinate we have

τ (θ) = 1

sinθ−( 1
3 )cosθ

. In 2012, Fakharzadeh et al. dealt with the best standard algorithm to identify the
optimal solution for an OSD sample problem governed by an elliptic boundary control problem [2]. The
results showed that Random search and Honey bee mating optimization algorithm are more appropriate
for use in shape measure method than other algorithms [2]. In this manner, we use Honey Bee optimiza-
tion algorithm (HBM) to obtain the optimal value of J(r1, r2, . . . , rM ) and the modified Simplex method
from MATLAB 7.13 to obtain the optimal value of I(β,D).

After solving this problem by 50 iterations, we obtained optimal points (θ∗n, r
∗
n, z

∗
n) corresponding to

optimal coefficients β∗
n > 0 . Then, we fitted a surface on these points with rejecting the outliers by using

related MATLAB’s toolbox. Figures (1) and (3) show the obtained domain and the optimal surface. Also,
due to the symmetry, we can obtain the rotating surface around x-axis by using generating curve τ(θ)
(see (2). Additionally, the accuracy and the applications of the new method will show by other classical
simulations and wil compare with the level set method in oral presentation.
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Figure 1: Optimal domain D in example 1.

Figure 2: Rotating surface with generator curve τ(θ) in example 1.

Figure 3: Optimal surface in example 1 with rejecting outliers.
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1 Introduction and Notations
A mathematical programming problem with a finite number of variables and infinitely many constraints
have been utilized for the modeling and analysis of a wide range of theoretical as well as concrete,
real-world, practical problems. The field of multiobjective programming has grown remarkably since the
1980s. This follows from the fact that optimization problems with several objectives have a wide range
of applications in economics, optimal control, decision theory and several other applied sciences. To the
best of our knowledge, there are only a very few works available dealing with optimality conditions for
multiobjective programming with infinitely many constraints (see, e.g., [1, 2, 3, 2]).

In this paper, we consider the following multiobjective optimization problem:

(P) inf f(x) :=
(
f1(x), . . . , fm(x)

)

s.t. gj(x) ≤ 0 i ∈ J,
x ∈ Rn,

In what follows we shall assume that the feasible set of (P) is nonempty, i.e.,

S :=
{
x ∈ Rn | gj(x) ≤ 0, ∀j ∈ J

}
̸= ∅.

For a given x̂ ∈ S, let J(x̂) denotes the index set of all active constraints at x̂,

J(x̂) :=
{
j ∈ J | gj(x̂) = 0

}
.

A feasible point x̂ is said to be an efficient solution [resp. weakly efficient solution] to problem
(P) if there is no x ∈ S satisfying fi(x) ≤ fi(x̂), i ∈ I := {1, 2, . . . ,m} and

(
f1(x), . . . , fm(x)

)
̸=(

f1(x̂), . . . , fm(x̂)
)
[resp. fi(x) < fi(x̂), i ∈ I]. The set of all efficient solutions and that of all weakly

efficient solutions of (P) are denoted by E andW , respectively. Obviously, E ⊆W.
Let x̂ ∈ S. For each i ∈ I, define the set Qi(x̂) :=

{
x ∈ S | fl(x) ≤ fl(x̂) ∀l ∈ I \ {i}

}
. For the sake

of the simplicity, we denote Qi(x̂) by Qi in this paper. We also define the following notations for each
differentiable function φ : Rn → R:

∇⊚φ(x0) :=
{
z ∈ Rn |

⟨
∇φ(x0), z

⟩
≤ 0
}
,

∇⊖φ(x0) :=
{
z ∈ Rn |

⟨
∇φ(x0), z

⟩
< 0
}
.
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2 Weak and Strong KKT Necessary Conditions
The aim of this section is to derive the weak (resp. strong) KKT necessary condition at x̂ ∈ W (resp.
x̂ ∈ E) under the following constraint qualification:

(CQ):
( m∩

i=1

∇⊚fi(x̂)
)
∩
( ∩

j∈J(x̂)

∇⊚gj(x̂)
)
⊆

m∩

i=1

T (Qi, x̂),

where T (M,x0) denotes the contingent cone ofM ⊆ Rn at x0 ∈M ,

T (M,x0) :=
{
d ∈ Rn | ∃(tk, dk)→ (0+, d), x̂+ tkdk ∈M ∀k ∈ N

}
.

Theorem 2.1. (Weak KKTNecessary Condition). Let x̂ be a weakly efficient solution of (P) and cone
(∪

j∈J(x̂)∇gj(x̂)
)

be a closed cone. If in addition, (CQ) holds at x̂, then there exist scalars αi ≥ 0, i ∈ I with
∑m

i=1 αi = 1,
and an integer k ≥ 0, and a set {j1, j2, . . . , jk} ⊆ J(x̂), and scalars βjr ≥ 0 for r ∈ {1, 2, . . . , k}, such that

m∑

i=1

αi∇fi(x̂) +
k∑

r=1

βjr∇gjr (x̂) = 0.

Proof. The proof of this theorem is longer than this short extended abstract.

Theorem 2.2. (Strong KKT Necessary Condition). Let x̂ be an efficient solution of (P). If in addition,
(CQ) and the condition

(A) :
( m∩

i=1

∇⊚fi(x̂)
)
\ {0} ⊆

m∪

i=i

∇⊖fi(x̂)

hold at x̂, then there exist scalars αi > 0, i ∈ I, and an integer k ≥ 0, and a set {j1, j2, . . . , jk} ⊆ J(x̂),
and scalars βjr ≥ 0 for r ∈ {1, 2, . . . , k}, such that

m∑

i=1

αi∇fi(x̂) +
k∑

r=1

βjr∇gjr (x̂) = 0.

Proof. Our proof is organized in three steeps (complete proof is long).
Step 1: We claim that

( m∪

i=1

∇⊖fi(x̂)
)
∩
( m∩

i=1

T (Qi, x̂)
)
= ∅.

Step 2: Let
X := conv

({
∇fi(x̂) | i ∈ I

})
,

Y := cone
({
∇gj(x̂) | j ∈ J(x̂)

})
.

We claim that
ri
(
X
)
∩
(
− Y

)
̸= ∅,

where ri
(
X
)
denotes the relative interior of X.

Step 3: Owning to the well-known inclusion

ri
(
conv{∇fi(x̂) | i = 1, . . . ,m}

)
⊆
{ m∑

i=1

αi∇fi(x̂) | αi > 0
}
,

it suffices only to demonstrate

0 ∈ ri
(
conv

(
{∇fi(x̂) | i = 1, . . . ,m}

))
+ cone

(
{∇gj(x̂) | j ∈ J(x̂)}

)
.
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3 Weak and Strong KKT Sufficient Conditions
Our aim in this section is to introduce a new extension of invex function. More specifically, considering
a differentiable convex function φ : Rp → R at a point x0 ∈ Rp. It is easy to see that for each x ∈ Rp we
have ⟨

∇φ(x0), x− x0
⟩
≤ φ(x)− φ(x0).

In definition of invex function, the later x−x0 was replaced by η(x, x0) where the function η : Rp×Rp → R
is called the kernel of φ at x0, i.e.,

⟨
∇φ(x0), η(x, x0)

⟩
−
(
φ(x)− φ(x0)

)
≤ 0.

We now extend this idea as below.

Definition 3.1. Let φ := (φ1, φ2, . . . , φq) : Rp → Rq be a differentiable function, and let x0 ∈ Rp . We
shall say that φ is the extended ν- invex with kernel η at x0 if there exist functions η : Rp ×Rp → Rp and
νl : Rp × Rp → R+\{0} for l ∈ {1, 2, . . . , q} such that the condition

q∑

l=1

[⟨
∇φl(x0), η(x, x0)

⟩
− νl(x, x0)

(
φl(x)− φl(x0)

)]
< 0,

holds for each x ∈ Rp.

Theorem 3.2. (Weak KKT Sufficient Condition). Suppose that there exist a feasible solution x̂ ∈ S and
scalars αi ≥ 0 with

∑m
i=1 αi = 1 and a finite set J∗ := {j1, j2, . . . , jk} ⊆ J(x̂) and scalars βjl ≥ 0 for

l ∈ {1, 2, . . . , k} such that
m∑

i=1

αi∇fi(x̂) +
k∑

r=1

βjr∇gjr (x̂) = 0. (3.1)

Moreover, if the function (α1f1, α2f2, . . . , αmfm) and (βj1gj1 , βj2gj2 , . . . , βjkgjk) are respectively extended
ν-invex and extended θ-invex with the same kernel η at x̂, then x̂ is a weak efficient solution for (P).

Proof. Suppose on the contrary that x̂ is not a weak efficient for (P), then there exist x ∈ S such that
f(x) < f(x̂). Since (α1, α2, . . . , αm) ≩ 0 and νi(x, x̂) > 0 for all i ∈ I, we obtain∑m

i=1 αiνi(x, x̂)
(
fi(x)−

fi(x̂)
)
< 0, and hence

∑m
i=1 νi(x, x̂)

(
αifi(x)−αifi(x̂)

)
< 0.By extended ν-invexity of (α1f1, α2f2, . . . , αmfm)

with kernel η at x̂ we get
m∑

i=1

⟨
αi∇fi(x̂), η(x, x̂)

⟩
< 0. (3.2)

On the other hand, since {j1, j2, . . . , jk} ⊆ J(x̂) and x ∈ S, then gjr (x) ≤ 0 = gjr (x̂), ∀r ∈ {1, 2, . . . , k}.
Thus,

k∑

r=1

θjr (x, x̂)
(
βjrgjr (x)− βjrgjr (x̂)

)
≤ 0.

By θ-invexity of (βj1gj1 , βj2gj2 , . . . , βjkgjk) with kernel η at x̂ we get

k∑

r=1

⟨
βjr∇gjr , η(x, x̂)

⟩
≤ 0. (3.3)

Adding the inequalities (3.2) and (3.3), we get

⟨ m∑

i=1

αi∇fi(x̂) +
k∑

r=1

βjr∇gjr , η(x, x̂)
⟩
< 0,

which contradicts (3.1). This completes the proof.
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The proof of following theorem is analogue to that above.

Theorem 3.3. (Strong KKT Sufficient Condition). Suppose that there exist a feasible solution x̂ ∈ S for
(P) and scalars αi > 0 and a finite set J∗ := {j1, j2, . . . , jk} ⊆ J(x̂) and scalars βjl ≥ 0 for l ∈ {1, 2, . . . , k}
such that

m∑

i=1

αi∇fi(x̂) +
k∑

r=1

βjr∇gjr (x̂) = 0

Moreover, if the function (α1f1, α2f2, . . . , αmfm) and (βj1gj1 , βj2gj2 , . . . , βjkgjk) are respectively extended
ν-invex and extended θ-invex with the same kernel η at x̂, then x̂ is an efficient solution for (P).
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Symmetric and positive definite solutions to nonlinear matrix equations arise in many practical contexts
related to control theory, dynamical programming and finite difference methods for solving some partial
differential equations. Here, we propose new iterative algorithms for solving three types of nonlinear
matrix equations. Making use of an iterative process for inverse of a matrix, we convert the nonlinear
matrix equation to an iterative linear one. In every iteration, we compute a positive definite solution
to a linear subproblem and update the unkown matrix using the iterative process. To solve the linear
subproblem, we apply our recently proposed error in variables model for computing a positive definite
solution to a linear system. We point out our testing results showing that our proposed algorithm
converges to a symmetric and positive definite solution in Matlab software environment on a PC, while
other methods fail to do so.
Keywords Nonlinear matrix equations; symmetric and positive definite solution; inverse matrix approxi-
mation; error in variables model.

