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Abstract—A multipactor breakdown analysis is presented for
the fundamental mode of an elliptical waveguide. A 2-D geometry
of the waveguide is considered, and the numerical method of
Monte Carlo based on the effective-electron approach is used.
Multipactor breakdown threshold prediction is performed using
the enhanced counter function. The radio-frequency (RF) break-
down threshold is obtained as a function of the frequency–gap
product for different values of the ellipse eccentricity. The results
indicate that decreasing the ellipse eccentricity increases the RF
breakdown threshold. The results are compared with those for
circular and parallel-plate waveguides.

Index Terms—Effective electron, elliptical waveguide, multi-
pactor, radio-frequency (RF) breakdown threshold.

I. INTRODUCTION

THE MULTIPACTOR phenomenon is a critical issue that
can occur in space high-power radio-frequency (RF) com-

ponents, high-power microwave tubes such as klystrons and
cyclotrons, and particle accelerators. In a vacuum, free elec-
trons accelerate inside a waveguide under its RF electromag-
netic field and collide with the waveguide wall, and secondary
electrons can be emitted from the wall. Repeated emissions in
a resonant manner cause exponential growth of electrons and
result in RF breakdown [1]–[10]. Multipactor breakdown in-
creases noise power and degrades return loss, which decreases
the signal-to-noise ratio [2], [10]. In addition, the phenomenon
might cause waveguide heating and detuning of microwave
components such as filters [2].

Multipactor breakdown has been modeled during recent
years for various waveguide geometries [2]–[18]. Many re-
searchers have analyzed and simulated multipactor phenomena
on various geometries, including the following: 1) parallel
plates with a limited length and/or a waveguide iris [2], [3];
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2) a rectangular waveguide [4]–[9]; 3) a coaxial line [10]–[14];
4) a circular waveguide [15]; 5) a hollow waveguide with a
wedge-shaped cross section [16]; 6) a shielded microstrip line
[17]; and 7) a dielectric-loaded parallel-plate waveguide [18].
In these studies, multiple electron trajectories are predicted
using the Monte Carlo method to simulate a multipactor. Re-
cently, the basic fundamentals of the multipactor theory have
been investigated, such as the analysis of the electromagnetic
radiation generated by a multipactor discharge [19], the phase
stability in a two-sided multipactor [20], the nonstationary
statistical theory for a multipactor [21], and the prevention of
multipactor discharge using a uniaxial metamaterial [22].

On the other hand, an elliptical waveguide plays an important
role in RF devices such as dual-mode filters [23]–[25] and
high-power microwave sources [26], [27], where high-power
RF signals potentially in a vacuum may result in multipactor
breakdown. Elliptical waveguide modes have been thoroughly
analyzed in recent years [28]–[30].

To the knowledge of the authors, multipactor breakdown
in an elliptical waveguide has not been deeply studied in the
technical literature. In this paper, the multipactor in an elliptical
waveguide is analyzed, and its RF breakdown threshold is
numerically obtained. First, the electromagnetic field of the
fundamental elliptical mode TEc11 is presented, and then, the
electron motion equation in the elliptical coordinate system is
obtained and described. To simulate a multipactor, we use the
effective-electron approach, where the electron motion equa-
tion is solved numerically using the velocity Verlet algorithm
for the fundamental mode of the elliptical waveguide. After an
impact, a secondary emission yield (SEY) model determines
the emitted electron weightings. Finally, to predict the RF
breakdown threshold, the enhanced counter function is applied.
The RF breakdown thresholds are provided for four different
ellipse eccentricities. They are then compared with circular and
parallel-plate waveguide thresholds.

II. THEORY AND MODEL DESCRIPTION

In the simulation, each effective electron accelerates un-
der an applied electromagnetic field and moves within the
waveguide until it impacts to the waveguide wall. The emitted
secondary effective-electron weight is determined by the SEY
coefficient, considering the incident effective-electron kinetic
energy, its impact angle, and the waveguide material. It is then
launched from the impact point [10], [35], and the process
continues until a threshold number of electron impacts have
been reached.
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Fig. 1. Planar elliptical coordinate system. The semimajor axis length is a,
the semiminor axis length is b, and the focal distance is ρ.

