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Abstract In profile monitoring, a relationship between a re-

sponse variable and one or more explanatory variables is

monitored. Different methods were developed for phase II

monitoring of simple linear profiles. While some of the meth-

ods can be used to detect both increasing and decreasing shifts

in the regression parameters, others need to be modified to

enable detection of decreasing shifts in a process. In this paper,

necessary modifications of the phase II methods for simple

linear profile monitoring are proposed to improve their perfor-

mance in detecting decreasing shifts. The paper also presents a

performance comparison of several phase II methods.

Keywords Average run length . Statistical process control .

Profile monitoring . Phase II . Step shift . Drift

1 Introduction

In today’s competitive life, scientists and practitioners are be-

ginning to realize that efficiency and product or process quality

are of higher importance than ever before. As a result, techni-

ques of statistical process control (SPC), an approach long

practiced across various industries, are being improved to en-

sure efficient and effective compliance with a broad range of

specifications and requirements. In some SPC applications in

which the quality variable is functionally dependent on inde-

pendent or explanatory variable(s), the quality of corresponding

process or product cannot be adequately represented by the

standard use of the distribution of a single quality characteristic

or a general multivariate quality vector. In these cases, increas-

ingly common in practical applications, monitoring profiles,

relationship between the response variable and explanatory

variable(s), are highly recommended in the literature.

For phase II monitoring of simple linear profiles, which can

adequately model the quality characteristic in many applica-

tions, several approaches have been proposed. In phase II,

process parameters are assumed to be known, and the aim is to

detect shifts as quickly as possible. Kang and Albin [9]

introduced the T2 and exponentially weighted moving average

(EWMA)-R methods for phase II monitoring of simple linear

profiles. For the same purpose, Kim et al. [10] applied three

independent EWMA control charts by using coded x values

and introduced EWMA-3 method. Noorossana and Amiri

[12] used a multivariate cumulative sum (CUSUM) control

chart along with aχ2 control chart to improve the performance

of existing methods. Niaki et al. [11] used generalized linear

statistical model and an R control chart for this purpose. Gupta

et al. [8] compared a method developed by Croarkin and

Varner [3] with the performance of Kim et al. [10]. Zou et

al. [23] proposed a multivariate exponentially weighted mov-

ing average (MEWMA) control chart. Saghaei et al. [17]

proposed CUSUM-3 method which applies three CUSUM

control charts to monitor the intercept, the slope, and the

standard deviation of a simple linear profile. Zhang et al.

[21] proposed a method based on likelihood ratio statistics

to monitor simple linear profiles in phase II. Noorossana et al.

[13] and Soleimani et al. [18] proposed some methods based

on time series approach for the case there is autocorrelation

between and within simple linear profiles, respectively. Noor-

ossana et al. [14] also studied the performance of control

charts for monitoring simple linear profiles under the
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assumption of non-normality in the distribution of the regres-

sion error terms. The readers are referred to the papers Wood-

all et al. [19], Woodall [20], and Noorossana et al. [15] for

more information about other types of profiles as well as

profiles monitoring procedures.

Although both increasing and decreasing shifts have det-

rimental effects on the process, in all of the proposed meth-

ods, only increasing shifts have been studied. EWMA-R,

MEWMA, and likelihood ratio test (LRT) are the methods

effective for monitoring increasing as well as decreasing

shifts. However, the methods T2, EWMA-3, and CUSUM-

3 need to be modified to be able to detect both increasing

and decreasing shifts.

On the other hand, all profile monitoring techniques

have been focused only on detecting step shifts. However,

drift, which is a time-varying change, frequently occurs in

industrial applications. Graduate deterioration of equip-

ment, waste accumulation, catalyst aging, or human

causes such as operation fatigue or close supervision are

some causes of drift, Reynolds and Stoumbos [16]. A lot

of authors including Aerne et al. [1], Bissell [2], Davis

and Woodall [4], Divoky and Taylor [5], Fahmy and

Elsayed [6], Gan [7], Reynolds and Stoumbos [16], and

Zou et al.[22] studied the performance of different control

charts when there is a drift in the process mean. Bissell

[2] presented the results of run length evaluation under

linear trend for CUSUM charts. Davis and Woodall [4]

showed that the trend rules, which relate to an out of the

ordinary long series of consecutive decreases or increases

in operational performance, are not effective in detecting a

linear shift in the mean of the monitored process. Aerne et

al. [1] studied the performance of Shewhart chart with

supplementary runs rules, CUSUM, and EWMA charts

when the process mean changes as a linear trend. Gan

[7] presented a numerical procedure to compute the aver-

age run length (ARL) of an EWMA chart under a linear

drift in the process mean. Divoky and Taylor [5] simulat-

ed process mean drift to evaluate the sensitivity of trend

rules when applied jointly with combinations of standard

supplementary runs test. They expanded previously pre-

sented trend rules to a larger set of rules, as well. Rey-

nolds and Stoumbos [16] monitored the mean and the

standard deviation of the process under drifts, jointly.

