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Abstract In certain applications of statistical process

control, it is possible to model quality of a product or

process using a multiple linear regression profile. Some

methods exist in the literature which could be used for

monitoring multiple linear regression profiles. However, the

performance of most of these methods deteriorates as the

number of regression parameters increases. In this paper,

we specifically concentrate on phase II monitoring of

multiple linear regression profiles and propose a new

dimension reduction method to overcome the dimensional-

ity problem of some of the existing methods. The

robustness, effectiveness, and limitations of the proposed

method are also discussed. Simulation results show that in

term of average run length criterion, the proposed method

outperforms the traditional methods and has comparable

performance with another dimension reduction method in

the literature.

Keywords Average run length . Control chart . Multiple

linear regression profile . Phase II . Statistical process control

1 Introduction

In most statistical process control applications, quality of

a process or product is characterized by a univariate

quality characteristic and monitored by a univariate

control chart. Up to now, a lot of univariate control charts

are developed from the time Dr. Shewhart introduced the

first control chart. The most important univariate control

charts are including Shewhart, exponentially weighted

moving average (EWMA), and cumulative sum

(CUSUM) control charts. Sometimes, quality of a

product or process is characterized by more than one

quality characteristic which are correlated and cannot be

monitored separately. To monitor these quality characteristics,

multivariate control charts such as Hotelling T2, multivariate

EWMA (MEWMA), and multivariate CUSUM are

developed. See for example Montgomery ([11], chapter

10) and review papers by Lowry and Montgomery [6],

Bersimis et al. [2], and Butte and Tang [3] for more

information on multivariate process control charts. The

performance of these traditional multivariate control charts

deteriorates as the number of quality characteristics

increases. Hence, due to dimensionality problem, these

control charts are inefficient in monitoring high-

dimensional and real-time processes. Recently, Zou and

Qiu [19] proposed a new phase II multivariate control

chart, least absolute shrinkage and selection operator
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(LASSO)-based MEWMA control chart to account for

this problem. The proposed approach integrates the

LASSO statistics by Tibshirani [14] which is a variable

selection method in multivariate regression models with

an MEWMA control charts in multivariate statistical

process control. In addition to good properties of

proposed control chart by Zou and Qiu [19] in detecting

various shifts in mean vector of a multivariate quality

characteristic, it can determine the direction of shift as

well and hence it can be used as an effective diagnosis

tool.

Besides univariate and multivariate quality characteristics,

in some applications of statistical process control, quality of a

product or performance of a process is characterized by a

relationship between a response variable and one or more

explanatory variables which is known as profile in the

literature. In some applications, this relationship can be

modeled adequately by a simple linear regression model.

See for example Kang and Albin [4], Mahmoud and Woodall

[9], Woodall et al. [15], Woodall [16], Mahmoud et al. [10],

and Amiri et al. [1] for applications of simple linear profiles

in practice.

However, sometimes more complicated models such as

multiple linear regression profile should be used. There are

some examples in the literature which show the application

of multiple linear regression profiles. For example,

Mahmoud [8] discussed a calibration application at

National Aeronautics and Space Administration Langley

Research Center which was originally discussed by Parker

et al. [13]. In this case study, the replicated calibrations of

a force balance used in wind tunnel experiments are

considered and the relationships between a response

variable and six explanatory variables are modeled by a

multiple linear regression model. Parker and Finley [12]

also discussed a calibration example modeled using

multiple linear regression.

There exist some methods in the literature for monitoring

multiple linear regression profiles in phases I and II. In

phase I, one checks the stability of the process and

estimates the unknown parameters. However, the main

purpose in phase II is to detect out-of-control conditions as

quickly as possible. Mahmoud [8] extended the F method

proposed by Mahmoud and Woodall [9], the likelihood

ratio test (LRT) method proposed by Mahmoud et al. [10],

and two T-squared based methods to monitor multiple linear

regression profiles in phase I. He also discussed that the

performance of T-squared-based methods deteriorates as the

number of explanatory variables increases. To overcome the

dimensionality problem of T-squared-based methods, he

proposed a new method in which one monitors two

parameters regardless of how many regression parameters

are available in the model. There are some methods

available in the literature which can be used for monitoring

multiple linear regression profiles in phase II. For instance,

Zou et al. [18] proposed a MEWMA control chart the

details of which will be discussed in the third section.