A. Electromagnetic Fields

The planar elliptical coordinate system is described in terms
of radial (ξ) and angular (η) coordinates, as shown in Fig. 1.
The electromagnetic fields of an elliptical waveguide can
be obtained in this coordinate system by solving the wave
equation using the method of variable separation in an el-
liptical coordinate system. It leads to the Mathieu and mod-
ified Mathieu functions for angular and radial components,
respectively [28]. Using a series of trigonometric and hyper-
bolic functions, Blanch gives closed-form relations for the
Mathieu and modified Mathieu functions, respectively [31].
Therefore, for the fundamental TEc11 mode, the magnetic field
is given by

Hz = Ace1(q11, η)Ce1(q11, ξ) (1)

where A is the normalization constant; ce1(q11, η) and
Ce1(q11, ξ) are the even modes of the Mathieu and modified
Mathieu functions, respectively; and q11 is the parameter re-
lated to the cutoff wavelength λc for the fundamental mode, as
follows:

λc/a =
πe

√
q11

. (2)

This cutoff wavelength has been obtained using a curve-
fitting method [30], in which it is demonstrated that the cutoff
wavelength can be determined as a function of eccentricity by

λc/a = 3.41257911 − 0.06960165e2

− 0.010811e4 − 0.001551e6 − 0.000196e8 (3)

where a is the length of the semimajor axis, and e is the ellipse
eccentricity, as shown in Fig. 1.

B. Electron Dynamics

The electron motion equation for each effective electron is
provided by the Lorenz force, i.e.,

�a = −e( �E + �v × �B)/m (4)

where �a is the acceleration vector; �v is the effective-electron ve-
locity; �E is the total electric field; �B is the total magnetic field;

and −e and m are the charge and electron mass, respectively.
After some manipulations, we obtain the following equations
expressed in elliptical coordinates for the 2-D motion of the
effective electrons:

ξ̈ = −
e

ρ m
√

U

[

Eξ(ξ, η, t) + ρη̇
√

UBz(ξ, η, t)
]

−
[

(ξ̇2 − η̇2) sinh(2ξ)/2 + ξ̇η̇ sin(2η)
]

/U (5)

η̈ = −
e

ρ m
√

U

[

Eη(ξ, η, t) + ρξ̇
√

UBz(ξ, η, t)
]

−
[

(η̇2 − ξ̇2) sin(2η)/2 + ξ̇η̇ sinh(2ξ)
]

/U (6)

where

U = sinh2(ξ) + sin2(η).

In addition, ρ is the focal distance, ξ̇ and η̇ are the first-order
time derivatives of the effective-electron position, and ξ̈ and η̈
are the second-order time derivatives of the effective-electron
position.

Equation (5) represents the electron motion in the radial
direction, which is the direction that potentially results in a wall
impact. Equation (6) represents the motion in the azimuthal
direction.

C. Algorithms and Models

A number of N effective electrons are initially launched from
arbitrary positions inside the waveguide with randomly chosen
initial velocities [10]. The phase of the RF field initially seen
by each effective electron is evenly distributed from 0 to 2π.
The electron trajectories are computed by solving the nonlinear
system of (5) and (6) numerically, using the velocity Verlet
algorithm with 200 time steps per RF period [32].

Each effective-electron trajectory is tracked until the effec-
tive electron reaches the waveguide wall, which is defined in
elliptical coordinates as ξ = ξ0, as shown in Fig. 1. The SEY
coefficient δ is then calculated based on the impact kinetic
energy and the incident angle. We use Vaughan’s formula [33]
considering the incident impact angle [34]. In addition, the
suggested model in [4] is used for low impact energies. Then,
an effective electron is reemitted from the impact position. Its
velocity magnitude is given from a Gaussian distribution of
velocities with a mean value of 4 eV and a standard deviation
of 2 eV, and the launching angle is obtained using a cosine-law
distribution [10].

After the mth impact, the effective-electron weighting coef-
ficient is calculated as [35]

W i
m =

m
∏

k=1

δ
(i)
k (7)

where i denotes the ith effective electron, k is the index for each
impact, and δi

k is the SEY coefficient after each impact.
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Fig. 2. (a) Electron motion in an elliptical waveguide. (b) Radius of an
effective electron versus normalized time.

To predict the occurrence of a multipactor, the enhanced
counter function is used [35]. This function calculates the
weighted sum of the N effective electrons and divides it by the
initial total number of effective electrons N , i.e.,

en/e0 =

⎛

⎝

N
∑

j=1

W j
n

⎞

⎠ /N. (8)

Typically, when the value of (8) is greater than 1, a multi-
pactor discharge has occurred [10], [35].

III. NUMERICAL RESULTS

A. Electron Trajectory

In Fig. 2(a), the trajectory of an effective electron with an
applied electromagnetic field for the fundamental RF mode is
plotted for 40 impacts. This electron has been launched from
the position ξ = 0.1186 and η = −π/3 within a waveguide
with e = 0.9 and a semiminor axis length of b = 0.5 mm. In
addition, the applied equivalent voltage Ve is 60 V, and the
working frequency is 1 GHz. Therefore, the frequency–gap
product f × d is 1 (d = 2b).

