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Abstract 

Control charts are the most popular monitoring tools used to distinguish between special (assignable) and 

common causes of variation and to detect any changes in processes. The time that a control chart gives an 

out of control signal is not the real time of change. The actual time of the change is called the change 

point. Knowing the real time of the change will help and simplify finding the assignable causes of the 

signal which may be the result of a shift in the process mean or change in process variability. In this paper 

we propose a simple change point estimator based on clustering approach for estimating the time of a step 

change in a multivariate process when the observations follow a multivariate normal distribution. The 

performance of the proposed estimator is assessed through computer simulations. The results show that 

our proposed estimator performs as effective as the existing maximum likelihood estimator proposed by 

Nedumaran and Pignatiello [1]. 
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1. Introduction 

Control charts are effective and profitable tools for monitoring processes. In some processes, multiple 

correlated quality characteristics are of interest. In these cases, multivariate control charts are used for 

monitoring processes. Control chart helps us to detect changes in a process with issuing an out-of-control 

signal. The time in which the control chart gives out-of-control signal, is not the real time of the change 

and control chart shows the change with delay which depends on the size of the shift. The real time of the 

change in the process is called Change Point.  
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Knowing the exact time of the change, leads to easier detection of change cause by limiting the scope of 

time within which searching for the change cause is done. Change point estimation also reduces the 

dependency of searching to process engineer's expertise and knowledge which leads to cost reduction. 

Several change point estimators are proposed for different processes and change types considering 

different approaches including Maximum Likelihood Estimation (MLE), Cumulative Sum (CUSUM) 

control chart, Exponentially Weighted Moving Average (EWMA) control chart, Artificial Neural 

Network (ANN), Clustering and etc. Ghazanfari et al. [2] proposed a clustering technique for estimating the time 

of a step shift in mean of both normal and non normal processes monitoring by shewhart control charts. The 

proposed approach does not depend on the true values of parameters and distribution of the process.  

In the case of processes with multiple quality characteristics Nedumaran and Pignatiello [1] have 

developed a change point Maximum likelihood estimator for sudden step changes in mean of multivariate 

normal processes when the process is monitored by control chart. Ahmadzadeh [3] have developed a 

change point estimator for multivariate normal processes using artificial neural network in the case in which step 

change occurs and the process is monitored by MEWMA control chart. Noorossana et al. [4] have proposed an ANN 

method for change point estimation in multivariate processes. (See also Atashgar and Noorossana [5]). Zarandi and 

Alaeddini [6] have proposed an estimator for step change in the process which is applicable for multivariate cases 

too.   

In this paper, we proposed a clustering method for estimating the change point of a multivariate normal 

process in Phase II. Then we compare the proposed method with maximum likelihood estimator (MLE) 

proposed by Nedumaran and Pignatiello [1] by simulation studies. The structure of the paper is as follows: 

Section 2 describes the model of multivariate normal process. The proposed clustering method is 

illustrated in section 3. Performance of the proposed method is assessed and compared with MLE method 

by Nedumaran and Pignatiello [1] in section 4. Our concluding remarks are given in the final section. 

 

2. Multivariate normal process model 

Suppose that a  control chart is applied for monitoring a multivariate process. In this case , , … ,  is a p × 1 vector which shows observations of p characteristics in subgroups of size 

n.  's are independent, identically distributed and follow a p-variate normal distribution with mean 

vector  and covariance matrix ∑ .  is the average vector of ith subgroup. 1/ ∑                                                          (1) 

And the statistic ∑                                           (2) 

has a chi-square distribution with p degrees of freedom (Montgomery [7]). This statistic is plotted on 

control chart with the upper limit of ,  where α is probability of false alarm. 
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In unknown time τ, the process goes out-of-control and the mean changes from  to  

where . We assume that , , … ,  are averages of in-control observations and , , … ,  come from an out-of-control condition. The process remains out-of-control until 

change cause detection. Also it is assumed that the covariance matrix does not change over time. 

 

3. Proposed clustering method 

The clustering method is a pattern classification and grouping method in which we can separate similar 

data to different groups called clusters. Each cluster has specific characteristics which demonstrate most 

of including data specifications. SPC tools have some characteristics that make clustering method 

applicable for change point detection (Ghazanfari et al. [2]). There are two distinctive states in SPC, the 

in-control state and out-of-control state which can be considered as in-control and out-of-control clusters. 

Also an observation in SPC is named as an out-of-control observation due to it's similarity to out-of-

control state and difference from in-control state. Figure 1 illustrates the clustering and SPC concepts 

simultaneously. 

 

Figure 1. Simultaneous illustration of in-control and out-of-control states and related clusters 

 

Assume that the control chart gives an out-of-control signal in the time t. we are intended to find τ, the 

real time of the change, where the mean of process shifts from  to . For this purpose, as shown in the 

figure above, two clusters including in-control and out-of-control clusters are considered. All observations 

before τ belong to the in-control cluster and the rest should be place in out-of-control cluster. In order to 

find the change point, first an index is proposed. The index is calculated for all possible combinations of 

observation's assignment to each of the in-control and out-of-control clusters. The point in which the 

proposed index is optimized, introduces the change point.  