Furthermore, the methods such as T2 and EWMA/R

methods by Kang and Albin [4] can be easily used to

monitor multiple linear regression profiles in phase II.

Zhang et al. [17] proposed a control chart based on the

likelihood ratio for monitoring simple linear profiles and

compared their method with the methods proposed by Zou

et al. [18] and Kim et al. [5]. This procedure which uses the

EWMA procedure can be easily developed for monitoring

multiple linear profiles discussed in details in the third

section. Recently, Zou et al. [20] proposed a new method

for phase II monitoring of multivariate multiple linear

regression profiles to overcome the dimensionality

problem in monitoring multivariate profiles. This

method which is the extension of work by Zou and

Qiu [19] uses a LASSO-based MEWMA control chart

(LEWMA) to monitor both regression coefficients and

profile variation. This control procedure can determine

the direction of shifts and capable in detecting various

shifts in parameters. This method can also be used to

monitor multiple linear regression profiles which we

explain in Section 3.

In this paper, we specifically focus on phase II

monitoring of multiple linear profiles. To overcome the

dimensionality problem in multiple linear profiles monitoring,

we propose a new parameter reduction method based on

combining the MEWMA method proposed by Zou et al.

[18] and the method considered by Mahmoud [8]. We

show that proposed method has an acceptable performance

in terms of average run length criterion with respect to the

other existing methods especially when the number of

regression parameters increases.

Multiple linear regression model and its assumptions are

discussed in Section 2. Section 3 presents the MEWMA

method proposed by Zou et al. [18], the LRT method

discussed by Zhang et al. [17] and LEWMA method

proposed by Zou et al. [20]. Our proposed alternative

method is described in Section 4. The performance of the

proposed method is compared to the existing methods in

term of average run length criterion in Section 5. A

discussion about robustness and the limitation of the

proposed method is given in Section 6. Our concluding

remarks are given in the final section.

2 Model and assumptions

Let’s assume that for the jth random sample collected over

time, we have n observations given as xi1; xi2; � � � ; xip; yij; i ¼
1; 2; . . . ; n; where p is the number of explanatory variables.

The relationship between response variable and explanatory
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variables is characterized by a multiple linear regression

model as follows:

yj ¼ Xbj þ ej; ð1Þ

where yj is a n×1 vector of response variables for the jth

sample, X is a n � pþ 1ð Þ matrix of explanatory variables,

βj is a pþ 1ð Þ � 1 vector of regression parameters, and εj is

a n×1 vector of error terms which are assumed to be

independently and identically distributed normal random

variables with mean zero and known variance σ2. In addition,

the X values are assumed fixed and constants for each

sample. The ordinary least square (OLS) estimator of the

vector βj is given as

bbj ¼ XTX
� ��1

XTyj; ð2Þ

3 Existing methods

In this section, we present the MEWMA method developed

by Zou et al. [18] for monitoring multiple linear profiles,

the LRT method proposed by Zhang et al. [17] and

LEWMA method by Zou et al. [20] which can be modified

to monitor multiple linear regression profiles.

Zou et al. [18] proposed a MEWMA control chart for

monitoring general linear profiles. They first define

zj bð Þ ¼ bbj � b

� �
= s ð3Þ

zj sð Þ ¼ 8
�1 F n� pð Þbs j = s

2; n� p
� �� �

; ð4Þ

where bs2
j ¼

1
n�p�1

yj � Xbbj
� �

yj � Xbbj
� �T

, β is a known

in-control vector of regression parameters, 8
�1 :ð Þ is the

inverse of the standard normal cumulative distribution

function, and F(v) is the chi-square cumulative distribution

function with v degrees of freedom. Next they define zj as

zTj bð Þ ; zj sð Þ
� �T

, which is known as a (p+2) variate

random vector. The vector is assumed to follow a

multivariate normal distribution with zero mean vector and

covariance matrix SS ¼ XTX
� ��1

0

0 1

� 	
when the process is in

control. Finally, they define the following MEWMA statistic:

wj ¼ qzj þ 1� qð Þwj�1 j ¼ 1; 2; . . . ; ð5Þ

where w0 is a (p+2) dimensional starting vector and θ is a

smoothing parameter (0<θ<1). The chart signals an out-of-

control condition if

Uj ¼ wT
j S

�1wj > L
q

2� q
; ð6Þ

where, L(>0) is chosen to obtain a specified in-control average

run length (ARL).