1 Introduction
We consider solving the nonlinear equation

X +
∑m

i=1
AT

i fi(X)Ai = Q, (1.1)

for the following specific cases:
m = 1, f1(X) = X−1, (1.2a)

m = 1, f1(X) = −X−2, (1.2b)

m = 2, f1(X) = X−t1 , f2(X) = X−t2 , (1.2c)

which arise in control theory, finite difference methods for solving PDEs and dynamical programming
respectively.
In [1], we recently proposed a new method for solving a positive definite linear system of equations using
an error in variables (EIV) model. There, the goal was to compute a symmetric and positive definite
solution of the over-determined linear system of equations

DX ≃ T, (1.3)

where D,T ∈ Rm×n, with m ≥ n, are known. Unlike the ordinary least squares formulation, in an EIV
model bothD and T are assumed to contain error. In [1], we proposed positive definite error in variables
model and gave its solution by the Cholesky decomposition (PDEIV-Chol). The general idea here is to
propose a linear approximation of the nonlinear equation and solve the corresponding linear problem in
every iteration. To find a proper linear approximation, we define a suitable change of variables. We also
make use of the iterative formula Yn+1 = Yn(2I −XYn), to converge to X−1. Therefore, in each itera-
tion of our proposed algorithm for solving a nonlinear matrix equation, a symmetric and positive definite
solution to the linear approximation of the nonlinear equation is computed using PDEIV-Chol.
Now, we discuss some details of this general idea in each of the three proposed cases and outline the
steps of our three algorithms for solving the nonlinear matrix equation X +

∑m
i=1A

T
i fi(X)Ai = Q, in the
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cases (1.2a), (1.2b) and (1.2c) respectively.

Case 1: Here, the problem is to solve

X +ATX−1A = Q, (1.4)

for X. Letting Y = X−1, (1.4) becomes X +ATY A = Q. We are to make use of the iterative formula

Yk+1 = Yk(2I −XYk)

for the Yk converging to X−1. Thus, to solve (1.4), we define the sequences Yk+1 and Xk+1 by

Yk+1 = Yk(2I −XkYk), (1.5a)

Xk+1 ≃ Q−ATYk+1A, (1.5b)

starting with arbitrary symmetric and positive definite matrices X0, Y0 ∈ Rn×n. Hence, in each iteration
of our proposed algorithm for solving (1.4), after computing Yk+1 from (1.5a), we perform PDEIV-Chol for
D = I and T = Q−ATYk+1A to compute Xk+1. The advantage of this method, as compared to simply
letting Xk+1 = Q − ATYk+1A, is that Xk+1 remains positive definite in all iterations. A proper stopping
criterion here would be E = ∥Xk+1 + ATYk+1A − Q∥ ≤ δ + ϵ∥Xk+1∥, where δ is close to the machine
zero, and ϵ is close to the unit round-off error. Algorithm 20 gives an outline of the necessary steps.

Algorithm 11 Solving the Nonlinear Matrix Equation X +ATX−1A = Q.

Input A, δ and ϵ;
Choose arbitrary symmetric and positive definite matrices X,Y ∈ Rn×n;
Repeat E ≤ δ + ϵ∥X∥ Let Y = Y (2I −XY ) and X = PDEIV-Chol(I,Q−ATY A);
Compute E = ∥X +ATY A−Q∥;

Case 2: Here, we consider solving the nonlinear matrix equation

X −ATX−2A = Q, (1.6)

for X, where A ∈ Rn×n. As before, defining Y = X−1, we get

Y −1 −ATY 2A = Q.

Hence, the iterative equation
Y −1
k+1 −ATY 2

k A = Q (1.7)

needs to be solved. We make use of the formula

Xk+1 = Xk(2I − Yk+1Xk), (1.8)

converging to Y −1
k+1. Substituting Xk+1 in (1.7), we get

2I −XkYk+1 −ATY 2
k AXk

−1 −QXk
−1 = 0.

Hence, Yk+1 can be computed using

Yk+1 = PDEIV-Chol(Xk, 2I −ATY 2
k AXk

−1 −QXk
−1). (1.9)

Thus, in every iteration of our proposed algorithm, starting from arbitrary symmetric and positive definite
matrices Y0, X0 ∈ Rn×n, we compute Yk+1 from (1.9) and Xk+1 from (1.8). A proper stopping criterion
would be

∥Xk+1 −ATY 2
k+1A−Q∥ < δ + ϵ∥Xk+1∥,
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Algorithm 12 Solving the Nonlinear Matrix Equation X +ATX−2A = Q.
1: Input A and δ;
2: Choose arbitrary symmetric and positive definite matrices X,Y ∈ Rn×n;
3: Repeat E ≤ δ + ϵ∥X∥ Let Y = PDEIV-Chol(X, 2I −ATY 2AX−1 −QX−1) and X = X(2I − Y X);
4:
5: Compute E = ∥X −ATY 2A−Q∥;

with δ and ϵ as defined in Case 1. Now, Xk+1 gives an approximate solution of (1.6). The described
steps for solving (1.6) are summerized as Algorithm 18.

Case 3: The nonlinear matrix equation

Xs +AT
1X

−t1A1 +AT
2X

−t2A2 = Q (1.10)

has applications in different areas such as control theory and dynamical programming; e.g., see [4]. To
solve (1.10), we make use of the same change of variables as before, Y = X−1. Substituting Y in (1.10),
we get

Xs +AT
1 Y

t1A1 +A2
TY t2A2 = Q.

Thus, the iterative equation
Xs

k+1 +AT
1 Y

t1
k A1 +AT

2 Y
t2
k A2 = Q (1.11)

is generated, which is equivalent to

U = PDEIV-Chol(I,Q−AT
1 Y

t1
k A1 −AT

2 Y
t2
k A2), (1.12)

Xk+1 = U
1
s .

To update Yk to Yk+1, one iteration of the formula

Yk+1 = Yk(2I −Xk+1Yk), (1.13)

is applied. Thus, in each iteration of our proposed algorithm for solving (1.10), starting from an arbitrary
symmetric and positive definite n × n matrix Y0, we compute Xk+1 using (6.1) and then apply (6.2) to
compute Yk+1. The stopping condition can be set to ∥Xs

k+1 +AT
1 Y

t1
k A1 +AT

2 Y
t2
k A2−Q∥ < δ+ ϵ∥Xs

k+1∥
with δ and ϵ as before. We now outline our proposed algorithm for solving (1.10) in Algorithm 13.

Algorithm 13 Solving the Nonlinear Matrix Equation Xs +AT
1X

−t1A1 +AT
2X

−t2A2 = Q.
1: Input A1, A2, Q, s, t1, t2 and δ;
2:
3: Choose arbitrary symmetric and positive definite matrix Y ∈ Rn×n;
4:
5: Repeat E ≤ δ + ϵ∥U∥
6: Let U = PDEIV-Chol(I,Q−AT

1 Y
t1A1 −AT

2 Y
t2A2) and X = U

1
s ;

7:
8: Compute Y = Y (2I −XY ) and

E = ∥U +AT
1 Y

t1A1 +AT
2 Y

t2A2 −Q∥;

Remark 1.1. To generate numerical tests having symmetric and positive definite solutions, we consider
the necessary and sufficient conditions given in [2, 3, 4].
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2 Main Results
We outlined three specific algorithms for solving three types of nonlinear matrix equations having applica-
tions in control theory and numerical solutions of partial differential equations. Numerical results obtained
by our experimentation on some existing test problems as well as some randomly generated ones for
each of the three problem types, compared to other available methods, confirm both effectiveness and
efficiency of our proposed algorithms.
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In this paper, a composite Chebyshev finite difference method is introduced and applied for finding the
solution of fractional optimal control problems with time delays. The presented method is an extension
of the Chebyshev finite difference scheme.
Keywords fractional calculus; fractional optimal control; numerical solution.

1 Introduction
In the present paper, we introduce a composite Chebyshev finite difference (ChFD) method and apply it
for finding the solution of fractional optimal control problems with time delays.

2 Basic Preliminaries
Definition 2.1. Let x : [a, b] → R be a function, α > 0 a real number, and n = α, where α denotes the
smallest integer greater than or equal to α (see [2]). The left (left RLFI) and right (right RLFI) Riemann-
Liouville fractional integrals are defined by

aIαt x(t) =
1

Γ(α)

∫ t

a

(t− τ)α−1x(τ) dτ, (left RLFI),

tIαb x(t) =
1

Γ(α)

∫ b

t

(τ − t)α−1x(τ) dτ, (right RLFI),

The left (left RLFD) and right (right RLFD) Riemann-Liouville fractional derivatives are given according
to

aDα
t x(t) =

1

Γ(n− α)
dn

dtn

∫ t

a

(t− τ)n−α−1x(τ) dτ, (left RLFD),

tDα
b x(t) =

(−1)n
Γ(n− α)

dn

dtn

∫ b

t

(τ − t)n−α−1x(τ) dτ, (2.1)

Moreover, the left (left CFD) and right (right CFD) Caputo fractional derivatives are defined by means of

C
a D

α
t x(t) =

1

Γ(n− α)

∫ t

a

(t− τ)n−α−1x(n)(τ) dτ, (left CFD),

C
t D

α
b x(t) =

(−1)n
Γ(n− α)

∫ b

t

(τ − t)n−α−1x(n)(τ) dτ, (2.2)

The relation between the right RLFD and the right CFD is as follows:

C
t D

α
b x(t) = tDα

b x(t)−
n−1∑

k=0

x(k)(b)

Γ(k − α+ 1)
(b− t)k−α, , (2.3)

C
0 D

α
t c = 0, (2.4)
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where c is a constant, and

C
0 D

α
t t

n =

{
0, for n ∈ N0, and n < ⌈α⌉
Γ(n+1)

Γ(n+1−α) t
n−α, for n ∈ N0 and n ≥ ⌈α⌉ (2.5)

where N0 = {0, 1, 2, . . .}. We recall that for α ∈ N the Caputo differential operator coincides with the
usual differential operator of integer order.

3 Shifted Chebyshev Polynomials
The well-known Chebyshev polynomials are defined on the interval [−1, 1] and can be determined by the
following recurrence formula

Tn+1(z) = 2zTn(z)− Tn−1(z), T0(z) = 1, T1(z) = z, n = 1, 2, . . . .

