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ABSTRACT 

In the present study, the instability of laminar flow of two immiscible fluids is investigated.  The the-

ory of energy gradient is employed for the analysis.  The distributions of energy gradient for various 

viscosity ratios, i.e., ratios of lower viscosity to higher one, are obtained and the results for the onset of 

instability are compared with the available experimental data.  The comparison of the results shows ex-

cellent agreement with the existing experimental data.  It will be also demonstrated that as the viscosity 

ratio decreases the flow becomes more stable even at high Reynolds numbers. 

Keywords: Energy gradient, Instability, Plane Poiseuille flow, Viscosity ratio. 

1.  INTRODUCTION 

The physics of flow transition to turbulence and 

evolution of instabilities is still as the most important 

open problems in classical physics.  For the analysis 

of flow instabilities there is a limited number of theo-

ries such as linear stability analysis, energy method, 

weekly nonlinear method, secondary instability theory 

(Drazin and Reid [1]; Schmid and Henningson [2]), and 

others.   

From the view point of linear stability theory, the 

pipe Poiseuille flow (Hagen-Poiseuille) and plane 

Couette flow are stable for all the Reynolds number 

(Drazin and Reid [1]; Trefethen et al. [3]; Grossmann 

[4]; Schmid and Henningson [2]), while the experi-

ments demonstrated that turbulence occurs when Reyn-

olds number goes beyond 2000 (Patel and Head [5]) for 

former and 370 (Tillmark and Alfredsson [6]; Daviaud 

et al. [7]; Malerud [8]) for later case.  Linear stability 

theory predicts the critical Reynolds number of 5772 

for plane Poiseuille flow, while experiments give 

Reynolds number of order 1000 (Orszag [9]; Gross-

mann [4]).  Hence, the linear stability theory is failed 

to predict critical Reynolds number for the pipe 

Poiseuille flow (Hagen-Poiseuille) and plane Couette 

flow (Drazin and Reid [1]; Schmid and Henningson 

[2]).   

The energy method which uses the Reynolds-Orr 

equation states that temporal interchange of the produc-

tion and dissipation of the disturbance energy in the 

entire flow domain determine whether the flow is stable 

or not.  In other words, the energy method follows the 

temporal variations of the kinetic energy of the flow 

domain for a certain Reynolds number, globally.  It 

should be noted that the transition from laminar to tur-

bulent flow can not be occured suddenly in the entire 

flow domain but it is a locally phenomenon which 

originates from some points in the flow field and smears 

the remained regions gradually (Dou [10,11]).  The 

energy method underestimates the critical Reynolds 

number, e.g., 81.5, 68.7 and 20.7 for pipe Poiseuille, 

plane Poiseuille and plane Couette flows, respectively 

(Drazin and Reid [1]) which have considerable dis-

crepancy with respect to experimental data.  The esti-

mated critical Reynolds number by energy method is 

the minimum Reynolds number below which the kinetic 

energy of any disturbance with finite-amplitude decays 

monotonically (Drazin and Reid [1]).  The kinetic en-
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ergy of the flow field may increase and then decrease 

with the time at a given Reynolds number.  The 

threshold of flow instability may not be satisfied when 

the kinetic energy gives its maximum value.  In fact 

when the disturbance amplitude is not adequately large, 

the flow may keep laminar even at high Reynolds 

number, no matter how large of the increase rate of the 

kinetic energy of the disturbance (Dou [11]).   

Recently, energy gradient theory is utilized by Dou 

[10,12] for analysis of flow instability and transition to 

turbulence in internal flows (Dou et al. [13]; Dou and 

Khoo [14]) as well as boundary layer flows (Dou and 

Khoo [15]).  Recently, this theory is also applied by 

Yan [16] for analysis of laminar to turbulent transition 

of pulsating flow in ocean environment.   

In the present research we choose the plane 

Poiseuille flow of two immiscible fluids as the case 

study problem.  The space between the two parallel 

plates in the plane Poiseuille flow consists of two 

equally spaced layers of fluid each having the same 

density but with different viscosities and velocities as 

shown in Fig. 1. 

The stability of two-layer flows in channels and 

pipes has received considerable attention in the litera-

ture.This is due to the application of these flows to nu-

merous engineering problems, such as the transporta-

tion of crude oil in pipelines (Joseph [17]) and the re-

moval of highly viscous or elasto-viscoplastic material 

adhering to pipes by using fast-flowing water streams 

(Regner et al. [18]). 

