
ORIGINAL ARTICLE

Identifying the time of step change in binary profiles

Alireza Sharafi & Majid Aminnayeri &

Amirhossein Amiri

Received: 8 August 2011 /Accepted: 3 January 2012 /Published online: 15 February 2012
# Springer-Verlag London Limited 2012

Abstract Control charts are intended to aid quality practi-

tioners in monitoring whether a change has occurred in a

process. When a control chart indicates an out-of-control sig-

nal, it means that the process has changed. However, control

chart signals do not indicate the real time of process changes;

so estimators are applied to indicate the time when a change in

the process takes place, which is referred to as the change

point. This paper provides a maximum likelihood estimator

to identify the real time of a step change in phase II monitoring

of binary profiles, in which the quality of a process is charac-

terized by a logistic regression between the response and

predictor variables. Simulation studies are provided to evaluate

the effectiveness of the change point estimator.

Keywords Change point . Binary profiles .Maximum

likelihood estimator (MLE) . Statistical process control (SPC)

1 Introduction

Control charts are the most popular statistical process con-

trol (SPC) tools used to monitor process changes. Once a

control chart signals, quality engineers should identify and

remove the special cause of variability and return the pro-

cess to the state of statistical control. Helpful information to

aid them is the real time that the special cause first appears

in the process that is referred to as the change point. How-

ever, control chart signals do not indicate the change point

and a change usually occurs much earlier than the time it is

detected. Authors have suggested several methods including

cumulative sum (CUSUM) control chart [1], exponentially

weighted moving average (EWMA) control chart [2], and

maximum likelihood estimator (MLE) [3, 4], etc., to identify

the change point. In addition to the proposed methods,

change point problems are classified according to change

types including step, drift, and monotonic changes. Accord-

ingly, Samuel et al. [5, 6] proposed MLE methods for the

time of step changes in the mean and variance of a normal

distribution, respectively. Pignatiello and Samuel [7–10]

proposed a maximum likelihood estimator in different con-

trol charts to find the real time of change point under a step

change. Perry and Pignatiello [11, 12] considered a linear

trend change in the mean of a normal process. Samuel and

Pignatiello [10] and Perry and Pignatiello [11] showed that

the performance of the MLE is better than the estimators of

EWMA and CUSUM in identifying the change point of a

normal and Poisson process, respectively. For a comprehen-

sive review on change point estimation methods, refer to

Amiri and Allahyari [13].

Another popular topic in the SPC is profile monitoring

which is paid attention by researchers recently. Profiles are

useful when a quality characteristic is functionally depen-

dent on one or more explanatory, or independent, variables.

Mestek et al. [14], Kang and Albin [15], Mahmoud and

Woodall [16], and Amiri et al. [17] presented different

applications of profiles in SPC. Profile monitoring using

control charts can be seen as a two-stage process, phases I
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and II. For phase I analysis, Mestek et al. [14], Kim et al.

[18], Mahmoud and Woodall [16], Mahmoud et al. [19], and

Kazemzadeh et al. [20] have studied phase I monitoring of

linear profiles. Kang and Albin [15], Kim et al. [18], Gupta

et al. [21], Zou et al. [22, 23], Saghaei et al. [24], Zhang et

al. [25], Kazemzadeh et al. [26], and Amiri et al. [27] have

investigated phase II monitoring of linear profiles. Nonlin-

ear profile monitoring have also been considered by several

authors including Walker and Wright [28], Ding et al. [29],

Williams et al. [30], and Veghefi et al. [31].

Identifying the change point in profiles has been studied

by some researchers. Mahmoud et al. [19] used a likelihood

ratio-based method to identify the real time of a step change

in phase I monitoring of a simple linear profiles. Zou et al.

[22] proposed a method based on likelihood ratio statistics

that is able to identify the real time of a step change in

simple linear profiles in phase II. Kazemzadeh et al. [20]

used an MLE method to estimate the change point in poly-

nomial profiles under a step change in phase I.

All of the aforementioned researchers assume that the

response variable is continuous (usually normal) and char-

acterize profiles with linear or nonlinear models. However,

in many industrial applications, the response variable is

discrete such as binary (as in the case of a product can be

classified as defective or nondefective) or countable (as the

number of defect products or number of patients in a hos-

pital). However, profile monitoring when the response is

binary has received very little attention in the literature.