The analytic form of the Chebyshev polynomials Tn(z) of degree n is as follows

Tn(z) =

⌊n/2⌋∑

i=0

(−1)i2n−2i−1n(n− i− 1)

i!(n− 2i)!
zn−2i, (3.1)

where ⌊n⌋ denotes the biggest integer less than or equal to n. The orthogonality condition reads

∫ 1

−1

Ti(z)Tj(z)√
1− z2

dz =





π, for i = j = 0,
π
2 , i = j ̸= 0,
0, for i ̸= j.

(3.2)

In order to use these polynomials on the interval [0, L], we use the so-called shifted Chebyshev polyno-
mials by introducing the change of variable z = 2t

L
− 1. The shifted Chebyshev polynomials are defined

according to

T ∗
n(t) = Tn(

2t

L
− 1) where T ∗

0 (t) = 1, T ∗
1 (t) =

2t

L
− l,

T ∗
n(t) = n

n∑

k=0

(−1)n−k 2
2k(n+ k − 1)!

(2k)!(n− k)!Lk
tk, n = 1, 2, . . . ,

T ∗
n(0) = (−1)n, T ∗

n(L) = 1. (3.3)

Further, it is easy to see that the orthogonality condition reads
∫ L

0

T ∗
j (t)T

∗
k (t)w(t) dt = δjkhk, (3.4)

where w(t) = 1√
Lt−t2

, hk = bk
2 π, b0 = 2, bk = 1 for k ≥ 1.

A function y ∈ L2([0, L]) can be expressed in terms of shifted Chebyshev polynomials as

y(t) =
∞∑

j=0

cnT
∗
n(t),

where cn are given by

cn =
1

hn

∫ L

0

y(t)T ∗
n(t)w(t) dt, n = 0, 1, . . . . (3.5)
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4 Approximation of the Left CFD
In the sequel, some basic results for the approximation of the fractional derivative C

0 D
α
t y(t) are given.

Theorem 2. An approximation of the fractional derivative of order α in the Caputo sense of the function
y at ts is given by

C
0 D

α
t yN (ts) ∼=

N∑

r=0

y(tr)d
α
s,r, α > 0, (4.1)

where dαs,r is in [1], and s, r = 0, 1, . . . , N with θ0 = θN = 1
2 , θi = 1 for i = 1, 2, . . . , N − 1.

5 Approximation of the Right RLFD
Let f be a sufficiently smooth function in [0, b] and let J(s; f) be defined as follows

J(s; f) =

∫ b

s

(t− s)−αf ′(t) dt, 0 < s < b. (5.1)

From (2.2) and (2.3), we deduce

sDα
b f(s) =

f(b)

Γ(1− α) (b− s)
−α +

J(s; f)

Γ(1− α) .

One may approximate f(t), 0 ≤ t ≤ b, by a sum of shifted Chebyshev polynomials Tk( 2tb − 1) according
to

f(t) ≈ pN (t) =

N ′′∑

k=0

akTk(
2t

b
− 1),

ak =
2

N

N ′′∑

j=0

f(tj)Tk(
2tj
b
− 1), (5.2)

where tj = b
2 − b

2cos(
πj
N
), j = 0, 1, . . . , N , and one may obtain

J(s; f) ≈ J(s; pN ) =

∫ b

s

p′N (t)(t− s)−α dt. (5.3)

Moreover, sDα
b f(s) can be approximated by means of

sDα
b f(s) ≈

f(b)

Γ(1− α) (b− s)
−α +

J(s; pN )

Γ(1− α) . (5.4)

6 Expansion of delay function by composite Chebyshev finite dif-
ference method

In order to expand the delay function f(t − τ) by the composite ChFD method, we first choose N1, the
order of block-pulse functions, in the following manner:

N1 =

{ tf
τ
, if tf

τ
∈ Z

[
tf
τ
] + 1, otherwise,

(6.1)
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where [
tf
τ
] denotes the greatest integer value less than or equal to tf

τ
. It should be noted that N1 is

chosen in such a way so that the number of subintervals can be minimized. If tf
τ
∈ Z, one may have

f(t− τ) ≈
N1∑

n=2

M ′′∑

m=0

gnmbnm(t),

where the coefficients expansion gnm can be calculated as follows:

gnm =
2

M

M ′′∑

j=0

f(tnj − τ)bnm(tnj). (6.2)

it is obvious that

tnj − τ = tn−1,j , n = 2, . . . , N1, j = 0, 1, . . . ,M. (6.3)

Now, using Eqs. (6.2) and (6.3), one may get

gnm =
2

M

M ′′∑

j=0

f(tn−1,j)bnm(tnj),

because

bnm(tnj) = bn−1,m(tn−1,j),

hence

gnm =
2

M

M ′′∑

j=0

f(tn−1,j)bn−1,m(tn−1,j). (6.4)

7 Illustrative example
Example 7.1. Consider the time delay system

ẋ(t) + C
0 D

α
t x(t) = x(t− 2

5
) + u(t), 0 ≤ t ≤ 1, (7.1)

x(t) = 2t2 + 1, − 2

5
≤ t ≤ 0, (7.2)

with the cost functional

J =
1

2
x2(1) +

1

2

∫ 1

0

u2(t) dt. (7.3)

To solve this problem by the composite ChFD method, we first choose N = 2 and N1 = 3, the order of
block-pulse functions with the aid of Equation (6.1). One may note tf = 1 and α = 0.9. Now, using the
proposed algorithm, one can obtain the following solutions x(t) and u(t) for this problem with the cost
function 0.5273969950.

x(t) = −0.3695439090t+ 1− 0.6304560910t2,

u(t) = 0.9049153660t− 1.600000000 + 0.6950846360t2.
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8 Conclusions
A composite ChFD method as an extension of the ChFD scheme was introduced and applied for solving
fractional optimal control problems with time delays.
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Some inefficient DMUs can’t achieve to the best target due to the organizational problems. In recent
years, some literatures focused on finding the closest target for an inefficient DMU. Hence, an inefficient
DMU need to a less improvement on inputs and outputs. In this paper, we propose an approach to find
the closest target for an inefficient unit based on an integrated model that using either minimizing the
distance chosen or maximizing the efficiency measure selected will lead to the closest targets. Finally,
we test the proposed model on 10 DMUs.
Keywords Data envelopment analysis; Efficiency; integrated models; Undesirable outputs.

1 Introduction
DEA is a managerial approach for evaluating performance efficiency of decision making units (DMUs)
which first proposed by Charnes, Cooper and Rhodes (CCR) [3].

Tone [4] proposed a slack-based measure method. SBM (slack-based measure) is a non-radial non
oriented DEA model. It directly and utilizes slacks of input and output to estimate integrated efficiency.
Some inefficient DMUs can’t achieve to the best target due to the organizational problems. Some liter-
atures focused on finding the closest target for an inefficient DMU and hence, an inefficient DMU need
to a less improvement on inputs and outputs. In this paper, we propose an approach to find the closest
targets for an inefficient unit based on an integrated model represented by Toloo [2], in which using either
minimizing the distance chosen or maximizing the efficiency measure selected will lead to the closest
targets as represented by Aparicio [1]. it is also to be noted that our approach is based on a single-stage
procedure, which involves solving a unique MIP that directly yields the closest targets. ours is a general
approach in the sense that it leaves the choice of the distance (or the efficiency measure) to be used as
measure of closeness to the analyst.
In this paper, we propose a general approach to find the closest targets for a given unit. The idea behind
this approach is that closer targets determine less demanding levels of operation for the inputs and out-
puts of the inefficient units to perform efficiently. Similarity can be interpreted as closeness between the
inputs and outputs of the assessed unit and the proposed targets, and this closeness can be measured
by using either different distance functions or different efficiency measures.
We propose a general methodology that allows us to obtain the closest targets for the units assessed
as inefficient in an efficiency analysis. The key of our approach lies in the characterization of the set of
Pareto efficient points dominating the unit to be assessed by means of a set of linear constraints.

2 The proposed model
We represent a set of extreme efficient units, E, using CCR model by considering undesirable outputs.
Denote by E be the set of extreme efficient units. Let (X0, Y0) the input–output vector of DMU0and (X,Y)
an arbitrary input-output vector in Rn+m. Then, we proposed the following model for finding the closest
target for an inefficient DMU. The efficiency assessment of each DMU0 is generally obtained as the
result of its comparison with a dominating projection point on the efficient frontier of the production pos-
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sibility set. The coordinates of this projection will be the targets for DMU0. Our approach fundamentally
builds on the characterization of the set of Pareto-efficient points of T that dominate DMU0. This char-
acterization will lead to a set of linear constraints.
In the case of the enhanced Russell graph (ERG) efficiency measure by Pastor [5]-also called SBM in
Tone [4]-were used, the objective function would be:

max
1− 1

m

∑m
i=1

s−io
xio

1 + 1
s

∑s
r=1

s+ro
yro

(2.1)

The points (X,Y) satisfying the conditions in the theorem of Aparicio [1] are only those of T dominating
(X0, Y0) that can be expressed as a combination of extreme efficient units lying on the same facet of
the frontier. Moreover, since all the weights of the hyperplane defining such facet are strictly positive
then the associated peers and their corresponding linear combinations will actually belong to an efficient
facet.
The importance of this result lies in the fact that we have been able to represent the set of points in which
the minimum distance to the Pareto-efficient frontier can be attained by means of a set of linear con-
straints. This allows us to overcome the difficulties with the non-convexity when addressing the problem
of minimizing the distance to the efficient frontier, which is a subset of the complement of a polyhedral
set.
To find the closest targets for DMU0 we just need to specify how to measure the closeness between
its inputs and outputs and the resulting targets, since these latter will be obtained as the optimal solu-
tions of a mathematical programming problem that minimizes the selected distance (or maximizes the
used efficiency measure) at the objective subject to the mentioned linear constraints. Next, we formu-
late different programs that result from the selection of several distances that can be used to measure
closeness. In each of them, the corresponding targets will be given by the coordinates of the vector
(
∑

j∈E λ
∗
jXj ,

∑
j∈E λ

∗
jYj), where the subscript * means the optimal solution for these variables in the as-

sociated problem.
The objective function is the slack based measure represented by Tone. d is a binary value.
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max
1− 1

m

∑m
i=1

s−io
xio

1 + 1
s

∑s
r=1

s+ro
yro

(2.2)

s.t.
∑

j∈E

λjxij = xio − s−io, i = 1, ...,m (2.3)

∑

j∈E

λjyrj = yro + s+ro, r = 1, ..., s (2.4)

∑

j∈E

λjztj = zto − s−to, t = 1, ..., p (2.5)

−
m∑

i=1

νixij +
s∑

r=1

µryrj −
p∑

t=1

ωtztj + dj = 0, j ∈ E (2.6)

νj ≥ 1, i = 1, ...,m (2.7)
µr ≥ 1, r = 1, ...s (2.8)
ωt ≥ 1, t = 1, ...p (2.9)
dmax − dj ≥ 0, j ∈ E (2.10)
∑

j∈E

θj = n− 1 (2.11)

dj ≤Mθj , j ∈ E (2.12)
θj ≤ Ndj , j ∈ E (2.13)
θj ∈ {0, 1}, j ∈ E (2.14)

Finally, we can obtain the closest target for each inefficient unit.
Observe that when assessing efficiency with the traditional radial models the targets are obtained in the
second stage as a result of maximizing the L1-distance to the efficient frontier from the radial projection
in the first stage. Therefore, if one were interested in finding the closest targets in that case then (mADD)
could be used to that end once, obviously, DMU0 were replaced by its radial projection obtained in the
first stage.