Zhang et al. [17] proposed a method based on the

likelihood ratio statistic for monitoring simple linear

profiles. They first subtracted the mean of x values from

each x value to make the parameters estimators indepen-

dent. Since this method is not useful in multiple linear

regression profiles, we use the original x values instead of

the coded ones. Then we extend the method by Zhang et al.

[17] to the multiple linear regression structure. The

likelihood ratio statistic is given by

ELRj ¼ ECj � nlog ESj � n; j ¼ 1; 2; . . . : ð7Þ

where, ECj and ESj are calculated based on the Eqs. 8 and

11, respectively.

ESj ¼ q Sj þ 1� qð ÞES j�1ð Þ; ð8Þ

in which ES0 ¼ 1 and Sj is equal to

Sj ¼
yj � X Ebbj

� �� �T

yj � X Ebbj
� �� �

n
: ð9Þ

In Eq. 9, Ebbj is defined as

Ebbj ¼ qbbj þ 1� qð ÞEbb j�1ð Þ: ð10Þ

ECj ¼ qCj þ 1� qð ÞEC j�1ð Þ; ð11Þ

where, Ebb0 ¼ b;Cj ¼ yj � Xb
� �T

yj � Xb
� �

and EC0 ¼ n.

In Eqs. 8, 10, and 11, θ is defined as the smoothing

parameter with value between 0 and 1. The upper control

limit for the likelihood ratio statistic in Eq. 7 is determined

by simulation to obtain a specified in-control ARL.

By examining the link between the parametric profile

monitoring and multivariate statistical process control, Zou

et al. [20] proposed to apply a variable-selection-based

multivariate control scheme, which was proposed by Zou

and Qiu [19], to the transformations of estimated profile

parameters for a multivariate linear profile model. The

present multiple linear profile model is just a special case of

their multivariate model, say only one response, and thus

their method can be also extended to our problem. To be

more specific, define a series of regression adjustment-type

charting statistics as follows:

Vj;gk ¼
2� q

q

ðwT
j S

�1bmmm
j;gk
Þ
2

bmmmT
j;gk

S�1bmmm
j;gk

; k ¼ 1; . . . ; p þ 1; ð12Þ
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where, wj is defined in Eq. 5, bmmm
j;gk
is the LASSO solution of

arg min
mmm

ðwj � mmmÞTS�1ðwj � mmmÞ þ g
Xpþ1

k¼1

1

w
ðkÞ
j









mmmðkÞ


 

; k ¼ 1; . . . ; p þ 1;

ð13Þ

at transition points fg0; g1; :::; gkgin which the corresponding

active set contains exactly k elements. Here a(i) denotes the

ith component of a vector a. They suggested combining all

these testing statistics into one charting statistic by taking the

maximum of their standardizations, that is,

Qj ¼ max
k¼1;:::;pþ1

Vj;gk � EðVj;gk Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðVj;gk Þ

p ; ð14Þ

and the proposed chart signals if Qj exceeds the upper

control limit which is computed to obtain a specified in-

control ARL. Note that the expected value and variance of

Vj;gk in Eq. 14 can be approximately computed through

simulation runs. Their method is capable of determining the

shift direction automatically based on observed profile data,

and thus it offers a balanced protection against various profile

shifts. Hence, it is also used as a benchmark in this paper.