Yeh et al. [32] studied binary profiles in phase I. They

proposed different T2 control charts for monitoring logistic

regression profiles. Nevertheless, to the best of our knowl-

edge, there is not any method to estimate the real time of a

step change in binary profiles in both phases I and II .In this

paper, we propose an MLE method to estimate step changes

in phase II of the binary profile based on the logistic regres-

sion model. The rest of this paper is organized as follows:

Section 2 illustrates logistic regression model and explains

the steps of estimating the model parameters; Section 3

presents the change point model and assumptions of the

problem. The performance of the proposed model is inves-

tigated in Section 4. Conclusions and some future researches

are provided in the final section.

2 Logistic regression model

Many categorical response variables have only two catego-

ries: for example, whether you take public transportation

today (yes, no), or whether you have had a physical exam in

the past year (yes, no). Denote a binary response variable by

y and E(y)0p. The value of p can vary as the value of

independent variables (experimental) (x) changes, hence,

we replace p by p(x). Suppose that there are n independent

variables in each setting. The relationships between p(x) and

x are usually nonlinear and the S-shaped curves are often

realistic shapes for this relationship which are called the

logistic regression models.

In a general logistic regression model, there are p predic-

tor variables for any of n independent experimental sets,

which is shown by Xi ¼ ðxi1; xi2; . . . ; xipÞ
T
as well as

corresponding Bernoulli response variables namely zi for

i01,2,…,n. The probability of success in each set is

denoted by pi and each pi is a function of Xi. In the logistic

regression model, this function is characterized by the link

function g(pi), defined as

g pið Þ ¼
log pið Þ

1� log pið Þ
¼ b1xi1 þ b2xi2 þ . . .þ bpxip ð1Þ

where b ¼ b1; b2; . . . ; bp
� �T

is the regression parameters

vector. It is usual to set xi1≡1 in order to β1 be the intercept

of the model. The alternative Eq. 1, directly specifying pi, is

pi ¼
expðX T

i bÞ

1þ expðX T
i bÞ

¼
expðηiÞ

1þ expðηiÞ
; ð2Þ

In this equation, ηi ¼ X T
i b ¼

Pp

k¼1

bkxik . We also assume

that data are grouped so that for the i th setting of the

predictor variables, there are m i observations, i ¼

1; 2; . . . ; n: M ¼
Pn

i¼1

mi is the total number of observations.

The response variable is yi ¼
Pmi

k¼1

zik , where zik is the k th

observation (0 or 1) in i th predictor variable settings, yi
follows a binomial distribution with parameters mi, and pi.

Albert and Anderson [33] proposed MLE method to esti-

mate the model parameters. They used the following likeli-

hood function:

Lðp; yÞ ¼
Yn

i¼1

mi

yi

� �
pi½ �yi 1� pi½ �mi�yi ; ð3Þ

where p ¼ p1; p2; :::; pnð ÞT and y ¼ y1; y2; . . . ; ynð ÞT. Taking

the logarithm of Eq. 3 and using ηi ¼ X T
i b ¼

Pp

k¼1

bkxik ¼

log pi
1�pi

, one can reexpress the log-likelihood as

lðb; yÞ ¼
Xn

i¼1

log
mi

yi

� �
þ
Xn

i¼1

Xp

k¼1

yibkxik �
Xn

i¼1

mi log

1þ exp
Xp

k¼1

bkxik

 !" #

;

ð4Þ
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Taking derivative of Eq. 4 with respect to β, and using

iterative-weighted least-square estimation method suggested

by McCullagh and Nelder [34], the logistic regression

parameters can be estimated as follows:

bb ¼ X T bWX
� ��1

X T bWq; ð5Þ

In Eq. 5, X ¼ X1;X2; . . . ;Xnð ÞT is an n×p matrix.
bW ¼ diag½m1bp1 1 � bpð Þ;m2bp2 1 � bp2ð Þ; . . . ; mnbpn 1�ð

bpnÞ� is an n×n diagonal matrix and q ¼ bb þ bW�1 y� bμð Þ .

The procedure iterations are described in the following flow-

chart (Fig. 1):

McCullagh and Nelder [34] proved that as n becomes

large or mi is constant, bb is distributed asymptotically as a p-

dimensional normal distribution Np b; X TWXð Þ
�1

� �
. This

procedure will be used in MLE change point estimator

described in Section 3.