3 Numerical example
We apply the proposed model on 10 data as represented on table 1. Each DMU consume one input,
and produce one desirable output and one undesirable output.

We represent the set of extreme efficient units, E, using CCR model by considering undesirable
outputs as E={1, 2, 6, 8} . The results are represented in Table 2.

We can obtain the closest target for each inefficient unit.
Hence, we find the closet target for an inefficient DMU using an integrated model with an slack based
objective function.

4 Conclusion
DEA is a managerial approach for evaluating efficiency measure of decision making units (DMUs). DEA
can represent the best target to an inefficient DMU. But due to the organizational problems, some in-
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Table 1: Sample Data.
DMU Input Desirable Output Undesirable Output
1 3 32 1.5
2 6 64 3
3 8 2 9
4 9 3 8
5 2 8 1
6 3 64 6
7 1 8 2
8 1.5 32 3
9 5 2 3
10 2 16 2

Table 2: Efficiency Measure.
DMU step 1 step 2

Efficiency of CCR(E) Efficiency of new model
1 1 1
2 1 1
3 0.1654412E-01 0.1692708E-01
4 0.2481618E-01 0.2539063E-01
5 0.375 0.46875
6 1 1
7 0.375 0.46875
8 1 1
9 0.3515625E-01 0.4062500E-01
10 0.5625 0.5625

efficient DMUs can’t obtain to the best target. Some literatures proposed some approaches for finding
the closest target for an inefficient DMU. In this paper, based on the integrated models we propose an
approach to find the closest target for an inefficient DMU. This procedure leads to the less improvement
for inefficient DMUs to achieve the efficient frontier. Finally, we examine the proposed model on 10 units.
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Emergency Department (ED) is one of the most important wards in every hospital that provides the
urgent services to the patients with unstable situation 24 hours a day, 7 days a week. The most
serious and largest number of patients of a hospital arrives through ED, therefore, ED performance
represents the overall status of the hospital. One of key indicators for ED performance is waiting time
to access the care services which can be well analyzed using queueing models. In this paper, Motahari
Hospital’s ED in Fooladshahr is studied by queueing network model to propose some improvements to
its performance.
Keywords Emergency Department (ED), Queueing Network, Waiting Time.

1 Introduction
ED is one of the important wards in hospital. The main function of ED is health care offering in high-
risk emergency situation. ED provides urgent clinical and Para clinical care for patients that injured
in accidents and incidents. The injured patients need urgent treatment according to their situation in
shortest time [4]. In ED seconds and minutes are very important for patients. Patient waiting time in ED
is one of the important factors in health care management. It is one of the impressive factors on patient
satisfaction, as well as indicators for evaluating quality of emergency services [6].

2 Problem Statement
Reviewing of some researches in health care sector in Iran showed that the mean waiting time in ED is
much high and this issue causes many problems in service processes at EDs [2]. Many factors such as:
increasing number of referring to emergency, long length time of health-care delivery and complexity of
rendering services caused difficulty for decision making on the promotion and improvement. Therefore,
it is critical factor that managers apply scientific decision-making tools for managing.

Motahari Hospital in Fooladshahr, Isfahan, has been founded 25 years ago with 120 active beds to
serve mainly Esfahan Steel Company employees. But the particular situation of the hospital, due the
high rate emergency patients and their need to be admitted urgently, delay in servicing the patients not
only increases dissatisfaction of health care render in hospital, but also causes delay in reception of
new patients. The annual number of admission to Motahari ED is more than 70000. According to long
patient waiting time in ED on some days of the week and importance of reduction with minimum costs
and maximum hospital resources productivity, it is the purpose of this paper to study patient waiting time
in ED services at Motahri Hospital in the Summer of 1393.

3 Patient Flow and Queueing Model
To formulate the ED care services as a network of queues, the work flow of patients’ treatment (for
all 5 triage groups) has been identified by research team. There are five divisions in Motahari ED:
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admission, triage, admit, general practitioner (Doctor) office and ward. There 3 bed and resuscitation
room in admit area, and inpatient beds, injection and plaster units in the ward. Urgent patients (Triage
1 and 2) go directly to admit and nursing primary care is done automatically as well as Doctor care,
before admission. Other patients are referred to Doctor after admission, and then exit. Those who need
radiology and sonography are transferred via elevator.

For measuring time, research team settled down in all stations related to ED’s treatment process over
a four-week period in the Summer 1993, on peak days, Saturdays.

4 Queueing System Analysis
To analyze the ED queueing system, the patients’ arrival patterns and the service times patterns for all
stations have been estimated. All times have been well fitted by exponential distribution using Easyfit
software. The patients’ arrival rate is λ = 1.3378, and the average service time rates for each of stations:
Doctor 1, Nursing care, Injection, Plaster, Radiology, ECG and Specialist consultant are as follows in
order: µA = 0.35156, µB = 0.19045, µC = 0.57596, µD = 0.11576, µE = 0.27815, µF = 0.47779 and
µG = 0.13243, respectively. All times are in minutes.

The arrival rate to each station is the mean exit rate (i.e. the minimum of its arrival and service rate)
of all precedence stations [3]. It is observed that for all station: ρ = λ

µ
< 1 and the queue capacity in all

stations are infinite. Table 1 shows the system evaluation factors: rows are assigned to the stations and
columns represent: arrival rate, service rate, busy percent or utilization factor, average no. of patients,
average time spent at each station, average no. of patients in the queue and average waiting time,
respectively.

5 Conclusion
Many researches have conducted by many professionals showed we can reduce mean of care services
offering and waiting time for receiving care services with small changes in some stations. The focus has
been on patient flows, waiting times and throughput time in ED. According to the model, the average
number of patients at ED is 3.46 and the average time that patients spend in ED is 21.77 minutes. It is
observed that the queue size is larger in Doctor 1 and Nursing care stations. The waiting time at Specialist
consultant station is longer that other stations. It is proposed that in peak times, the extra triage nurse is
employed at Nursing care station. Indeed, the waiting time for consultant can be decreased if some of
them are done via telephone.

As process improvement has a key role on increasing the patients’ satisfaction [2], It is advised that
the emergency processes are improved through Lean Management. For the real application and more
complex situation, Simulation Models can be applied to determine the best improvement strategies.

Table 1: Queueing System Evaluation Factors for Motahari ED

λ µ ρ L W Lq Wq

Doctor 1 (A) 0.13368 0.35156 0.38026 0.61359 4.58981 0.23333 1.745352
Nursing care (B) 0.13368 0.19045 0.70195 2.35514 17.61691 1.65319 12.36619
Injection (C) 0.03876 0.57596 0.06731 0.07217 1.86154 0.00486 0.12530
Plaster (D) 0.0000040 0.11576 0.00004 0.00004 8.63886 0.0000000012 0.00030
Radiology (E) 0.0227 0.27815 0.08171 0.08898 3.91507 0.00727 0.31989
ECG (F) 0.06550 0.47779 0.13710 0.15888 2.42550 0.02178 0.33252
Specialist consultant (G) 0.13368 0.15243 0.87703 0.17380 1.30007 6.25532 46.79103
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Supply chain network design is an essential subject to achieve a competitive advantage in today’s
market. In addition, recycling and recovering of products because of environmental aspects and
decreasing of row material consumption is a vital subject. This paper proposes a design of closed-loop
supply chain network with considering of multi-part collection centers under uncertainty to obtain
minimum environmental damage as well as decreasing total costs. Because of uncertainty nature of
related data in the real world, it is essential to use uncertainty approaches in the proposed network. In
this regard, we suppose that demand and recovery are defined in stochastic environment. Therefore,
we apply a heuristic algorithm of sample average approximation (SAA) to solve the problem. Validity
of the proposed model is illustrated through numerical examples. Results show that with consideration
of multi-part collection centers, not only recovered products and recycling costs saving are improved
but also, customers can receive higher quality products with satisfying of government rules because of
environmental damage reduction.
Keywords Closed-loop supply chain, Multi-part centers, Stochastic, Sample average approximation.

1 Introduction

Supply chain network consists total activities relevant to the material flow to convert raw materials to
final products to be delivered to the customers. By considering of reverse flow with direct one in a single
model, it can be called as a closed-loop supply chain network. The following is a brief review of recent
studies in the field of closed-loop supply chain network.
In this regard, Pishvaee and Torabi [1] designed a possibility programming approach for closed-loop
supply chain network. Their model includes two objective functions for minimization of costs and delay.
It is solved by an interactive fuzzy method. Wang and Hsu [2] presented a model for closed-loop logistics
network design to minimize network costs. Pishvaee et al. [3] proposed a robust optimization model for
considering of uncertainty in a closed-loop supply chain network design. They considered the returned
products, demand for recycled products and transportation costs as stochastic parameters. Then the
problem was solved by a new robust optimization method. Hassanzadeh and Zhang [4] proposed a two-
objective closed-loop supply chain network model with uncertainty. In their study, uncertainty in demand
and return are based on scenarios. Themost of previous studies in this field consider uncertainty as fuzzy
and robust methods. In some studies with stochastic parameters, number of scenarios is limited while in
some of them number of scenarios are unlimited. On the other hand, study of previous works show that
most of studies try to minimize costs only while quality of recycling products and saving costs have been
ignored. In this paper a model is proposed which is based on the Hassanzadeh and Zhang [4] and it is
tried to cover deficiencies of previous researches. The rest of this paper is organized as follows. Section
2 defines the problem and related model. Computational analysis is reported in section3 to illustrate
the feasibility of the proposed method. Section 4 presents the final conclusions with suggestions for the
future studies.
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2 Proposed Model

This paper proposes a closed-loop supply chain network design including plants, multi-part collection
centers, demand market centers, and a disposal center by considering of cost minimization, maximiza-
tion of recycling product quality and maximization of recovery saving costs as three parts of the objective
function. Collected products by collection centers are sorted according to their product life and are guided
to their corresponding part in a collection center. After applying the required operations in each part, if
it is recyclable, it will be sold to plants and otherwise it will be transmitted to the disposal center. In
the governmental perspective, recycling of the used products is very effective, since it reduces environ-
ment risks and raw materials consumption. On the other hand by considering of the multi-part collection
centers, customer can receive higher quality products with lower cost. Hence customers prefer to re-
new their products. In the real world, effective parameters usually are not available as certain data so
by using of stochastic approaches the uncertain nature of parameters can be considered in the model.
In this paper the demand and products return rate are defined as stochastic parameters. We apply a
heuristic algorithm, sample average approximation [5], to solve the problem figure.1 shows the multi-part
collection centers of closed-loop supply chain network.