Considering the working frequency and the waveguide di-
mensions, we are working below the cutoff frequency fc suit-
able for iris application [24]–[26]. If the working frequency is
greater than the cutoff frequency, the frequency–gap product
will be greater than 78, which corresponds to very high order
multipactor modes.

Note that the equivalent voltage is defined as the integral of
the electric field along the vertical axis over a length 2b, as
follows:

Ve = 2ρ

b
∫

0

Eξ(η = π/2, ωt = 0, ξ)
√

U dξ. (9)

Fig. 3. SEY coefficients and multipactor orders as a function of the normal-
ized time.

Fig. 4. Enhanced counter function as a function of the equivalent voltage for
three different values of the semiminor axis length when f × d = 1.

The radius of the electron trajectory [see Fig. 2(a)] as a
function of the normalized time is shown in Fig. 2(b). There are
generally two impacts per RF period, which is characteristic of
a double-sided multipactor.

B. Multipactor Breakdown Thresholds

According to the algorithm described in Section II, we have
used the enhanced counter function to predict multipactor RF
breakdown thresholds. The enhanced counter function uses
SEY coefficients for RF breakdown prediction. SEY coeffi-
cients and multipactor orders as a function of the normalized
time for the electron tracked in Fig. 2 are shown in Fig. 3. The
average SEY coefficient is greater than 1 where a multipactor
can occur. The average multipactor order over 2000 RF periods
is 1.03, which indicates that, to a first order, the multipactor is
double sided.

The multipactor thresholds have been obtained as a function
of the frequency–gap product f × d. We considered 360 effec-
tive electrons in the simulation, which is a typical value to reach
stable results [10], [15], [35]. Simulations using more effective
electrons have been performed, concluding that a population
of 360 electrons is enough to achieve the convergence region
of the algorithm. There are a large set of possible f and
d values for a given f × d. To ensure that we have stable
multipactor resonant orbits, the enhanced counter function has
been calculated for three different values of f × d as a function
of the equivalent voltage for n = 40 impacts. These curves
are plotted in Fig. 4 for silver. The multipactor threshold
is exceeded (enhanced counter function > 1) at an equivalent
voltage of 47 V for e = 0.9. The material properties used for the
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TABLE I
SECONDARY ELECTRON EMISSION PROPERTIES of SILVER

Fig. 5. Multipactor breakdown thresholds in an elliptical waveguide for
four different values of eccentricity compared with multipactor breakdown
thresholds in parallel-plate and circular waveguides (f = 1 GHz).

SEY coefficients of silver are given in Table I [4]. In this table,
the primary electron impact kinetic energy that yields δ = δmax

is Emax, and the primary electron impact kinetic energies that
yield δ = 1 are denoted by E1 and E2. As can be seen, all three
curves behave similarly, demonstrating the existence of a stable
first-order multipactor event.

RF breakdown thresholds were calculated for four values
of the eccentricity e = 0.01, 0.1, 0.5, and 0.9; the results are
plotted versus the frequency–gap product in Fig. 5. These re-
sults are compared with parallel-plate and circular waveguides
extracted from [15]. In this figure, the diameter of the circular
waveguide and the distance between the plates in the parallel-
plate waveguide are d. In addition, d = 2b for the elliptical
waveguide, where b is the semiminor axis length. It can be
seen that the thresholds increase with decreasing eccentricity.
The elliptical waveguide breakdown thresholds approach those
of the parallel-plate waveguide as e approaches unity. On the
other hand, when e is near 0, as should be the case, the el-
liptical waveguide breakdown threshold approaches that of the
circular waveguide. The exact differences between the circular
waveguide thresholds and the elliptical waveguide ones with
e = 0.01 are given in Table II, where significant discrepancies
are not observed.

IV. CONCLUSION

Multipactor RF breakdown thresholds in an elliptical
waveguide have been obtained using the effective-electron ap-
proach combined with the Monte Carlo method. The electron

TABLE II
RF VOLTAGE THRESHOLDS (IN VOLTS) FOR AN ELLIPTICAL WAVEGUIDE

WITH e = 0.01 AND RELATIVE ERRORS COMPARED

WITH A CIRCULAR WAVEGUIDE

trajectory equations of motion were derived in elliptical co-
ordinates using the velocity Verlet method and numerically
solved using 200 time steps per RF period. The electromagnetic
field of the fundamental elliptical waveguide mode TEc11 was
applied to the motion equations. The results are compared
with circular and parallel-plate waveguides as limiting cases,
with good agreement. When the eccentricity of the elliptical
waveguide is close to 1, the RF breakdown thresholds approach
those of the parallel-plate waveguide. Similarly, when the ec-
centricity is close to 0, the results are close to those of the
circular waveguide.
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