3 Process behavior model and derivation of the MLE

In this model, it is assumed that the underlying process

initially operates in a state of statistical control, with obser-

vations coming from a binomial distribution with the known

parameters mi and pi; so, the mass probability function

is f yij
� �

¼
mi

yij

� �
p
yij
i 1� pið Þmi�yij , where yij is the value

of the i th response variable in the j th profile. Follow-

ing an unknown profile t (known as the process change

point), the process changes to an unknown out-of-

control state such that the behavior in pi can be de-

scribed by pi1 pi1 > pi0ð Þ and it remains at the new level

until the source of the assignable cause is identified and elim-

inated, i.e., during the formulation of profiles j ¼ 1; 2; . . . ; t

the process parameter pi is equal to its known in-control

value. For profiles j ¼ t þ 1; t þ 2; . . . ; L the parameter

pi become equal to some unknown parameter pi1, where

L is the last profile sampled in which the control chart

signaled an out-of-control state. Two unknown parameters in

model are t and pi1, representing the last profile taken from

an in-control process and the out-of-control process

parameter, respectively.

This model can be used to derive the MLE of t. We will

denote the MLE of the proposed change point estimator as bt.
Assuming a process change point at t, the likelihood func-

tion is given by

Lðt; pi1 yj Þ ¼
YL

j¼1

Yn

i¼1

mi

yij

� �Yt

j¼1

Yn

i¼1

pi0

1� pi0

� 	yij
1� pi0½ �mi

YL

j¼tþ1

Yn

i¼1

pi1

1� pi1

� 	yij
1� pi1½ �mi ;

ð6Þ

The MLE of t is the value of t that maximizes the

likelihood function in Eq. 6 or, equivalently, its logarithm.

Taking the logarithm of Eq. 6

LnLðt; pi1 yj Þ ¼
PL

j¼1

Pn

i¼1

Ln
mi

yij

� �
þ
Pt

j¼1

Pn

i¼1

yijLn
pi0

1�pi0

h i

þ
Pt

j¼1

Pn

i¼1

miLn 1� pi0ð Þþ
PL

j¼tþ1

Pn

i¼1

yijLn
pi1

1�pi1

h i

þ
PL

j¼tþ1

Pn

i¼1

miLn 1� pi1ð Þ;

ð7Þ

As the values of t and pi1 are unknown, they must be

estimated. This involves finding estimates for t and pi1
which maximize the logarithm of likelihood function in

Eq. 7, denoted as bt and bpi1 . Obtaining this expression is

not a trivial task. The partial derivative of Eq. 7 with respect

to pi1 is given by

@LnLðt; pi yj Þ

@pi1
¼
XL

j¼tþ1

Xn

i¼1

yij

1� pi1ð Þpi1
�
XL

j¼tþ1

Xn

i¼1

mi

1

1� pi1ð Þ
;

ð8Þ

In Eq. 8, there is no closed-form solution for pi1. Thus, a

numerical method such as Newton–Raphson is needed for

finding successively better approximations to the roots of a

real valued function. Perry and Pignatiello [12] used this

method to find the MLE of the slope parameter, in Poisson

process. Accordingly, we use Newton’s method to find the

MLE of the out-of-control parameter, pi1, and denote it as

bpi1. By obtaining bpi1, replacing it in Eq. 8 and calculating the
logarithm of the likelihood function in Eq. 7 for all possible

change point values, the MLE of the change point t is the

Fig. 1 The procedure of estimation of logistic regression parameters
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value which maximize the expression and can be written as

follows:

bt ¼ arg maxf
Xt

j¼1

Xn

i¼1

yijLn
pi0

1� pi0

� 	
þ
Xt

j¼1

Xn

i¼1

miLn 1� pi0ð Þ

þ
XL

j¼tþ1

Xn

i¼1

yijLn
bpi1

1� bpi1

� 	
þ
XL

j¼tþ1

Xn

i¼1

miLn 1� bpi1ð Þg;

ð9Þ

where bt is the MLE of the change point. Note that the arg

max stands for the argument of the maximum, that is to say,

the set of points of the given argument by which the given

function obtains its maximum value.