The classified observations in each cluster should have the most possible similarity to cluster's 

characteristics (in-control and out-of-control characteristics). So the within variation of two clusters 
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should have the minimum value to reach the best classification of the observations. A cluster within 

variation shows the distance of samples from their clusters sample and is defined as  

  ∑ ∑ ∑ ∑ ,               (3) 

where the  is the ith sample and ∑  is covariance matrix of the process. 

 ∑ ⁄  is the center of the out-of-control cluster and Cin is the center of the in-control 

cluster and is equal to mean vector µ0. 

When this index has the minimum value, it means that the observations are assigned to the most proper 

cluster. So the change point is the t in which this index is minimized. 

 

4. Performance evaluation 

In this section the Monte Carlo simulation is used for evaluating performance of the proposed method. It 

is assumed that observations are driven from a bivariate normal distribution as an in-control process. 100 

subgroups of samples with 1 observation (n=1) are generated randomly from the in-control process. If the 

 statistic of a subgroup exceeds the UCL, the subgroup is replaced with a new one to generate 100 in-

control observations. It is assumed that the real change point is the point t=100. Hence, after the point 

t=100 the mean of process is shifted from  to  where the shift size of λ is defined as ∑                                                      (4) 

From the point 101, the samples are randomly generated from the out-of-control process until the out-of-

control signal ( statistic exceeds the UCL). Then the change point is estimated with the proposed index. 

This procedure is repeated 10000 times for different size of λ (λ=1, 1.5, 2, 2.5 and 3). The results of 

simulations of the proposed method in comparison with the MLE method by Nedumaran and Pignatiello 

[1] are shown in Tables 1 and 2.   

 

Table 1. Average and standard error of change point estimates for τ = 100 using clustering and MLE 

methods  

λ 1.0 1.5 2.0 2.5 3.0 

E(T) 167.34 123.34 109.41 104.51 102.57 

Clustering 
̂ 100.03 99.88 99.79 99.66 99.58 

Std. Error  0.0810 0.0544 0.504 0.0420 0.0378 

MLE 
̂ 100.37 100.09 99.87 99.75 99.74 

Std. Error 0.0782 0.0384 0.340 0.0333 0.0275 
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Table 2. Empirical distribution of ̂ around τ using clustering method and MLE 

λ 
1.0 1.5 2.0 2.5 3.0 

Clustering MLE Clustering MLE Clustering MLE Clustering MLE Clustering MLE ̂  0.26 0.25 0.45 0.43 0.62 0.61 0.73 0.72 0.82 0.82 | ̂ | 1  0.45 0.46 0.70 0.68 0.82 0.83 0.90 0.90 0.94 0.95 | ̂ | 2  0.62 0.59 0.80 0.79 0.92 0.92 0.95 0.96 0.97 0.98 | ̂ | 3  0.69 0.67 0.88 0.86 0.95 0.95 0.96 0.98 0.98 0.98 | ̂ | 4  0.75 0.74 0.91 0.91 0.96 0.97 0.98 0.98 0.99 0.99 | ̂ | 5  0.80 0.78 0.94 0.94 0.98 0.98 0.99 0.99   | ̂ | 6  0.83 0.82 0.97 0.96 0.98 0.99     | ̂ | 7   0.87 0.85 0.97 0.97 0.99 0.99     | ̂ | 8   0.88 0.88 0.98 0.98       | ̂ | 9   0.90 0.90 0.99        | ̂ |10   0.92 0.91         | ̂ 15   0.96 0.96         

 

Table 1 shows that the proposed clustering method can effectively estimate the change point near the 

actual change point τ = 100. For example when λ=1, the  control chart signals the out-of-control 

situation at the point T=167.37 while the change point is estimated equal to 100.03.  

Table 2 shows that the proposed clustering estimator performs better than MLE method in small shifts. 

However, in shifts greater than 1.5, MLE method estimates the change point closer to actual change point 

than the proposed method.  

Generally, it can be implied that not only the proposed method can estimate the change point as effective 

as MLE method, but also it has better performance in the smaller shifts. So the quality practitioners can 

use the clustering based estimator for estimating the real time of small shifts in bivariate normal 

processes. 

 

5. Conclusions 

In this paper, we proposed a change point estimator based on clustering approach for identifying the time 

of a step change in multivariate normal processes. The time in which the  control chart signals the out- 

of-control situation is not the real time of the change and the control chart detects the change with delay. 

Detection of the cause of the change is depended on knowing the real time of the change. Process 

engineer can find the specific cause of the change using the proposed estimator. Also the performance of 

this estimator evaluated by Monte Carlo simulation and compared with the performance of MLE method. 

The results showed that the proposed method estimates the change point as effective as MLE method. 
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