Two-layer viscosity-stratified flow has been a topic 

of many theoretical investigations.  Yih [19] used a 

long-wave perturbation analysis to show that two-layer, 

viscosity-stratified plane Poiseuille flow and plane 

Couette flow can be unstable for arbitrarily small 

Reynolds numbers.  The growth rate was found to be 

proportional to 2Re, where  is the dimensionless 

wavenumber and Re is the Reynolds number.  Vis-

cosity stratified flows were studied by many other re-

searchers which can be also found in the scientific liter-

ature (Li [20]; Khomami [21,22]; Tilley et al. [23]; 

Pouliquen et al. [24]; Pinarbasi and Liakopoulosa [25]; 

Boomkamp and Miesen [26]; Gondret and Rabaud [27]; 

Cao et al. [28]; Shankar and Kumar [29]; Vempati et al. 

[30]).  Cao et al. [31] performed a two-dimensional 

simulation of flow instability at the interface of a two- 

layer, density-matched, viscosity-stratified Poiseuille 

flow using a front-tracking/finite difference method.  

They showed that growth rate is proportional to Reyn-

olds number for small Re, and increases with viscosity 

ratio.  Govindarajan [32] presented an extension into 

the finite-miscibility regime of theories for interfacial 

instabilities in two-fluid channel flow.  He indicated 

that the reduction of viscosity ratio causes the instabili-

ties occur at higher critical Reynolds number.  These 

results show that the increasing the viscosity ratio de-

stabilizes the flow which is matched with findings from 

energy gradient theory. 

The theory of energy gradient is used to calculate the 

onset of the instabilities in the plane Poiseuille flow of 

two immiscible fluids.  The results for the location 

 
(a) 

 
(b) 

Fig. 1 (a) Sketch of two immiscible fluids in a chan-

nel and (b) velocity distributions at various 

viscosity ratios 

where the instability tends to start and the relevant val-

ue of the maximum energy gradient ratio (Kmax) at the 

corresponding critical value of the Reynolds number 

(Patel and Head [5]) are compared with the data of 

Nishioka [33] and Dou [10,11].   

This may be misleading that the energy gradient the-

ory can predict the critical Reynolds number.  It is 

observed that although the critical Reynolds number is 

different for shear flows like plane Couette flow, plane 

Poiseuille flow and pipe Poiseuille flow, the critical 

value of Kmax is the same for these flows (Dou [11]).  

It is seen that the critical value of Kmax for all the three 

types of mentioned flows fall within a narrow range of 

370 ~ 389.  This demonstrate that Kmax is really a 

dominating parameter for the transition to turbulence.  

Strictly speaking, energy gradient theory defines a pa-

rameter as a criterion for transition initiation.  The 

derivation of this parameter is elucidated in next sec-

tions.   

The energy gradient theory is derived from a model 

of flow with streamline.  However, the method is not 

specified to limit within the range of shear flow.  Be-

cause the energy gradient theory is derived from the 

Newtonian law of mechanics, and it is compatible to the 

Navier-Stokes equations.  The location of instability 

onset observed from the energy gradient theory is con-

sistent with the experimental data for pipe Poisuille 
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flow and plane Poiseuille flow (Nishi et al. [34]; Nish-

ioka [33]).  

An outline of the paper is as follows.  In section 2 

the energy gradient theory is introduced from the 

mathematical point of view.  Section 3 is devoted to 

the instability analysis of the present case study and 

eventually in section 4 the conclusions are presented.  

2.  MATHEMATICAL INTERPRETATION OF 

ENERGY GRADIENT THEORY  

On the basis of energy gradient theory, the ratio of 

transversal energy exchange between the fluid layers 

and energy loss in streamwise direction determines the 

trend of amplifying or decaying a given disturbance.  

A stability criterion for the half-period of disturbance 

oscillation can be defined as (Dou and Khoo [35]; Dou 

[11]) 

2

2 2
/ Const

E E A H A
F u K

H n s u

                     
 (1) 

and 

 
E H

K
n s

 

 

 (2) 

where E is total mechanical energy of unit volume of 

uid, H is total mechanical energy loss of unit volume of 

fluid due to viscosity in streamwise direction and n and 

s denote the coordinate in transverse and streamwise 

directions, respectively.  A is the amplitude of dis-

turbance in transverse direction,  the frequency of the 

disturbance, u the streamwise velocity of disturbance 

and K denotes the ratio of transverse energy gradient 

and streamwise energy decay gradient.  The derivation 

details of this criterion is represented by Dou [11].  

The criterion (1) states that for a given amplitude of the 

relative disturbance velocity A/u the magnitude of K 

has a significant role in determining the flow stability.   