Figure 1: A closed-loop supply chain network with multi-part collection centers

2.1 Model Formulation

This model is an extendedmodel of Hassanzadeh and Zhang [4]. The new sets, parameters and decision
variables that are added to their model, are defined as follows respectively: H: Parts of the collection
centers (h∈H), M: Selected sample set of scenarios on demand and return (m∈M), U: Set of scenarios
for the request and return (u∈U), Flh: Fixed cost for opening hth part of collection center l, Qlhj : Capacity
of hth part of collection center l for product j, dkju: Demand of customer k for product j under uth scenario,
rkju: Return of customer k for product j under uth scenario, qlhj : Product quality level for product j of
hth part of collection center l ,Tlhju: Quantity of returned product j from hth part of collection center l to
disposal center under uth scenario, Wlh: 1, if hth part of collection center l is located in site l, 0, otherwise,
EZulhj : Total profit based on the quality of returned product j by hth part of collection center l under uth

scenario, Zcu: Total setup and transportation costs, Zqu: Total profit of achieved quality by recycled
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products.Zbu: Total saved costs because of recovered products, Zu: Total value of aggregated function.

min Zu = Zcu− Zqu− Zbu (2.1)
subject to:

Zcu =
∑

i

EiZi +
∑

l

∑

h

FlhWlh +
∑

u

∑

i

∑

k

∑

j

(Aj + tikBj)Xikju

+
∑

u

∑

k

∑

l

∑

h

∑

j

CjtklYklhju +
∑

u

∑

l

∑

h

∑

i

∑

j

DjtliSlhiju (2.2)

+
∑

u

∑

l

∑

h

∑

j

(Hj +Ojtl)Tlhju

Zqu =
∑

l

∑

h

∑

j

EZulhj (2.3)

EZulhj =
∑

u

∑

i

Cq. qlhjSlhiju ∀l ∈ L, h ∈ H, j ∈ J (2.4)

EZulhj ≥Mo(Wlh − 1) ∀l ∈ L, h ∈ H, j ∈ J (2.5)
EZulhj ≤Mo(Wlh) ∀l ∈ L, h ∈ H, j ∈ J (2.6)

Zbu =
∑

u

∑

l

∑

h

∑

i

∑

j

nilhjSlhiju −
∑

u

∑

k

∑

l

∑

h

∑

j

mlhkjyklhju (2.7)

∑

i

Slhiju ≤ Qlhj ∀l ∈ L, h ∈ H, j ∈ J, u ∈ U (2.8)

Zi , Wlh ∈ {0, 1} (2.9)
Xikju, Yklhju, Slhiju, Tlhju ≥ 0 (2.10)

Equation (2.1) considers three parts of the objective function including minimizing set-up and trans-
portation costs, maximizing profit of recycled product quality level, and maximizing total saving costs of
recovered products, simultaneously. Equations (2.2)to (2.7) are related to the objective function. Con-
straint (2.8) shows that the number of returned products are less than or equal to the capacity of their
corresponding part. The other constraints are similar to those of Hassanzadeh and Zhang [4].

3 Computational Analysis
To evaluate the performance of the proposed model, several numerical examples are provided and cal-
culated by GAMS software. Tables 1 and 2 reports the results of both deterministic and non-deterministic
case (SAA). The results show that increasing the number of parts, reduces the costs and increases the
recycling product quality and saving costs but this is not going to end the process. If the number of parts
will be more than a certain limited, set-up costs will be more than the set-up cost of collection centers of
the classical state until the costs overcome the benefits of quality.

4 Conclusion and future reasearch
The result shows that multi-parts collection centers not only improve the quality of recycled products and
saving costs, but also decrease the total costs. The main goal of considering collection and recycled
products centers as multi-parts centers is both to make sure that the customers have access to higher
quality with less cost. Also to help the government in reducing of the environment risks. To solve the
model, a heuristic approach named as sample average approximation has been applied to the prob-
lem using the GAMS software and finally its performance has been evaluated. Some future research
directions could be imposing of uncertain capacities in different elements of network, and considering of
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Table 1: Results of the sensitivity analysis on the number of collection centers without uncertainty.
|H| Zu Zcu Zqu Zbu
1 14828730 21069760 6149167 91861
3 13047650 20976270 7827631 100981
5 9651831 19600040 9810890 137314
7 6627621 18212830 11436080 149123
9 10001170 19336570 9213876 121531

Table 2: Results of the sensitivity analysis on the number of collection centers in an uncertain environment
by using SAA algorithm.

|H| Objective function (upper bound) Lower bound % gap
4 20266040 20083690 0.90
5 19954930 19813860 0.71
7 19287360 19171850 0.60
10 19638956 19487990 0.77

stochastic dynamic product returns in the multi-part collection center closed loop supply chain network
design.
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In this paper, we present several constraint qualifications, and we show that conditions guarantee the
nonvacuity of the Karush-Kuhn-Tucker multipliers set for nonsmooth semi-infinite programming prob-
lems with mixed constraints. The relationships with various constraint qualifications are investigated.
All results are given in terms of the Michel-Penot subdifferential.
Keywords Optimality conditions; Semi-infinite optimization; Constraint qualification; Michel-Penot
subdifferential.

1 Introduction and Notations
In this article we will bemainly concerned with following non-smooth semi-infinite problem (NSSIP, briefly)
given as

inf f(x)
s.t. φl(x) ≤ 0 l ∈ L1,

φl(x) = 0 l ∈ L2,

x ∈ Rn,

where f and φl for l ∈ L1 ∪ L2, are locally Lipschitz functions from Rn to R ∪ {+∞}. The index sets L1

and L2 are arbitrary sets not necessarily finite.
In the best of our knowledge, the non-smooth semi-infinite problems with mixed constraints was con-

sidered only in [2]. There are introduced two constraint qualifications (CQ) and are derived the Karush-
Kuhn-Tucker (KKT in brief) type necessary optimality conditions for NSSIP. The results of [2] are based
on the Clarke subdifferential.

In this paper, ten various CQs for NSSIP are introduced under Michel-Penot subdifferential, and
some necessary optimality conditions of Karush-Kuhn-Tucker type are established, and an example is
presented.

Let x̂ ∈ Rn and let φ : Rn → R be a locally Lipschitz function. The Michel-Penot (M-P, briefly)
directional derivative of φ at x̂ in the direction v ∈ Rn introduced in [1] is given by

φ⋄(x̂; v) := sup
w∈Rn

lim sup
α↓0

φ(x̂+ αv + αw)− φ(x̂+ αw)

α
,

and the M-P subdifferential of φ at x̂ is given by the set

∂⋄φ(x̂) :=
{
ξ ∈ Rn | ⟨ξ, v⟩ ≤ φ⋄(x̂; v) for all v ∈ Rn

}
.

2 Constraint Qualifications
In what follows we shall assume that the feasible set of NSSIP is nonempty, i.e.,

Π :=
{
x ∈ Rn | φl(x) ≤ 0 l ∈ L1

}
∩
{
x ∈ Rn | φl(x) = 0 l ∈ L2

}
̸= ∅.
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For a given x̂ ∈ Π, we define the index set of active constraints at x̂ by

Lx̄
1 := {l ∈ L1 | φl(x̄) = 0}.

Based on the notion of M-P subdifferential we first introduce (in full paper, or in talk) the extended Abadie
CQ (EACQ), the extended Zangwill CQ (EZCQ), the extended Kuhn-Tucker CQ (EKTCQ), the extended
weak reverse convex CQ (EWRCCQ), the first extended Mangasarian-Fromovitz CQ (FEMFCQ), the
second extended Mangasarian-Fromovitz CQ (SEMFCQ), the first extended Arrow-Hurwicz-Uzawa CQ
(FEAHUCQ), the second extended Arrow-Hurwicz-Uzawa CQ (SEAHUCQ), the extended weak Slater
CQ (EWSCQ), and the extended Slater CQ (ESCQ) for NSSIP at x̂. Definitions of these notions are
longer than this short extended abstract.

Suppose thatW is an arbitrary subset of L1. Set

ΦW (x) := sup
l∈W

φl(x), ∀x ∈ Π.

One reason for difficulty of extending the results from a finite inequality system to SIS is that in the finite
case ΦW (.) is locally Lipschitz and we have

∂⋄ΦW (x) ⊆ conv
( ∪

l∈W∩Lx
1

∂⋄φl(x)
)

∀x ∈ Π, (2.1)

but in general, (2.1) does not hold if L1 is infinite. We are thus led to the following definition.

Definition 2.1. We say that NSSIP has the generalized Pshenichnyi-Levin-Valadire (GPLV) property at
x ∈ Π, if ΦW (.) is Lipschitz around x, and (2.1) holds for all W ⊆ L1.

The following diagram summarizes the relationships between the various constraint qualifications.

EWRCCQ+GPLV
⇓

EWSCQ+GPLV ⇒ FEAHUCQ+GPLV ⇒ EZCQ
⇑ * ⇓ ⇓
⇑ SEAHUCQ+GPLV ⇓
⇑ ⇓

ESCQ =⇒ FEMFCQ+GPLV ⇒ EKTCQ
⇓ ⇓

SEMFCQ+GPLV EACQ,

(2.2)

where the symbol “∗” denotes the differentiability condition of φl at x̂ for l ∈ L2.

3 Necessary Conditions
First, we prove an elementary important lemma which will be useful.

Lemma 3.1. If x̂ is an optimal solution of NSSIP, then f⋄(x̂; v) ≥ 0 for all v ∈ Γ1(Π, x̂).
Here, Γ1(Π, x̂) denotes the contingent cone of Π at x̂, i.e.,

Γ1(Π, x̂) :=
{
d ∈ Rn | ∃(tk, dk)→ (0+, d), x̂+ tkdk ∈ Π ∀k ∈ N

}
.

Its negative polar cone denotes by Λ⊖(x̂), i.e.,

Λ⊖(x̂) :=
{
v ∈ Rn | ⟨ξ, v⟩ ≤ 0 ∀ξ ∈ Λ(x̂)

}
.
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Take, with the convention
∪

i∈∅Xi = ∅:)

Λ(x̂) :=
( ∪

l∈Lx̂
1

∂⋄φl(x̂)
)
∪
( ∪

l∈L2

∂⋄φl(x̂)
)
∪
(
−
∪

l∈L2

∂⋄φl(x̂)
)
.