They showed that in detecting slow and moderate rate

drifts, the combination of two EWMA control charts for

monitoring both mean and variance performs better than I/

MR control charts. Fahmy and Elsayed [6] used a statistic

based on the deviation between the target mean and the

expected mean of the process in their proposed approach.

They also compared the performance of their approach

with CUSUM, EWMA, Shewhart, and Generalized Like-

lihood Ratio (GLR) charts. Zou et al. [22] compared five

control schemes including EWMA, CUSUM, generalized

EWMA, GLR-S, and GLR-L for monitoring drift through

presenting both the asymptotic estimation and the numer-

ical simulation of ARL.

As mentioned before, in the literature of drift detection,

focus is mainly on the process mean. However, drift can

occur when a function between two or more variables is

characterizing the process performance. The particular

focus of this study is on the phase II methods including

EWMA-R, MEWMA, LRT, T2, EWMA-3, and CUSUM-

3. The T2, EWMA-3, and CUSUM-3 methods are modi-

fied to make them effective for monitoring increasing and

decreasing shifts in the parameters of simple linear pro-

files. In addition, the performance of the methods under

both increasing and decreasing step shifts as well as drift

is evaluated.

The remainder of this paper is structured as follows: In

Section 2, the modified methods are explained in detail.

Section 3.1 presents the performance of all phase II methods

in detecting increasing and decreasing step shifts. The per-

formance of the methods under increasing and decreasing

drift is considered in Section 3.2. Concluding remarks are

provided in the final section.

2 Modified methods

As it was mentioned previously, MEWMA, LRT, and

EWMA-R methods are effective in detecting both decreas-

ing and increasing shifts. Thus, it is not necessary to modify

them, and only a short description of these approaches is

provided. However, the methods including T2, EWMA-3,

and CUSUM-3 are modified to enable them to detect de-

creasing shifts in addition to increasing shifts. Later in the

paper, a comprehensive comparison of all the methods un-

der both increasing and decreasing step shifts and drift is

provided.

Suppose for sample j collected over time, observations

(xi,yij), i01,2,…,n are obtained, where the subscript i

represents the ith observation within each profile and

the subscript j shows the jth profile. It is assumed that

a simple linear regression model properly relates the

response variable, Y, to the explanatory variable, X.

When the process is under statistical control, the model

is as Eq. (1):

Yij ¼ A0 þ A1Xi þ "ij ð1Þ

where εij are independent, identically distributed normal

random variables with zero mean and variance σ2. For

simplicity, it is assumed that the x values are fixed and

constant from profile to profile. Since the focus is on the

phase II case in this paper, the in-control values of the

parameters A0, A1, and σ2 are assumed to be known.
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2.1 T2

Kang and Albin [9] proposed T2 method that applies a

multivariate T2 control chart for monitoring the parameters

of a simple linear profile. The T2 control chart is given in

Eq. (2) as follows:

T2
j ¼ zj � μ

� �T
X

�1 zj � μ
� �

; ð2Þ

where μ ¼ A0;A1ð ÞT , zj ¼ a0j; a1j
� �T

is the vector of regres-

sion parameter estimators and ∑ is the covariance matrix of

regression parameters estimators. c2
a;2 is the upper control

limit of this statistic. This control chart can detect any shift

in the intercept and slope of a simple linear profile. In

addition, it is able to detect increasing shift in the variance.

However, decreasing shift in the variance leads to the re-

duction in the difference between mean of estimates and μ.

Therefore, T2 statistic decreases and since there is no lower

control limit, T2 control chart has a poor performance in

detecting this type of shift. Hence, this method is modified

by adding a lower control limit to the related control chart to

improve its performance in detecting decreasing shift in the

variance. Consequently, the upper and lower control limits

for the statistic in Eq. (2) are as Eq. (3):

LCL ¼ c
2
1�a=2;2 and UCL ¼ c

2
a=2;2 ð3Þ

2.2 EWMA-R

Kang and Albin [9] proposed another method for monitor-

ing simple linear profiles named EWMA-R. They suggested

the combination of two control charts EWMA and R. As

mentioned before, this method is not explained in detail

since no modification was needed. It should be noted that

this method is not able to detect decreasing shift in variance

for n<7 since the R control chart does not have lower

control limit. Thus, one only needs to modify the sample

size in the example by Kang and Albin [9] from n04 to n07

to be able to check the performance of this method under

decreasing shift in the variance.

