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Abstract: Suppose that n is a positive integer and (n, ϕ(n)) = 1. Using concept of
solvable finite groups, we prove that, if every eigenvalue of the adjacency matrix of
vertex-transitive graph of order n is simple, then the graph is isomorphic to a circulant
graph of order n.
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1. Introduction

For any natural number n, we use Zn to denote the additive cyclic group of integers

modulo n. For any set S of integers, let Cay(Zn;S) be the digraph whose vertex set

is Zn, and in which there is an arc from vi to vj , whenever viv
−1

j ∈ S. A digraph

is circulant if it is (isomorphic to) Cay(Zn;S), for some choice of n and S.

The adjacency matrix A = A(Γ) of a labelled digraph Γ is the n×n matrix [aij ]

with aij = 1 if vi vj is an arc of Γ and 0 otherwise. The characteristic polynomial

of Γ is written as

p(Γ) = p(Γ, x) = det(xI − A) =
n∑

i=0

aix
n−i.

The sequence λ0, ..., λn−1 of the roots of p(Γ) is called the spectrum of Γ, denoted

by Spec(Γ). In general, Spec(Γ) contains both real and complex eigenvalues. The

spectrum of circulant digraph is given by [1,4]

Spec(Γ(Zn, S)) = (λ0, ..., λn−1),

where λr =
∑

s∈S ωrs
n with 0 6 r 6 n − 1 and ωn = e2πi/n. Note that {ωr

n : 0 6 r 6

n − 1} are all (complex) solutions of the equation xn = 1, and they are called the

nth roots of unity.
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The isomorphism problem for circulant graphs has been extensively investigated

and studied over the past 30 years, by some mathematicians and there are some

unsolved problems about them [1,3]. The methods used in this area range from group

theory, including the solvable finite group, through to algebraic graph theory.

2. Main Results

Before stating our main theorem, we will mention some well-known Lemma about

automorphisms of a graph, which can be found in [1].

Lemma 1. If all of the eigenvalues of adjacency matrix Γ are simple, then every

elements Aut(Γ) are of order 2.

Corollary 2. With the assumption in Lemma 2.1, Aut(Γ) is nilpotent, therefore it

should be solvable.

In this case, the graph is called solvable graph.

Theorem 3. [2] Let n be positive integer with condition gcd(n, ϕ(n)) = 1. A vertex-

transitive graph Γ of order n is isomorphic to a circulant digraph of order n if and

only if there exists a solvable subgroup of Aut(Γ).

Theorem 4. With the assumption in Theorem 2.1, if all of the eigenvalues of

adjacency matrix of related to graph Γ are simple, then the graph Γ, isomorphic to

a circulant digraph of order n.
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