Theorem 3.2. Let x̂ be an optimal solution of NSSIP, assume that the EACQ holds at x̂. Furthermore,
suppose that cone

(
Λ(x̂)

)
is a closed cone in Rn. Then, there exist scalars λl ∈ R+ for l ∈ Lx̂

1 , and λl ∈ R
for l ∈ L2, with finitely many of them being nonzero, such that

0 ∈ ∂⋄f(x̂) +
∑

l∈Lx̂
1

λl∂
⋄φl(x̂) +

∑

l∈L2

λl∂
⋄φl(x̂). (3.1)

Proof. Suppose that v ∈ Λ⊖(x̂). Since

Λ⊖(x̂) =
{
v ∈ Rn | φ⋄

l (x̂; v) ≤ 0 for l ∈ Lx̂
1 , φ⋄

l (x̂; v) = 0 for l ∈ L2

}
,

with regard to EACQ and Lemma 3.1, we obtain f⋄(x̂; v) ≥ 0. We denote the indicator function of Λ⊖(x̂)
byG(.), i.e., G(v) = 0 for v ∈ Λ⊖(x̂); andG(v) =∞ for v /∈ Λ⊖(x̂). Now, we consider the convex function
H(v) := f⋄(x̂; v) +G(v). The last inequality implies H(v) ≥ 0 for all v ∈ Rn. Since H(0) = 0, then v̂ := 0
is a global optimum of H. Thus using (??), we obtain

0 ∈ ∂H(0) = ∂(f⋄(x̂, .))(0) + ∂G(0) = ∂⋄f(x̂) + cone
(
Λ(x̂)

)
.

Therefore, the result follows from closedness of cone
(
Λ(x̂)

)
, and the fact that

cone
(
Λ(x̂)

)
= cone

( ∪

l∈Lx̂
1

∂⋄φl(x̂)
)
+ span

( ∪

l∈L2

∂⋄φl(x̂)
)
.

Note that cone
(
Λ(x̂)

)
is assumed to be closed in the above theorem. The following example shows

that this assumption cannot be dropped, even in convex case.
Example: Take L2 = ∅ and L1 = {2, 3, . . .} . For each l ∈ L1, let φl is the support function of

Ωl := conv
{
(−t,−tl) | 0 ≤ t ≤ 1

}
,

i.e.,
φl(x) = sup

{
⟨ω, x⟩ | ω ∈ Ωl

}
.

Suppose that f(x1, x2) = x1 and x̂ = (0, 0). A short calculation shows thatΠ =
{
(x1, x2) ∈ R2 | x1 ≥ 0, x1 + x2 ≥ 0

}
,

Lx̂
1 = L1, ∂⋄φl(x̂) = Ωl, and

Λ(x̂) =
{
(x1, x2) ∈ R2 | −1 < x1 < 0, x1 ≤ x2 < 0

}
∪
{
(0, 0), (1, 1)

}
.

Note that
cone

(
Λ(x̂)

)
=
{
(x1, x2) ∈ R2 | x1 ≤ x2 < 0

}
∪ {(0, 0)} ,

is not closed, EACQ is satisfied at x̂, and x̂ is an optimal solution of the problem. It is easy to see that
there are no scalars as in Theorem 3.2 satisfying (3.1).

The proof of following main theorem is longer than this note. Some steps of its proof based on the
diagram (2.2) and Theorem 3.2.

Theorem 3.3. (KKT type necessary condition) Suppose that x̂ is an optimal solution for NSSIP. Then,
each of the following conditions is sufficient for existence scalars λl ∈ R+ for l ∈ Lx̂

1 , and λl ∈ R for
l ∈ L2, with finitely many of them being nonzero, such that

0 ∈ ∂⋄f(x̂) +
∑

l∈Lx̂
1

λl∂
⋄φl(x̂) +

∑

l∈L2

λl∂
⋄φl(x̂) :
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1. The EGCQ is satisfied at x̂, the mapping of v → f(x̂; v) is concave, and cone
(
Λ(x̂)

)
is closed.

2. The EACQ is satisfied at x̂, and cone
(
Λ(x̂)

)
is closed.

3. The EZCQ is satisfied at x̂, and cone
(
Λ(x̂)

)
is closed.

4. The EKTCQ is satisfied at x̂, and cone
(
Λ(x̂)

)
is closed.

5. The FEMFCQ and the GPLV are satisfied at x̂.

6. The SEMFCQ and the GPLV are satisfied at x̂.

7. The FEAHUCQ and the GPLV are satisfied at x̂, and cone
(
Λ(x̂)

)
is closed.

8. The EWRCCQ and the GPLV are satisfied at x̂, and cone
(
Λ(x̂)

)
is closed.

9. The EWSCQ and the GPLV are satisfied at x̂, and cone
(
Λ(x̂)

)
is closed.

10. The SEAHUCQ and the GPLV are satisfied at x̂, and |L2| <∞.

11. The FEAHUCQ and the GPLV are satisfied at x̂, |L2| <∞, and φl is differentiable for each l ∈ L2.

12. The EWRCCQ and the GPLV are satisfied at x̂, |L2| <∞, and φl is differentiable for each l ∈ L2.

13. The EWSCQ and the GPLV are satisfied at x̂, |L2| <∞, and φl is differentiable for each l ∈ L2.

14. The ESCQ is satisfied.
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Bilevel programming problems have plenty of practical applications, but are avoided due to lack of
efficient solution methods.
In this paper, we exploit the decomposable structure of the problem for designing an efficient algorithm
to solve bilevel problems with binary upper-level decision variables. The lower-level variables are
assumed to be continuous. The proposed approach is based on Benders’ decomposition of the
upper-level problem into a master problem and a subproblem which are solved iteratively. If the leader’s
optimal solution is not considered rational by the follower, a cut is added to the leader’s master program
that violates the previous solution. The impact of follower’s response on the leader’s decision is also
evaluated by adding another cut, produced by using the follower’s optimal objective value, to the leader’s
subproblem. Some computational results and performance comparisons will be reported.
Keywords Bilevel Programming; Benders’ Decomposition; Stackelberg Game.

1 Introduction

1.1 Introducing the Problem
The general multilevel programming problem is a set of nested optimization problems over a single fea-
sible region that involve independent decision makers.
The most studied case is the bilevel programming and especially the linear one. Bilevel programming
involves two optimization problems; the first one(upper level) is controlled by the leader and constrained
by the second one(lower level) which is controlled by the follower. From a mathematical point of view,
it is a problem with hierarchical structure; these problems can occur if decentralized decisions have to
be made. Control over the decision variables is partitioned among levels. First the leader has to decide
over the subset of decision variables, which affects the feasible region of the follower. Next, the follower
has to decide over the other subset of decision variables, which affects the objective value of the leader.
Because of such sequential interaction between them, the decision making structure is also called Stack-
elberg game; these games are often analyzed from the perspective of the first player whose goal is to
choose the optimal strategy, considering the expected behavior of his competitor.
The leader who is anticipating the follower’s reaction, must choose the value of his decision variables in
such a way that after the problem controlled by the follower is solved, his own objective function will be
optimized; indeed the leader can foresee the reaction of the follower and optimize his strategy choice.
On the other hand, the follower knows the strategy chosen by the leader and takes it into account when
he is selecting his own strategy.
However bilevel programming problem is proved to be NP-hard, this feature does not prevent the success
of practical applications of this model in several interdisciplinary areas, such as transportation planning,
government policy making, economic planning, financial management, agricultural planning, etc.
Although a wide range of applications fit the bilevel optimization framework, real-life implementations are
scarce due to the lack of efficient algorithms for tackling them.
1.2 Solution Approach
Solution approaches for bilevel programming problems, can classified into different categories. A con-
ventional reformulation approach is to transform the bilevel problem into a single-level program using
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KKT optimality conditions of the lower-level problem [2, 3].
The second category is vertex enumeration approaches, which develop a modified version of simplex
method.
Another group includes branch and bound and branch and cut techniques [1].
These methods often fail to utilize and exploit the specific structure inherent to the problem.
Since in many hierarchical decision making systems, the upper-level decision maker encounter a yes-no
decision problem, we consider a mixed integer bilevel linear program (MIBLP ) in which the upper-level
variables are assumed to be binary and the lower-level variables are continuous.

We try to exploit the decomposable structure of the problem for designing algorithm to solve bilevel
problems with binary upper-level and continuous lower-level decision variables.
The proposed approach is based on decomposition of the upper-level problem into a master problem
and a subproblem which are solved iteratively by Benders’ decomposition. If the leader’s optimal solution
is not a rational reaction of the follower, a cut is added to the leader’s master problem that violates
its previous solution. The impact of follower’s response on the leader’s decision is also evaluated by
addition a cut produced using follower’s objective function optimal value, to the leader’s subproblem. In
other words, the upper-level decision maker will be able to use optimal solution of the follower’s problem
to simulate the response of the lower-level decision maker, and to evaluate the impact of that response
in her decision scheme.

2 MODEL AND ALGORITHM
Let x represents the vector of variables controlled by the leader and y represents the vector of variables
controlled by the follower. The linear bilevel programming problem can be written as follows:

Minx∈XF1(x, y) = c1x+ d1y

s.t. g1(x, y) = A1x+B1y ≤ b1
Miny∈Y F2(y) = d2y

s.t. g2(x, y) = A2x+B2y ≤ b2

In the model which we consider, X = {0, 1}
The steps of algorithm forMIBLP that is presented in this paper, are as follows:

We will report the performance of algorithm on some instances and compare with those of other
solution approaches for this kind of problems.
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Algorithm 14 Proposed Algorithm

Step 1: Solve the upper-level(leader’s) problem that
have binary complicating variables(x) by Benders’ decomposition:

1. Solve the benders master problem (MP ) for x̂L
and α̂ the lower bound (LB).

2. Solve the benders subproblem (SP ) for ŷL and
the upper bound (UB).

Step 2: (Convergence Check)
If UB − LB < ξ then current values of x and y
are optimal solutions of the leader. Go to step 3 with
x∗L, y

∗
L.

else repeat 1.1 and 1.2.

Step 3: Solve the lower-level (follower’s) problem using x∗L
to get y∗F .

Step 4: If y∗L belongs to the follower’s rational reaction set (minimizes F2(y)), x∗ = x∗L, y
∗ = y∗L stop.

else go to 1.1 and add a cut to theMP that violates x∗L.
also add another cut to the SP in 1.2 ; so that the
follower’s response can affect next leader’s decision to obtain a reasonable solution.

211





A M M P Q P
C C F
Fahime Dayani∗,1, Reza Ansari2, Zahra Ansari3,

1(M.Sc) in Applied Mathematics, University of Isfahan, Isfahan, Iran,
2(M.Sc) Student of Economic, Payame noor university in Babol, Babol, Iran,

3(M.Sc) Student of Economic, Alzahra University,Tehran, Iran.
∗M. Sc graduate, fahime_dayani_27@yahoo.com

In this paper, we study a resource allocation and optimization problem arising from some production
problems and other investment problems. We apply the incremental solution algorithms in highly
restricted form to solve the related mathematical problem. We also apply the algorithms to concrete
examples to demonstrate the process and the algorithm complexity.
Keywords Production quota; Convex cost function;Optimization; Investment.

1 Introduction

Many researchers have studied optimal resource allocation problems. For example, Andersson et al.
studied resource allocation with non-concave objective functions in [1]. Golcprimestejn and Dempe ex-
amined the problems with variable resources in [5], Basso and Peccati studied such problem in [3] with
minimum activation levels and fixed costs. Very recently we investigated some resource allocation prob-
lems with convex costs in local production problems [4].