2.3 EWMA-3

Kim et al. [10] proposed using three EWMA control charts

to detect shifts in the intercept, slope, and variance. They

coded the x values to make the estimates of the slope and the

intercept parameters independent. Their coded model is in

the Eq. (4).

Yij ¼ B0 þ B1X
0

i þ "ij; i ¼ 1; 2; . . . ; n; ð4Þ

where B0 ¼ A0 þ A1X , B10A1, and X
0

i ¼ ðXi � X Þ.

In the Eq. (5), the estimator of the intercept, b0 (j), is used

to monitor the intercept, B0:

EWMAIðjÞ ¼ θ b0j þ 1� θð ÞEWMAI j� 1ð Þ; ð5Þ

where (0<θ<1) is a smoothing constant and EWMAI (0)0

B0. The lower and upper control limits for this statistic are

given in the Eqs. (6) and (7), respectively.

LCL ¼ B0 � LIσ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θ

2� θð Þn

s

ð6Þ

UCL ¼ B0 þ LIσ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θ

2� θð Þn

s

; ð7Þ

where LI (>0) is chosen to give a specified in-control ARL.

For monitoring the slope, B1, the estimator of the slope,

b1(j), is used and related EWMA statistic is computed based

on the Eq. (8) as follows:

EWMASðjÞ ¼ θ b1j þ 1� θð ÞEWMAS j� 1ð Þ; ð8Þ

where (0<θ<1) is a smoothing constant and EWMAS(0)0

B1. The control limits are computed as Eq. (9):

LCL ¼ B1 � LSσ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θ

2� θð ÞSxx

s

; ð9Þ

UCL ¼ B1 þ LSσ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θ

2� θð ÞSxx

s

; ð10Þ

where LS (>0) is chosen to give a specified in-control ARL.

In this method, they used the following statistic in Eq. (11)

for monitoring the variance:

EWMAEðjÞ

¼ max θ ln MSEj

� �

þ 1� θð ÞEWMAE J � 1ð Þ; In σ2
0

� �� �

;

ð11Þ

where (0<θ≤1) is a smoothing constant and EWMAE(0)0

ln (σ2
0 ). The upper control limit is given in Eq. (12) as

follows:

UCL ¼ LE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θvar ln MSEj

� �� �

2� θð Þ

s

; ð12Þ

where

var ln MSEj

� �� �

¼
2

n� 2ð Þ1
þ

2

n� 2ð Þ2
þ

4

3 n� 2ð Þ3

�
16

15 n� 2ð Þ5
; ð13Þ
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in which LE (>0) is chosen to give a specified in-

control ARL. The EWMA-3 method is not able to

detect decreasing shift in the variance. Therefore, be-

sides modifying the related statistic, lower control limit

to this control chart needs to be added. The modified

EWMA statistic for monitoring variance is given in Eq.

(14),

EWMAEðjÞ ¼ θ ln MSEj

� �

þ 1� θð ÞEWMAE j� 1ð Þ ð14Þ

and the lower and upper control limits are introduced

in Eq. (15) as follows, respectively.

LCL ¼ �LE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θvar ln MSEj

� �� �

2� θð Þ

s

ðandÞ

UCL ¼ LE

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

θvar ln MSEj

� �� �

2� θð Þ

s

ð15Þ

2.4 CUSUM-3

Saghaei et al. [17] proposed using three CUSUM control

charts for detecting shifts in the intercept, slope, and

variance. Similar to the EWMA-3 method, x values were

coded. The paper presented three statistics for detecting

increasing shifts and three ones for decreasing shifts. Yet,

authors ignored detecting both increasing and decreasing

shifts simultaneously and also designed the control chart

in a way that it is able to detect either increasing or

decreasing shifts.

In the approach presented here, the authors propose to

use all six control charts to detect both increasing and

decreasing shifts, concurrently. Since the statistics and con-

trol limits of CUSUM-3 are not modified, the method is not

explained in detail.

2.5 MEWMA

For monitoring general linear profiles, Zou et al. [23] pro-

posed a MEWMA control chart. The performance of the

method is compared with EWMA-3 under increasing step

shifts in their study. As formerly mentioned, this approach

can detect both increasing and decreasing shifts, and no

modification is needed.