4 An alternative method

The first two methods discussed in the previous section

have dimensionality problem and as the dimension of

coefficients vector increases, the performance of the

methods get worse. As explained in the introduction

section, Mahmoud [8] proposed a method to reduce the

number of profile parameters in phase I monitoring of

multiple linear regression. In the proposed method, one

monitors the parameters of a simple linear regression

including intercept, slope, and standard deviation regardless

of the number of explanatory variables in a multiple

linear regression model. We use this idea to overcome

the problem of high dimensionality in the existing

methods and extend a new method combining the idea

by Mahmoud [8] and MEWMA method by Zou et al. [18]

to monitor multiple linear profiles in phase II. The idea

discussed by Mahmoud [8] changes the structure of

multiple linear regressions to simple linear regression.

Hence, the dimension of regression parameters decreases

from ðpþ 1Þ � 1 to ð2� 1Þ . In the proposed method, we

first fit the following model to profile dataset at time j:

y1j
y2j

..

.

ynj

2

6664

3

7775 ¼

1 u1
1 u2

1 ..
.

1 un

2

6664

3

7775
A0j

A1j

� 
þ

"1j
"2j

..

.

"nj

2

6664

3

7775 ð15Þ

where, ui ¼ EðyiÞand is equal to b0 þ b1x1i þ � � � þ bpxpi.

A0j and A1j are estimated for each profile by using the OLS

estimators. It should be noted that the OLS estimators of

A0j and A1j are linear functions of the corresponding

response values. Since response variables are correlated,

the estimators for the parameters are correlated and cannot

be monitored separately.

After fitting the model in Eq. 15 to each sample, similar

to the method proposed by Zou et al. [18], the estimated

parameters are written as

baj ¼ ðbA0j; bA1j; zjðsÞÞ
T ; ð16Þ

where, zj(σ) is computed by using Eq. 4. When the process

is in statistical control, the expected value and variance–

covariance matrix for bajare as given as

EðbajÞ ¼ ð0; 1; 0ÞT ð17Þ

and

X
baj ¼

P
bA0j;bA1j

0

0 1

� 	
ð18Þ

, respectively. It can be shown that
P
bA0j;bA1j

is a 2×2 matrix

and equals to ½U TU ��1
s2, where U is n×2 matrix of new

explanatory variable. Finally, we use the following

MEWMA statistic to monitor the vector of parameters

shown in Eq. 16:

wj ¼ qbaj þ ð1� qÞwj�1; ð19Þ

where, w0 ¼ ð0; 1; 0ÞT . The upper control limit for this

statistic is computed as

Uj ¼ wT
j

X�1

baj wj > L
q

2� q
; ð20Þ

where, L(>0) is chosen to obtain a specified in-control

ARL.

5 Simulation results

In this section, we compare ARL performance of the

proposed method and the existing ones discussed in the

previous section. These methods are referred to as

MEWMA method, the method proposed by Zou et al.

[18]; LRT method, the likelihood ratio method by Zhang et

al. [17]; LEWMA method, the method by Zou et al. [20],

and the proposed method. All the control charts are

designed to have in-control ARL of approximately 200.

The value of smoothing constant θ in all the EWMA
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control charts is set equal to 0.2. In the simulation

studies, each ARL value is estimated using 5,000

replications. The initial underlying model considered in

the simulation study uses b0 ¼ 3; b1 ¼ 2; b2 ¼ 1, and

b3 ¼ 1, i.e., Y ¼ 3þ 2x1 þ x2 þ x3 þ ", where the transpose

of x values matrix is

X T ¼

1 1 1 1 1 1 1 1

2 4 6 8 2 4 6 8

1 4 3 2 1 4 3 2

1 3 2 4 1 3 2 4

2

664

3

775

In other words, we consider p=3 and n=8 in our

simulations. The error terms are independent normal

random variables with mean zero and known variance of

σ2=1.