In this paper, we want to analyze a similar production problem in the general case specified in the
following:
Suppose that in a manufacturing company there are n production sites, s1, s2, · · · , sn, where the same
product is produced. To produce such product, at each location, it involves m operations t1, t2, · · · , tm,
like training new workers, preparing materials, manufacturing, assembling, packaging, etc.
Denote the maximum number of products that can be handled at sj in operation ti as Mij . the needed
additional cost at sj on ti for product units to be increased at sj as α+

ij , the wasted investment cost at sj
on ti for product units to be decreased at sj as α−

ij .
The company needs to make totally z products. An important question is: how should we assign pro-
duction quota to each location so that the total investment cost is minimized?
Assume that ζij is the product number to be added to sj in ti (ζij > 0) or the product number to be
subtracted from sj in ti (ζij < 0). Therefore, ζij = xj−Mij , where xj andMij are non-negative integers
numbers. Define

α(ξij) :=





α+
ij ξij > 0

0 ξij = 0
α−
ij ξij < 0

, and αij :=
m∑

i=1

n∑

j=1

(α+
ij + α−

ij).

From practical point of view, it is reasonable to assume that α+
ij ≥ α−

ij > 0. The problem of minimizing
the total costs can be represented as the following programming problem: Find non-negative integers
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number ζij (i = 1, 2, · · · ,m , j = 1, 2, · · · , n) such that

(P ′) y =min
ξij

m∑

i=1

n∑

j=1

α(ξij) |ξij |

s.t M1j + ξ1j = . . . =Mmj + ξmj j = 1, . . . , n.
n∑

j=1

(M1j + ξ1j) = . . . =
n∑

j=1

(Mmj + ξmj) = z

Let xj be the production quota needed to be assigned to site sj and it is obvious that the programming
(P ′) is equivalent to the following problem. Find non-negative integers xj , j = 1, 2, · · · , n, such that

(P ) y = min
xj

m∑

i=1

n∑

j=1

α(xj −Mij) |xj −Mij |

s.t

n∑

j=1

xj = z, xj ≥ 0 j = 1, . . . , n. (1.1)

A set of nonnegative integers numbers {xj}nj=1 that satisfies condition (1.1) is called a feasible solution of
the total product z for programming P , {xj}nj=1 is called an optimal solution of total product z if it satisfies
problem P . y is called the cost of {xj}nj=1 denoted as y(x1, x2, · · · , xn). At each site, by rearranging the
subscript, we can assume thatM1j ≥M2j ≥ · · · ≥Mmj , j = 1, 2, · · · , n.

2 Main Results
Denote mj = min{Mij | i = 1, 2, · · · ,m} and m =

∑n
j=1mj and Mj = max{Mij | i = 1, 2, · · · ,m}

and M =
∑n

j=1Mj . In the following, we prove some necessary and sufficient conditions of an optimal
solution of problem P in several special cases.

Lemma 2.1. If z ≤ m then {xj}nj=1 is an optimal solution of the total number z if and only if

xj ≤ mj , j = 1, . . . , n, 
n∑

j=1

xj = z. (2.1)

Proof. It is clear that y ≥ 0. If {xj}nj=1 satisfies (2.1) then y(x1, x2, ..., xn) = 0. Therefore, {xj}nj=1 is an
optimal solution of the total number z. Assume that {xj}nj=1 is a feasible solution of z and xk > mk for
some k, 1 ≤ k ≤ n. We can show that {xj}nj=1 is not an optimal solution of the total number z. In fact,
according to (1.1), there exists an l, 1 ≤ l ≤ n, l ̸= k, such that xl < ml. Let x′j = xj , j ̸= k, x′k = xk − 1,
x′l = xl + 1. {x′j}nj=1 is also a feasible solution of z. We have

y(x′1, . . . , x
′
n) =

m∑

i=1

n∑

j=1
j ̸=k,l

αij |xj −Mij |+
m∑

i=1

αik |xk − 1−Mik|

+
m∑

i=1

αil |xl + 1−Mil|

=
m∑

i=1

n∑

j=1

αij |xj −Mij | −
m∑

i=1
xk−Mik≥1

α+
ik −

m∑

i=1
xl−Mil≤−1

α−
il

+
m∑

i=1
xk≤Mik

α−
ik +

m∑

i=1
xl−Mil>−1

α+
il < y(x1, x2, · · · , xn),
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therefore, {xj}nj=1 is not an optimal solution of the total number z.

Corollary 2.2. If z = m, there exists a unique optimal solution of peroblem P : {xj : xj = mj}nj=1.

Similar to Lemma 2.1, we can prove the following result.

Lemma 2.3. If m < z < M and {xj}nj=1 is an optimal solution of total number z, then mj ≤ xj ≤ Mj ,
j = 1, 2, · · · , n.

According to Lemma 2.3, if {xj}nj=1 is a feasible solution and z > m, we can assume xj ≥ mj ,
j = 1, 2, · · · , n. For a given l, 1 < l < n, we consider {Mil}mi=1, {α+

il}mi=1 and construct Il = {i : Mil ≤ xl},
and αl =

∑
i∈Il

α+
il . It is clear that Il is not empty and then αl > 0.

Now, let x′i = xi, i ̸= l,and x′l = xl + k where k is a positive integer. {x′j}nj=1 is a feasible solution
of number z + k and is called the augmentation by k of {xj}nj=1 alongl-direction. αl is called the unit
augmenting cost along l-direction. It is clear that

y(x′1, . . . , x
′
n)− y(x1, . . . , xn) = k · αl

Theorem 2.4. Suppose that {xj}nj=1 is an optimal solution of total number z; z > m. Let αj0 =
min{αj : j = 1, 2, · · · , n}. If {x′j}nj=1 is the augmentation by 1 of {xj}nj=1 along j0-direction, then
{x′j}nj=1 it is an optimal solution of the total numberz + 1.

Proof. Let y0 = y(x1, . . . , xn), where {xj}nj=1 is an arbitrary optimal solution of total number z. Then,

y(x′1, . . . , x
′
n) = y0 + αj0 ,

We need to show that, for any feasible solution {ζj}nj=1 of the total number z + 1,

y(ξ1, . . . , ξn) ≥ y0 + αj0 ,

In fact, since
∑n

j=1 xj = z,
∑n

j=1 ξj = z + 1 , there must be xl < ζl for some l, 1 ≤ l ≤ n. So xl ≤ ζl − 1.
Now take {ζ ′j}nj=1 as the augmentation by −1 of {ζj}nj=1 along l-direction. Then {ζ ′j}nj=1 is a feasible
solution of z and xj ≤ ζ ′j , j = 1, 2, · · · , n, Hence

y(ξ1, . . . , ξn) =
m∑

i=1

n∑

j=1
j ̸=l

αij |ζij −Mij | =
m∑

i=1

m∑

i=1
j ̸=l

αij |ξ′j −Mij |

+
m∑

i=1
Mil<ξ′l+1

α+
il (ξ

′
l + 1−Mil)−

m∑

i=1
Mil>ξ′l+1

α−
il (ξ

′
l + 1−Mil)

= y(ξ′1, . . . , ξ
′
n) +

m∑

i=1
Mil≤ξ′l

α+
il −

m∑

i=1
ζ′

l−Mil≤−1

α−
il ,

Since {ζ ′j}nj=1 is a feasible solution of z and xj ≤ ζ ′j , we have y(ξ1, . . . , ξn) ≥ y0 + αj0 .

In this case we will propose a much algorithm based on the following result.

Lemma 2.5. If α1j = α1, · · · , αmj = αm, j = 1, · · · , n and z ≥ M =
∑n

j=1Mj , {xj}nj=1 is an optimal
solution of the total production z if and only if

xj ≥Mj , j = 1, . . . , n, ,

n∑

j=1

xj = z.
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Proof. Because y(x1, · · · , xn) =
∑m

i=1

∑n
j=1 α(xj−Mij) |xj−Mij |, we only need to prove that, if {xj}nj=1

is a feasible solution of z and xk < Mk for some k : 1 ≤ k ≤ n, then {xj}nj=1 is not an optimal solution of
the total production z. In fact, if xk < Mk for some k: 1 ≤ k ≤ n, there exists l : l ̸= k, 1 ≤ l ≤ n, such
that xl > Ml. Let x′j = xj , j ̸= k, x′k = xk + 1, x′l = xl − 1. We have then

y(x′1, . . . , x
′
n) =

m∑

i=1

n∑

j=1
j ̸=k,l

αij |x′j −Mij |+
m∑

i=1

αik|x′k −Mik|

+

m∑

i=1

αil|x′l −Mil| =
m∑

i=1

n∑

j=1

αij |xj −Mij |

+
m∑

i=1
xk≥Mik

α+
ik −

m∑

i=1
xk<Mik

α−
ik −

m∑

i=1
xl−Mil≥1

α+
il +

m∑

i=1
xl≤Mil

α−
il

Since xk < Mk, Therefore, y(x′1, . . . , x′n) < y(x1, . . . , xn). That is, {xj}nj=1 is not an optimal solution of
the total production z.
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Data Envelopment Analysis (DEA) aims at assessing the relative efficiency of a number of comparable
operating units. In conventional DEA, efficiencies are arranged as a linear order, but in interval DEA,
Decision Making Units (DMUs) cannot be easily evaluated and arranged using the calculated efficiency
scores. In this paper, we present a method for ranking decision making units (DMUs) with interval data
in two-stage processes.
Keywords Two-stage; Data Envelopment Analysis; Interval Data; Relative Efficiency.

1 Introduction

Data envelopment analysis (DEA) is a Lp-based non-parametric method for measuring the relative effi-
ciency of operational units with multiple in commensurate inputs and outputs. The CCR model proposed
by Charnes et al.[1] and has been extended by Banker et.al [2]. Classic DEA models are ignored in-
ternal activities of decision making units (DMU) and obtained efficiency measurement could not reflect
underlying performance truly .To overcome this pitfall, DEA researches have recently developed various
network approaches by considering intermediate products. In real-world situation, because of incom-
plete or non-obtainable information, the data are often not so deterministic, therefore they usually are
imprecise data such as interval data, hence the DEAmodels becomes a nonlinear programming problem
and is called imprecise DEA (IDEA). In this paper, we introduce a relative efficiency measurement for
two-stage systems with interval data.

2 interval models of DEA

To describe the DEA efficiency measurement, let there are n DMUs with m inputs and s outputs and also
let Xj = (x1j , . . . , xmj), Yj = (y1j , . . . , ysj) are input and output of DMUj ,(j = 1, . . . , n) which Xj and
Yj are nonnegative vectors. The CCR model proposed by Charnes et al. [1] to assess DMUo is:

(P )





maxEo =
∑s

r=1 uryro
s.t.∑m

i=1 vixio = 1∑s
r=1 uryrj −

∑m
i=1 vixij ≤ 0, j = 1, . . . , n.

ur, vi ≥ ϵ, i = 1 . . . ,m, r = 1, . . . , s.

(2.1)

Now consider a two-stage network structure as shown in Figure 1. Stage 1 consumes inputs xij ,i =
1,,m to produce intermediates zdj ,d = 1,, D. Outputs zdj are used as the inputs for stage 2. The
outputs from the second stage are denoted by yrj ,r = 1,, s.