Consider a fluid tube along a streamline in an in-

compressible flow.  For a unit volume of fluid, energy 

conservation law states that  

 21

2
d p V gz dE dH dW
        
 

 (3) 

where, H is the energy loss per unit volume of fluid in 

streamwise direction and W is the work input per unit 

volume of fluid.  In pressure driven flows with no 

work the streamwise energy loss gradient equals to 

streamwise energy gradient (Dou [11]) 

 
H E
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 (4) 

and in shear driven flows, e.g., Plane Couette flow and 

Couette Taylor flow, the stream-wise energy loss gra-

dient equals to the work done per unit volume per unit 

length (Dou et al. [36]) 

 
H W

s s

 


 
 (5) 

For an incompressible Newtonian fluid apart from 

body forces, the momentum equation in vector form is 

 2p
t

        

V
V V V  (6) 

which can be expressedas 

 2 21
( )

2
p V

t

            

V
V + V V  (7) 

via the following identity 

 
1

= ( )
2

   V V V V V V  (8) 

In Eqs. (6) and (7),  is the fluid density,  the dy-

namic viscosity, V the velocity vector, p the hydrody-

namic pressure and t the time.   

For incompressible flow, the total energy can be 

represented by the total pressure in Eq. (7).  The larger 

the total energy gradient in transverse direction causes 

disturbances to be more excited and amplified and the 

larger energy loss gradient in streamwise direction 

tends to absorb and decay the disturbances and maintain 

the laminar nature of flow field.  The following 

mathematical procedure results in a more expanded 

definition for the parameter K, as defined in equation 2, 

which describes the ratio of energy gradients in trans-

verse and energy loss in streamwise direction.  Con-

sider a differential length along a streamline in a Carte-

sian coordinate system as  

 ds dx dy .   (9) 

Dot multiplying Eq. (7) by ds yields  

2 21
ds ds ds ( ) ds

2
p V

t

                

V
V + V V

  (10) 

Since the last term in Eq. (10) is zero, for the steady 

flows the energy gradient along the streamline is re-

duced to the following equation  

2 2 21 ds
.

2 | ds | s

p V
s t t

                          

V V
V = V

  (11) 

For the steady flow without any work input, the 

streamwise energy gradient equals to the viscous term 

(2
V)s which represents the streamwise energy loss 

due to viscosity.  The transversal energy gradient can 

be directly expressed as  

 21
.

2

p V
p V V

n n n

           
 (12) 
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Hence the nondimensional parameter K, for a steady 

incompressible flow with no external work per unit of 

volume, can be stated as (Dou [11])  

 
2

.
( )s

E E p V
V

n n n nK
H E

s s

   
 

       
  
 

V
 (13) 

When parameter K is small, the gradient of energy 

losses due to friction in the denominator is large enough 

and flow tends to absorb the disturbances and remains 

stable; and for large values of parameter K the gradient 

of the transversal energy exchange between the fluid 

layers in the numerator is large enough and the dis-

turbances have the chance to be amplified and causes 

the onset of instabilities in flow field.  The parameter 

K is a field variable (Dou [10,11]) and locations of its 

extremum value are those points of flow field which are 

capable of onsetting the instability.  Strictly speaking, 

the position of maximum magnitude of K is the most 

susceptible point for instability onset.  

3.  PLANE POISEUILLE FLOW OF TWO 

IMMISCIBLE FLUIDS  

The instability in Poiseuille flows of two immiscible 

fluids is investigated in this section.  For the present 

case the momentum equation for each layer of fluid 

reduces to  
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where indices 1 and 2, as shown in Fig. 1, denote the 

upper and lower fluid layers.  Integrating the above 

equation and applying the suitable boundary conditions  
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as illustrated in Fig. 1 results in the following equations 
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If the Eqs. (16) and (17) are normalized by 0u   

2
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, the nondimensional velocities for each 

layer are as follow  
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where r 1 / 2.  These profiles are shown in Fig. 1. 