For MEWMA method, the value of L is set equal to 15.8

to achieve an in-control ARL of roughly 200. The upper

control limit for LRT method is set equal to UCL=2.61 to

give an in-control ARL of approximately 200. The upper

control limit for LEWMA chart is set equal to 4.398 to

achieve an in-control ARL of roughly 200. Finally, the

value of L in proposed method is set equal to 11.9 to

achieve an in-control ARL of approximately 200. Different

shifts are considered in the simulation studies. In order to

investigate the effect of an increase in the value of p, we

repeat our simulations with p=5 and n=8. The new

underlying model considered in the simulation runs uses

b0 ¼ 3; b1 ¼ 2; b2 ¼ 1; b3 ¼ 1; b4 ¼ 1, and b5 ¼ 1, i.e.,

Y ¼ 3þ 2x1 þ x2 þ x3 þ x4 þ x5, where the transpose of x

values matrix is

X T ¼

1 1 1 1 1 1 1 1

2 4 6 8 2 4 6 8

1 4 3 2 1 4 3 2

3 3 2 4 1 3 3 4

2 1 2 4 6 8 2 4

3 2 1 4 3 2 2 3

2

6666664

3

7777775

To achieve an in-control ARL of approximately 200

in this simulation study, the value of L For MEWMA

method is set equal to 19.2, the upper control limit for

LRT method is set equal to UCL=3.456, the upper

control limit for LEWMA chart is set equal to 4.550

and finally, the value of L in proposed method is set equal

to 11.88.

Similarly, the error terms are assumed independent

normal random variables with mean zero and known

variance s2 ¼ 1. To investigate the effect of sample size

on the performance of the methods, we also repeat

simulation runs with p=5 and n=12. The transpose of x

values matrix used in our simulation study is as follows:

X T ¼

1 1 1 1 1 1 1 1 1 1 1 1

2 4 6 8 2 4 6 8 2 4 6 8

1 4 3 2 1 4 3 2 1 4 3 2

3 3 2 4 1 3 2 4 1 3 2 4

2 1 2 4 6 8 2 4 6 8 2 1

2 3 1 4 3 2 1 4 3 2 2 3

2

6666664

3

7777775

Setting the value of L For MEWMA method equals to

19.2, the upper control limit for LRT method equals to

UCL=3.42, the upper control limit for LEWMA chart

equals to 4.492 and finally, the value of L in the proposed

method equals to 11.9 leads to achieve an in-control ARL

of roughly 200.

Table 1 shows the out-of-control ARL values for

different shifts in β0 in units of σ under different scenarios

we explained former. The above part of Table 1 shows that

the LEWMA method performs uniformly better than all

methods for the shifts considered in the study. Our proposed

method is also better than the other two methods. As shown

in the middle part of Table 1, when the value of p increases

to 5, the performance of MEWMA and LRT methods get

worse in detecting shifts in the regression coefficients. This

is due to the dimensionality problem of these methods. On

the other hand, the performance of the proposed method

and LEWMA is nearly the same as the previous case

with p equals to 3. The last part of Table 1 shows that as

the sample size increases, the performance of all methods

gets better.

Table 2 shows the out-of-control ARL values for

different shifts in β1 in units of σ under different scenarios

we discussed former for shifts in β0. As shown in the above

part of this table, the LEWMA method outperforms the

other methods and the proposed method is uniformly

better than MEWMA and LRT methods. Similar results

(not reported here) are obtained for shifts in β2 and β3.

As the number of parameters or the sample size increases,

similar results to the results of shifts in β0 are obtained for

β1. The results under different p and n values are

summarized in the second and third parts of Table 2.

Table 3 shows the out-of-control ARL values for shifts in

the standard deviation from σ to γσ. Table 3 shows that the

proposed method performs uniformly better than the other

methods under different scenarios considered in this

simulation study. The LEWMA method, which performs

better than the other methods in detecting shifts in the

regression coefficients, is the worst one with respect to

change in σ. Because under this kind of shift, the

distributions of the components of wj would all change

Int J Adv Manuf Technol (2012) 58:621–629 625
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and charting performance would not be benefited from

using variable selection techniques. As the number of

parameters increases, the performance of all methods

except the proposed method deteriorates. Meanwhile,

increasing the number of samples improves the performance

of all methods as usual.

We also investigate two cases in which there are

simultaneous shifts in two parameters of regression line.