Suppose that for each observed DMUj , its input , outputs and intermediate products are only known
to lie within the upper and lower bounds by [xLij , x

U
ij ], [yLij , yUij ] and [ZL

ij , Z
U
ij ] respectively. In order to
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Figure 1: Two-stage process

assess the upper and lower bounds of efficiency of DMUo, we use the following LP models :

(P )





maxEL
o =

∑s
r=1 ury

L
ro

s.t.∑m
i=1 vix

U
io = 1∑D

d=1 wdz
L
do −

∑m
i=1 vix

U
io ≤ 0, j = 1, . . . , n.∑D

d=1 wdz
U
dj −

∑m
i=1 vix

L
ij ≤ 0, j = 1, . . . , n.∑s

r=1 ury
L
ro −

∑D
d=1 wdz

U
do ≤ 0, j = 1, . . . , n.∑s

r=1 ury
U
rj −

∑D
d=1 wdz

L
dj ≤ 0, j = 1, . . . , n.

ur, vi, wd ≥ ϵ, i = 1 . . . ,m, r = 1, . . . , s, d = 1 . . . , D.

(2.2)

and

(P )





maxEU
o =

∑s
r=1 ury

U
ro

s.t.∑m
i=1 vix

L
io = 1∑D

d=1 wdz
U
do −

∑m
i=1 vix

L
io ≤ 0, j = 1, . . . , n.∑D

d=1 wdz
L
dj −

∑m
i=1 vix

U
ij ≤ 0, j = 1, . . . , n.∑s

r=1 ury
U
ro −

∑D
d=1 wdz

L
do ≤ 0, j = 1, . . . , n.∑s

r=1 ury
L
rj −

∑D
d=1 wdz

U
dj ≤ 0, j = 1, . . . , n.

ur, vi, wd ≥ ϵ, i = 1 . . . ,m, r = 1, . . . , s, d = 1 . . . , D.

(2.3)

Where Eu
o stands for the best possible relative efficiency achieved by DMUo when all DMUs are in the

state of the best production activity. Also El
o stands for the lower bound of the best possible relative

efficiency of DMUo.

3 Proposed method for ranking
In interval efficiency assessment, the final efficiency score of each DMU is characterized by an interval
therefore it is sometimes difficult for decision makers to recognize the relative relations of DMUs. In order
to compare final efficiencies , the efficiency score Eo for DMUo is defines as follows :

Emin ≤ Eo ≤ Emax

Where Emin and Emax are the optimal values of the problems 2.2 and 2.3.Also we define the left utility
function f1 and the right utility function f2 for each DMU as follows :

Eo = f1Emin + f2Emax (3.1)

. Where :

f1 : [Emin, Emax]→ [0, 1]

f1(E) =
Emax − E

Emax − Emin

(3.2)

218



and

f2 : [Emin, Emax]→ [0, 1]

f2(E) =
E − Emin

Emax − Emin

(3.3)

According to definitions, f1 is a decreasing function from 1 to 0 and f2 is a increasing function from 0
to 1 in the domain of Emin and Emax . In General, it intersects each Ei at two points. One at the left
utility function and the other at the right utility function of Ei. From (2.1), Eleft

j = Emin

1−(Emax−Emin)
is the

left intersection point of E and f1. Similarly Eright
j = Emax

1+(Emax−Emin)
is the right intersection of E and f2

. Combining the right and left utilities, one derives the total utility of each interval efficiency score Ei:

Uj =
(Eright

j − Eleft
j + 1)

2
(3.4)

Ranking interval efficiency score Ei is then based on their corresponding total utility values Uj .

4 Numerical Example
We apply proposed model to a numerical example consisting of 10 DMUs. This example consider two
inputs that are characterized by X1 and X2, respectively. The outputs are shown by Y 1 and Y 2. Also
there are two intermediate measures, namely, Z1 and Z2 . The data are provided in Table 1. The results
of the proposed model to the data set are presented and compared with interval efficiencies. The results
are displayed in Table 2.

Table 1: Data for the example.
DMU x1 x2 z1 z2 y1 y2
1 [9,15] [17,20] [32,31] [52,59] [12,19] [22,28]
2 [4,18] [19,21] [38,43] [43,47] [18,22] [13,23]
3 [7,16] [12,27] [34,43] [38,43] [19,24] [18,21]
4 [6,10] [12,22] [40,44] [52,59] [10,15] [12,17]
5 [5,15] [19,23] [52,59] [61,67] [12,22] [11,19]
6 [9,15] [16,23] [82,86] [42,48] [12,18] [22,29]
7 [8,11] [12,28] [38,43] [33,39] [18,21] [13,17]
8 [5,10] [16,26] [49,56] [48,53] [14,24] [18,23]
9 [13,15] [12,23] [32,39] [52,59] [10,19] [12,17]
10 [9,15] [14,28] [34,39] [31,38] [12,18] [11,18]

5 conclusion
In interval DEA , the efficiency score of each DMU is determined as an interval. Therefore we need a
simple, yet practical, approach for ranking efficiency scores. In this paper,the evaluation of the efficiency
scores of two-stage serial systems based on interval data has been considered and a simple approach
is presented.A numerical example have been added at the end of the discussion.
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Table 2: Results for the example.
DMU Stage 1 Stage 2 overall Utility Ranking
1 [0.53,1] [1,1] [0.44,0.95] 0.63 1
2 [0.45,1] [0.61,1] [0.30,0.91] 0.58 4
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4 [0.61,1] [0.37,0.87] [0.26,0.79] 0.52 8
5 [0.57,1] [0.30,0.96] [0.19,0.84] 0.52 8
6 [0.97,1] [0.79,1] [0.35,0.92] 0.61 2
7 [0.34,1] [0.73,1] [0.25,0.88] 0.57 5
8 [0.50,1] [0.58,1] [0.29,0.91] 0.60 3
9 [0.46,1] [0.40,1] [0.19,0.86] 0.53 7
10 [0.27,1] [0.51,1] [0.16,0.85] 0.51 10
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Value at Risk (VaR) models are important part of financial risk management and as a such concerns
especially banks and insurance companies. While improper amount of capital would have negative
impact on entity performance and might even lead to bankruptcy, application of an improper model could
have the same implications. It is therefore natural that there have been many studies. The authors of
the paper in their previous research have tested various type of models using standard approaches.
By contrast here, we adopt an alternative approach to examine the efficiency of available models, the
data envelopment analysis. The results shows some interesting findings and relations among particular
models.
Keywords Market risk; Value at Risk; Model quality; Data Envelopment Analysis

1 Introduction
Market risk constitutes important part of risk profile of financial institutions active at financial markets and
especially those, that are active internationally. Since 1996, also market risk creates capital requirements
– the Basel Accord suggests to measure the market risk to which the portfolio of financial institution is
exposed by internal models based on Value at Risk (VaR), ie. to estimate the left quantile of the probability
distribution of future portfolio returns.

Notwithstanding, a financial institution can use its internal model only if it fulfills prespecified qualitative
and quantitative criteria. It includes, besides others, comparison of recorded failures of the model (ie.
observed loss to the portfolio is higher than estimated VaR) with its assumed number. The procedure of
such comparison is called backtesting since it is performed on a series of past data in a such way that on
a given day t previous n observations are used to estimate the parameters of the model to obtain VaR
for the future. Next, at time t+1, we record 0 if VaR is higher than the true loss and 1 otherwise. This is
repeated over m days to obtain sequence of 1’s and 0’s.

There are available several tests to asses the quality of the model,notwithstanding, it is not clear how
to rank models with different level of complexity and thus time costs.

Recently, with Basel III proposals an alternative measure (cVaR), which takes into account the condi-
tional expected loss, has been considered to replace VaR. However, estimation as well as backtesting of
cVaR is much more complicated, since it crucially depends on returns behaviour in the tails. Moreover,
backtesting procedure should be evaluated on longer series of data rather than on just over one year as
was assumed in Basel I and II.

The aim of our current is to extend our previous results [6] as follows. First, we apply the DEAmethod-
ology (a method that seeks a frontier to envelop data with data acting in a critical role in the process) to
asses which estimation period can be regarded as efficient for a given model. Next, we take into account
the time costs to compare particular models among others. We consider four model types – HS (His-
torical Simulation), GI (stochastic simulation with Gaussian Innovations), NIG (stochastic simulation with
Normal Inverse Gaussian innovations), and AGG (stochastic simulation with AR(1)-GARCH(1,1) model
for volatility and Gaussian innovations). Since cVaR is assumed in Basel III, we consider a whole set of
significance levels of VaR for the left tail of the probability distribution of returns so that as a result we
get more information about whole probability distribution. All models are evaluated for daily data of US
equity index S&P 500 over previous 10 years (2517 backtesting days with starting series of 2000 days

221



for initial estimation).

2 Market risk models
We decided to apply four different kind of models, which we denote as follows: HS (Historical Simulation),
GI (stochastic simulation with Gaussian Innovations), NIG (stochastic simulation with Normal Inverse
Gaussian innovations), and AGG (stochastic simulation with AR(1)-GARCH(1,1) model for volatility and
Gaussian innovations).

HS

Historical simulation has been reported as the most common model for VaR estimation in large commer-
cial banks by several studies, see eg. [1, 2]. Its basic form, which we apply here, estimates VaR at a
given probability level as related quantile calculated from previous n observations. Obviously, in case
that the quantile is not available directly (far tail and short time series), we apply extrapolation procedure
using the two nearest values.

GI

The next two models are based on stochastic (Monte Carlo) simulation. First, standard approach as-
suming that the log-returns are normally distributed (Gaussianity) is applied. That is, we assume as
a process driving the innovations a Wiener process with mean value and variance based on standard
normal distribution N (0, 1) with probability density function fN (x) defined as follows:

fN (x) =
1√
2π
e

−x2

2 . (2.1)

NIG

A quite popular model, which allows to fit also skewness and kurtosis, is NIG model (normal inverse
Gaussian model). NIG model can be defined by the following characteristic function (α > 0,−α < β < α,
δ > 0):

ϕNIG(x, t;α, β, δ) = exp
[
−tδ

(√
α2 − (β + ıx)2 −

√
α2 − β2

)]
. (2.2)

AGG

Finally, we assume a conditional mean model, ie. the time series of log-returns is modelled as follows,

xt = µ0 +
R∑

i=1

µixt−i + σtϵt (2.3)

where µ0 is unconditional mean of the series, µi are autocorrelation coefficients for lag 1 up to R, ϵ is
a random term following the standard normal distribution and σt is standard deviation estimated by the
GARCH model (Bollerslev, 1986), ie. the extension of ARCH model to avoid problematic parameters
estimation:

σ2
t = α0 +

P∑

i=1

αiσ
2
t−i

Q∑

j=1

βiϵ
2
t−i (2.4)

where α0, αi and βj are parameters needed to be estimated. However, for simplicity, we work withR = 1,
P = 1 and Q = 1.
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