Yeh et al. [32] introduced five Hotelling control charts to

monitor binary profiles in phase I. The plotting statistic for

profile j is defined as

T2
j ¼ bbj � b

� �T
S�1 bbj � b
� �

; ð10Þ

where bbj is estimator of the logistic regression parameters in

j th profile and S is the variance covariance matrix of bbj. Any
of these T2 charts presents a different way to estimate β and

S. They showed T2
I control chart which estimates the co-

variance matrix by averaging the covariance estimates of

each given sample, is more effective in detecting both step

and drift changes. This control chart also can be used in

phase II. So we used T2
I control chart to detect the out-of-

control state in phase II. The upper control limit for the

proposed control chart is equal to c22;a , the a percentile

points of the chi-square distribution with 2 degrees of free-

dom. Covariance matrix in phase II is also computed using

the following equation:

X
¼ ðXTWXÞ�1

; ð11Þ

where W is equal to diagfm1p1ð1� p1Þ;m2p2ð1� p2Þ; � � � ;
mnpnð1� pnÞg:

Whenever the T2
I control chart signals an out-of-control

state, the real time of a change can be estimated via Eq. 9.

4 Performance evaluation

4.1 The simulation settings

In this section, we present simulation results, using Monte

Carlo simulation. For this simulation study, we assumed that

the number of predictor variables in logistic regression

profile is two (p02). Thus, the link function is simplified

as g pið Þ ¼ b1 þ b2xi , where β1, β2 are respectively the

intercept and the slope of the regression function and is

shown by the vector b ¼ b1; b2ð ÞT . Also, we set the matrix

X as:

X ¼
1 1 ::: 1

log 0:1ð Þ log 0:2ð Þ ::: log 0:9ð Þ

� �T

:

It is assumed that the number of experiments in each

predictor variable is constant and equal to 50, (mi050 for

i01,2,…,9) and the in-control pi0 is 0:04; 0:06; 0:13; 0:27;ð

0:48; 0:68; 0:82; 0:89; 0:91ÞT . The initial β is estimated as

(2.5, 3.46)T from historical dataset in phase I. The covari-

ance matrix of the logistic regression parameters (∑) in

phase II is computed by Eq. 11 as follows:

X
¼ ðXTWXÞ�1 ¼

0:06627 0:07693

0:07693 0:1179

� �
:

The upper control limit for the T2
I control chart is equal to

c22;0:05 ¼ 5:99.

A Monte Carlo simulation study is accomplished to ex-

amine the performance of the estimator. In this study, the

process change point was considered at t050. During the

formation of profiles j01,2,…,50, the process parameter is

equal to its known in-control value of pi0. Therefore, for

these profiles, the independent observations were randomly

generated from a binomial distribution with parameters 50

and pi0. Starting at profile 51, observations are simulated

from the out-of-control process with pi1 until the T
2
I control

chart signals an out-of-control state. At this time, the change

point estimator is used and the real time of the process

change is determined. This procedure is repeated 10,000

times for each of the step changes considered in the paper.

4.2 Example 1

Suppose an out-of-control process whose parameter vector pi
changes from pi0 to pi1 ¼ pi0 þ a pi0ð Þ, where a00.01, 0.02,

0.03, 0.05, 0.07, and 0.09. In other words, in this example, we

assume that step changes in the mean of response variables in

different levels of explanatory variable are not identical and

depend on the magnitude of the mean of response variables.

The results are summarized in Tables 1 and 2. Table 1

shows the expected length of each simulation run E(L)which

is the expected value of the number of samples taken until

Table 1 Expected number of samples until the signal, the expected

value, and standard deviations of the change point estimator with

10,000 simulations runs when t 050

α 0.01 0.02 0.03 0.05 0.07 0.09

E(L) 60.51 57.86 56.1 53.18 51.85 51.23

48.52 49.14 49.31 49.64 49.90 50.07

se btð Þ 5.77 4.14 3.12 1.56 0.59 0.09
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the first alarm is given by the control chart, i.e., E(L)0ARL

+50. Table 1 also shows the average change point estimate

( ) and the standard deviation of the change point estimator

(se btð Þ) under different magnitude of the step changes con-

sidered. Because the actual change is at time 50, the average

change point estimate, , should be close to 50.

As shown in Table 1, for step rate parameter equal to

0.03, the expected number of samples taken until the signal

is 56.1, the average change point estimate is 49.31, and the

standard deviation of the change point estimator is 3.12. The

performance of change point estimator is acceptable when

the small changes in the process parameter occur; however,

as the magnitude of the step change increases, the perfor-

mance of the estimator improves significantly. Figure 2 also

shows that the expected number of samples taken until the

signal and average change point estimator are becoming

near to 51 and 50, respectively as a increases. Furthermore,

the standard deviation of the change point estimator, that is

shown shady, is becoming smaller.