In the first case, we consider simultaneous increasing shifts

in both β0 and β1. The out-of-control ARL values for this

case are reported in Table 4. However, in the second case,

an increasing shift in β0 as well as a decreasing shift in β1
are considered and the results are presented in Table 5. As

shown in Tables 4 and 5, for simultaneous shifts in the

coefficients of regression lines, the proposed method and

LEWMA method perform better than the other two

methods. The LEWMA and the proposed method have

comparable performances and we have no unified conclu-

sion that which one is better.

Generally, we can conclude that both LEWMA and

proposed methods are suitable methods respect to tradi-

tional methods when the number of regression parameters

is large. In comparison between LEWMA and proposed

method, although the performance of the LEWMA method

in detecting shifts in regression coefficients is better than

the proposed method but the difference is not significant.

On the other hand, the proposed method outperforms the

LEWMA method in shift in standard deviation. Moreover,

Table 2 The simulated out-of-control ARL values under the shifts from β1 to β1+l1σ

p=3, n=8

l1 0 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0. 20

MEWMAmethod 204.8 99.6 34.6 16.1 9.5 6.7 5.1 4.2 3.6 3.1 2.8

LRT method 202.1 103.2 36.9 17.5 10.7 7.6 5.8 4.7 3.9 3.3 2.9

LEWMA method 201.1 78.9 25.6 12.1 7.5 5.4 4.2 3.5 3.0 2.7 2.4

Proposed method 203.8 86.5 28.6 13.4 8.1 5.9 4.5 3.7 3.2 2.8 2.5

p=5, n=8

MEWMAmethod 203.4 109.7 40.2 17.5 10.4 7.2 5.6 4.6 3.9 3.4 3.0

LRT method 203.8 115.0 42.4 20.0 12.1 8.6 6.7 5.3 4.5 3.8 3.4

LEWMA method 200.6 83.2 27.1 12.6 7.9 5.6 4.4 3.6 3.1 2.7 2.5

Proposed method 201.8 91.3 30.4 14.3 8.7 6.2 4.8 4.0 3.3 2.9 2.6

p=5, n=12

MEWMAmethod 205.4 86.8 26.6 12.1 7.5 5.4 4.3 3.6 3.1 2.7 2.5

LRT method 202.6 90.5 29.9 14.4 8.9 6.4 5.0 4.1 3.4 3.0 2.6

LEWMA method 201.7 62.4 18.3 8.9 5.8 4.3 3.4 2.9 2.5 2.2 2.1

Proposed method 201.1 69.8 21.5 10.2 6.5 4.7 3.8 3.2 2.7 2.4 2.2

p=3, n=8

l0 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

MEWMAmethod 204.8 41.4 11.1 5.8 4.0 3.1 2.6 2.2 2.0 1.9 1.7

LRT method 202.1 44.4 12.4 6.5 4.4 3.3 2.6 2.1 1.8 1.5 1.3

LEWMA method 201.1 29.9 8.7 4.8 3.4 2.6 2.2 1.9 1.8 1.5 1.3

Proposed method 203.8 33.1 9.3 5.1 3.6 2.8 2.3 2.0 1.9 1.7 1.5

p=5, n=8

MEWMAmethod 203.4 45.3 12.0 6.4 4.3 3.4 2.7 2.4 2.1 2.0 1.9

LRT method 203.8 50.7 14.1 7.5 5.0 3.8 3.0 2.4 2.1 1.8 1.6

LEWMA method 200.6 30.6 8.9 4.9 3.4 2.7 2.2 2.0 1.8 1.6 1.3

Proposed method 201.8 33.2 9.3 5.1 3.6 2.8 2.3 2.0 1.9 1.7 1.4

p=5, n=12

MEWMAmethod 205.4 31.4 8.7 4.8 3.4 2.7 2.3 2.0 1.9 1.7 1.5

LRT method 202.6 36.0 10.1 5.6 3.9 2.9 2.3 1.9 1.7 1.4 1.2

LEWMA method 201.1 20.9 6.5 3.8 2.7 2.2 1.9 1.7 1.4 1.2 1.0

Proposed method 201.1 22.5 6.8 3.9 2.8 2.3 2.0 1.8 1.5 1.3 1.1

Table 1 The simulated

out-of-control ARL values

under the shifts from

β0 to b0 þ l0s
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when the number of parameters increases, the performance

of LEWMA method respect to the proposed method in

detecting shift in standard deviation deteriorates. On the

other hand, it is worth pointing that designing a LEWMA

control chart involves more computational efforts and thus

the proposed method is a reasonable alternative for linear

profile processes by taking its convenience and robustness

into account.