In the present study, using Eqs. (13) and (14), pa-

rameter K is as follows  

2
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Since the y-momentum equation for the present prob-

lem is reduced to p / y  0, the magnitude of K is 

simply derived as  
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u
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and for each layer can be expressed as  
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where Re  U2h/1 and 0(2 / 3)U u  is the average 

velocity.  Kmax is simply derived as ( 3 / 6) Re  when 

r approaches 1.  Hence, the Eqs. (22) and (23) can be 

rewritten as  

2

1 max

3 3 1 2

4 1 1

1
2 ,
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y r y r
K K
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where max ( 3 / 6) ReK  .  Figures 2(a) ~ 2(c) show 

the variations of K/Kmax versus y/h for various viscosity 

ratios.  Figures 2(a) ~ 2(c) show that decreasing the 

viscosity ratio gives rise to decreasing the energy gra-

dient ratio to its maximum value, this means that at 
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lower values of the viscosity ratio the flow becomes 

more stable.  On the other hand for larger values of the 

viscosity ratio the flow becomes more unstable and at 

the most value of the viscosity ratio, r  1, the flow 

mostly becomes unstable, the case of typical plane 

Poiseuille flow Fig. 2(a).  Referring to Figs. 2(a) ~ 2(c) 

one can clearly see that in the high viscosity region, due 

to high rate of energy dissipation, decreasing the vis-

cosity ratio causes the maximum value of the energy 

gradient ratio gradually decreases however in the low 

viscosity region the variations of the maximum value of 

the energy gradient ratio approaches to the one in the 

typical plane Poiseuille flow.   

The extremum points which have the capability of 

instability initiation are determined in a straightforward 

manner from the Eqs. (24) and (25), that is 

.
3 2

3(1 ) (3 1)
, 0 ,

2 3(1 )

3(1 ) 2 5 4 9
, 0 .

2 3(1 )

e x

r r
h y h

r
y

r r r r
h h y

r

   
  

               
  (26) 

When r goes to zero the instabilities tend to begin at y  

0.7886h and y0.2113h in the upper layer and y  

0.3660h in the lower layer.  From the other point of 

view, when r approaches 1 the plane Poiseuille flow is 

sustained and the critical points shift to y 0.5773h 

(Dou [10,11]) which is in agreement with the experi-

mental data of Nishioka [33].   

Figure 3 shows the maximum value of the energy 

gradient ratios, Kmax, versus the Reynolds numbers for 

various viscosity ratios.  To compare the parameter 

Kmax and the corresponding critical Reynolds number 

Rec, the condition for the onset of instability, data from 

(Dou [10,11]) and experiments (Patel and Head [5]) are 

used.  When r is equal to 1, the case of plane 

Poiseuille flow, the maximum energy gradient ratio at 

Reynolds number of Rec  1350 gives the value of 389 

which is in agreement with the result given by (Patel 

and Head [5]; Dou [10,11]).  Figure 3 also shows that 

for the lower value of the viscosity ratio the maximum 

energy gradient ratio of 389, the point where the insta-

bility starts, occurs at higher Reynolds number.  The 

data for maximum value of energy gradient ratio at the 

critical Reynolds number and critical points are pre-

sented in Table 1. 

Table 1 Comparison between the available results 

and the present study. 

Study 
Location of instability 

initiation 

Kmax at Rec  1350 

from exp. data of Patel 

and Head [5] 

Dou [10,11] y / h  0.5773 389 

Nishioka [33] y / h (0.5  0.62) 

Present study 

(r  1) 
y / h 0.5773 389 

 

 

 

 

(a) 0.7 ~ 1 

 

(b) 0.3 ~ 0.6 

 

(c) 0.025 ~ 0.2 

Fig. 2 Energy gradient distribution in plane 

Poiseuille flow of two immiscible fluids for 

viscosity ratios 
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Fig. 3  Variations of Kmax vs. Re where Re  U2h/1 

4.  CONCLUSIONS 

The instability of plane Poiseuille laminar flow of 

two immiscible fluids with different dynamic viscosities 

is investigated using the energy gradient theory.  The 

most critical points where the instability is originated 

are obtained and the results show that as the viscosity 

ratio tends to 1 the location of critical points shifts to 

those of plane Poiseuille flow, that is y 0.5773h.  

The experimental work of Nishioka [33] can evidence 

the theory, i.e., the locations of instability onset really 

match the theoretical predictions.  This is a key crite-

rion for the success of the theory.  It is also concluded 

that decreasing the viscosity ratio causes the flow to be 

more stable even at high Reynolds numbers and the 

plane Poiseuille flow of two immiscible fluids is more 

stable than the typical plane Poiseuille flow.  The de-

crease of the viscosity ratio reduces the gradient of the 

total mechanical energy along the transverse direction, 

and decreases the value of the energy gradient function 

in the whole flow field.  Thus, it leads to the flow be-

comes more stable.  Since the energy gradient theory 

is a novel inspiring theory for instability analysis, fur-

ther works can be devoted to analyzing the external 

flows using this theory.   
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