Table 2 shows the results of proportion of 10,000 simu-

lation runs that the estimator lies within a specified tolerance

of the real change point value. The results provided in

Table 2 are similar to those provided in Table 1, For

example, if a00.01, the estimated probability that bt lies

within 1 or less from the real change point is 0.34. Also, in

this case, in 21% of the simulation runs the estimator cor-

rectly identifies the real time of the change. Table 2 shows

that the performance of the MLE estimator improves signif-

icantly with increases in magnitude of the step change, a.

4.3 Example 2

As the second example, we set another type of step change in

the former example. Suppose an out-of-control process whose

parameter vector pi changes from pi0 to pi10pi0+δ, where δ0

0.01,0.02,0.03,0.04,0.05, and 0.06. In this example, we as-

sume that step changes in the mean of response variable in

different levels of explanatory variable are identical. The

results are given in Tables 3 and 4 as well as Fig. 3. Table 3

and Fig. 3 show accuracy performances of the change point

estimator and Table 4 shows the results of proportion of

10,000 simulation runs that the estimator lies within a speci-

fied tolerance of the real change point value. Similar results

are obtained in this example which shows the acceptable

performance of the proposed change point estimator.

5 Conclusions

In many industrial applications of profiles monitoring, the

response variable is discrete such as binary, which is often

modeled as a logistic regression of an explanatory variable.

Table 2 Estimated precision performances over a range of pi values

with 10,000 simulations runs when t050

a 0.01 0.02 0.03 0.05 0.07 0.09

bp bt � tj j ¼ 0ð Þ 0.21 0.40 0.57 0.78 0.89 0.96

bp bt � tj j � 1ð Þ 0.34 0.55 0.74 0.90 0.95 099

bp bt � tj j � 2ð Þ 0.42 0.63 0.82 0.95 0.98 1.00

bp bt � tj j � 3ð Þ 0.48 0.70 0.87 0.97 1.00

bp bt � tj j � 4ð Þ 0.55 0.76 0.89 0.98

bp bt � tj j � 5ð Þ 0.59 0.79 0.91 1.00

bp bt � tj j � 6ð Þ 0.64 0.82 0.92

bp bt � tj j � 7ð Þ 0.68 0.84 0.93

Table 4 Estimated precision performances over a range of pi values

with 10,000 simulations runs when t050

δ 0.01 0.02 0.03 0.04 0.05 0.06

bp bt � tj j ¼ 0ð Þ 0.30 0.48 0.66 0.85 0.93 0.97

bp bt � tj j � 1ð Þ 0.50 0.68 0.83 0.95 0.99 1.00

bp bt � tj j � 2ð Þ 0.58 0.79 0.92 0.98 1.00

bp bt � tj j � 3ð Þ 0.66 0.87 0.96 0.99

bp bt � tj j � 4ð Þ 0.72 0.92 0.98 0.99

bp bt � tj j � 5ð Þ 0.77 0.95 0.99 1.00

bp bt � tj j � 6ð Þ 0.81 0.96 0.99

bp bt � tj j � 7ð Þ 0.86 0.97 1.00

Table 3 Expected number of samples until the signal, the expected

value, and standard deviations of the change point estimator with

10,000 simulations runs when t050

δ 0.01 0.02 0.03 0.04 0.05 0.06

E(L) 59.42 54.81 52.83 51.69 51.30 51.11

53.15 51.38 50.63 50.24 50.07 50.02

se btð Þ 3.61 2.05 1.21 0.71 0.29 0.14

Fig. 2 The performance of the MLE estimator
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The main motivation of this paper is to identify the real time

of a step change to find the root cause of a problem as quick

as possible and then do a corrective action. We provided an

MLE method to estimate the change point in phase II

monitoring of logistic regression profiles, when the type of

change is step change. The results showed that the perfor-

mance of the proposed estimator is fine to identify the real

time of change point under different magnitude of step

change.

Developing this method to the other distributions of the

exponential family such as Poisson and Gamma would be

future researches in this area. Furthermore, the other types

of the change, including drift changes and isotonic changes

could be investigated by researchers.
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