p=3, n=8

γ 1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0

MEWMAmethod 204.8 58.6 21.9 11.7 7.8 5.8 4.6 3.9 3.3 2.9 2.6

LRT method 202.1 62.0 20.5 10.4 6.8 5.0 3.9 3.2 2.8 2.4 2.1

LEWMA method 201.1 59.8 22.6 12.1 8.0 5.9 4.7 3.9 3.3 2.9 2.7

Proposed method 203.8 50.7 17.0 9.2 6.4 4.7 3.8 3.2 2.9 2.5 2.3

p=5, n=8

MEWMAmethod 203.4 61.3 26.4 14.3 9.6 7.0 5.6 4.6 3.9 3.4 3.0

LRT method 203.8 65.3 22.5 11.6 7.4 5.4 4.3 3.5 3 2.6 2.3

LEWMA method 200.6 71.2 30.0 16.7 10.9 7.9 6.2 5.1 4.3 3.7 3.3

Proposed method 201.8 50.0 17.2 9.4 6.3 4.8 3.8 3.2 2.8 2.5 2.3

p=5, n=12

MEWMAmethod 205.4 47.9 16.6 9.1 6.2 4.6 3.8 3.2 2.8 2.5 2.2

LRT method 203.8 53.6 17.0 8.6 5.7 4.2 3.4 2.8 2.4 2.1 1.9

LEWMA method 201.7 52.1 17.6 9.5 6.3 4.8 3.9 3.3 2.8 2.5 2.3

Proposed method 202.6 37.2 12.0 6.8 4.6 3.6 3.0 2.6 2.3 2.0 1.8

Table 3 The simulated out-of-

control ARL values under the

shifts from σ to +σ

Table 4 ARL comparisons under combinations of intercept and slope

shifts from β0 to β0+l0σ and β1 to b1 þ l1s p ¼ 3; n ¼ 8ð Þ

MEWMA method l1

LRT method 0.02 0.04 0.06 0.08 0.10

LEWMA method

Proposed method

l0 0.2 18.4 10.6 7.2 5.5 4.5

20.5 11.8 8.2 6.1 4.9

13.7 8.2 5.8 4.5 3.7

15.3 8.8 6.3 4.8 4.0

0.4 7.7 5.7 4.6 3.9 3.4

8.5 6.5 5.1 4.2 3.6

6.1 4.7 3.8 3.2 2.8

6.6 5.1 4.1 3.5 3.0

0.6 4.7 3.9 3.5 3.0 2.7

5.3 4.4 3.7 3.2 2.8

3.9 3.3 2.9 2.6 2.3

4.2 3.5 3.1 2.7 2.5

0.8 3.5 3.1 2.8 2.5 2.3

3.8 3.2 2.9 2.5 2.3

2.9 2.6 2.4 2.2 2.0

3.1 2.7 2.5 2.3 2.1

1.0 2.8 2.6 2.4 2.2 2.1

2.9 2.6 2.3 2.1 1.9

2.4 2.2 2.1 1.9 1.8

2.5 2.3 2.2 2.0 1.9

Table 5 ARL comparisons under combinations of intercept and slope

shifts from β0 β0 to β0+l0σ and β1 to b1�l1s p ¼ 3; n ¼ 8ð Þ

MEWMA method l1

LRT method 0.02 0.04 0.06 0.08 0.10

LEWMA method

Proposed method

l0 0.2 101.5 122.0 54.8 23.5 12.4

104.3 127.5 58.9 26.2 13.8

89.0 137.9 49.6 18.9 10.2

88.2 110.4 47.8 19.6 10.5

0.4 18.2 34.9 57.3 50.5 28.0

20.4 37.6 59.7 53.1 30.7

14.6 30.0 62.9 59.3 28.1

15.1 28.4 47.5 43.4 23.5

0.6 7.6 10.6 15.9 23.1 28.0

8.7 11.9 17.5 25.8 31.0

6.3 8.8 13.9 23.8 32.8

6.6 9.0 13.4 19.7 23.8

0.8 4.7 5.8 7.2 9.4 12.3

5.3 6.4 8.2 10.7 14.1

4.0 4.9 6.3 8.5 12.1

4.2 5.0 6.3 8.2 10.5

1.0 3.5 4.0 4.6 5.5 6.6

3.8 4.3 5.1 6.2 7.4

3.0 3.4 4.0 4.8 6.1

3.1 3.5 4.1 4.9 5.8
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6 Discussion about robustness of the proposed method

In this section, we discuss about the robustness of the

proposed method through the calculation of non-centrality

parameter of the charting statistic in Eq. 20. As zj(σ) is a

scale estimate, it is not straightforward to have a formal

analysis. For simplicity, we consider the change in β. The

proposed charting statistic can be written as follows:

Uj ¼
1

s2
sTj ðU

TUÞsj þ v2j ; ð21Þ

where

sj ¼ ð1� qÞsj�1 þ q½ðbA0j
bA1jÞ � ð0 1Þ�T ; ð22Þ

and

vj ¼ ð1� qÞvj�1 þ qzjðsÞ: ð23Þ

When the intercept or regression coefficients change, the

distribution of v2j is not affected and thus we only need to

analysis the quadratic form 1
s2 s

T
j ðU

TUÞsj, which can be

regarded as a 2-D MEWMA control chart. As Lowry et al.

[7] and Zou et al. [18] pointed out that the OC performance

of this type of MEWMA chart relies only on the non-

centrality parameter, it remains to calculate

d2 ¼
1

s2
ET
b1
ðrjÞðU

TUÞEb1ðrjÞ; ð24Þ

where we denote rTj ¼ ðbA0j
bA1jÞ � ð0 1Þ: Let U1 denote the

covariate matrix with OC parameter β1, say ((1,Xβ1). It

can be easily seen that

d2¼
1

s2
eT2 ½ðU

TUÞ�1ðUTU1Þ�I2�
T ðUTUÞ½ðUTUÞ�1ðUTU1Þ�I2�e2;

ð25Þ

where e2 ¼ 0; 1ð ÞT and I2 is the 2-D identity matrix.

Intuitively speaking, 1
s2 s

T
j ðU

TUÞsj is a chi-square distribu-

tion with 2df and non-centrality parameter δ2 which reflects

the OC performance. Hence, as½ðUTUÞ�1ðUTU1Þ � I2�
deviates from 0 more, the proposed method has better

performance. As long as the δ2 is the same, the charting

performances would be similar regardless of what n and p is.

Note that our proposed method requires the values of

covariates and their coefficients are of similar magnitude

in certain degree. Considering a case in which one of the

covariates has much smaller magnitude than the others.

When its corresponding coefficient occurs, a moderate

change relative to the standard deviation of its least

square error estimate U1 may be very close to U and

consequently δ2 may not be large enough to give a quick

detection signal. This problem is inherited from this point

that the chosen direction is just the original linear

combination of covariates and this is some kind of

limitation of the proposed method.

7 Conclusions

In this paper, we proposed a new dimension reduction

method to monitor multiple linear regression profiles in

phase II and compared performance of the method with

three existing methods proposed by Zou et al. [18], Zhang

et al. [17], and Zou et al. [20]. Simulation studies showed

that the LEWMA and the proposed methods perform

better than the other two methods in terms of average

run length criterion especially when the number of

regression parameters increases. In addition, the perfor-

mance of LEWMA method in detecting shifts in the

regression parameters is a bit better than the proposed

method. However, the performance of the LEWMA

method is worse than the proposed method in detecting

shift in standard deviation and this difference would be

significant as the number of regression parameters

increases. Furthermore, applying the proposed method

is easier than the LEWMA method in practice. Hence,

due to the effectiveness and convenience application of

the proposed method, it can be a suitable method for

monitoring multiple linear regression profiles.
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