2.6 LRT

Zhang et al. [21] presented a method based on likelihood

ratio. This method is also able to detect both increasing and

decreasing shifts, and no change is needed. Therefore, we

skip to explain it in detail.

3 Simulation studies

The performance of the methods discussed in the previous

section is compared in this section. For this purpose, the

most popular benchmark example from the literature [9],

Yij03+2Xi+εij is used where x02, 4, 6, 8, 10, 12, and 14 for

each profile and εij∼N(0,1) without loss of generality. Ten

thousand simulation runs are used to calculate the in-control

and out-of-control ARLs by MATLAB software. To do the

comparison, the values of parameters in the methods, which

are summarized in Table 1, are designed to have the same

in-control ARL of roughly 200. Then, the method with the

lowest out-of-control ARL has the best performance.

The shifts in the intercept, A0; the slope, A1; and the

standard deviation, σ, are studied in this paper, and out-of-

control ARL values are reported in the sections below. The

best method is highlighted in each table.

3.1 Step shift

In this section, performance of all the phase II methods

under increasing and decreasing step shifts, respectively,

Table 1 The values of the

parameters in the methods EWMA-3 EWMA-R CUSUM-3 LRT MEWMA T2

θ00.2 EWMA KI00.5 h01.7447 L011.84 α00.005

LI03.027 L03.12 KS00.05 λ00.2 λ00.2 UCL011.98

Ls03.017 KE
−

00. 25 LCL00.005

LE04.073 R KE
+
02

θ00.2 HI
+
0HI

−

00.7697

d202.704 HS
+
0HS

−

00.470

d300.833 HE
+
01.59

LLCL02.32 HE
−

00.17

LUCL03.375
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are compared. The out-of-control ARL values under in-

creasing step shifts in the intercept are summarized in Ta-

ble 2. As shown in this table, CUSUM-3 has the best

performance in detecting medium to large shifts except the

largest ones in which T2 performs roughly the same as

CUSUM-3. However, MEWMA is the best method for

detecting the smallest shift, and EWMA-3 outperforms the

other methods in detecting other small shifts.

Table 3 shows simulation results for case where there are

increasing step shifts in the slope parameter. These results

show that MEWMA performs better than the other methods

in detecting small shifts. Furthermore, CUSUM-3 and T2

approaches have the best performance in detecting medium

and large shifts, respectively.

Regarding increasing step shifts in the standard devi-

ation, which are summarized in Table 4, it can be seen

that CUSUM-3 approach outperforms in detecting al-

most all of the shifts except the two smallest shift sizes.

The method LRT has the best performance in detecting

small shifts.

To evaluate the performance of the methods under

decreasing shifts, the magnitude of the slope and inter-

cept shifts are considered the same as increasing shift

sizes. The results reached are roughly the same as the

values reported in the Tables 2 and 3 (they are not

reported here). Since the same shift sizes for standard

deviation lead to negative standard deviations, which are

unfeasible results, different shift sizes are chosen to

investigate the performance of the methods under de-

creasing shift.

The out-of-control ARL values for decreasing step shifts

in the standard deviation are reported in Table 5. It can be

seen that LRT method performs better than the others in

detecting small shifts. EWMA-3 has the best performance in

detecting medium shifts and CUSUM-3 outperforms in

detecting large shifts. According to the results in Tables 2,

3, 4, and 5, the best methods in detecting increasing and

decreasing step shifts for various operational circumstances

are summarized in Table 6.

Generally, the results under the step shifts showed

that the performance of the methods under increasing

shifts in the intercept and the slope are the same as

their performance under decreasing shifts. Furthermore,

in detecting small step shifts in the intercept, the meth-

od EWMA-3 by Kim et al. [10] had the best perfor-

mance. CUSUM-3 approach by Saghaei et al. [17]

outperformed the others in detecting both medium and

large step shifts in the intercept. In detecting small,

medium, and large step shifts in the slope, MEWMA

by Zou et al. [23], CUSUM-3 by Saghaei et al. [17],

and T2 by Kang and Albin [9] performed better in

comparison with the other methods, respectively. How-

ever, the performance of the methods in detecting in-

creasing and decreasing shifts in standard deviation was

Table 2 Comparisons of out-of-

control ARL under increasing

step shift in the intercept (from

A0 to A0+λσ)

Method Shift size (λ)

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

T2 139.06 56.92 20.26 7.88 3.85 2.25 1.51 1.22 1.08 1.02

EWMA-R 40.73 10.35 5.44 3.7 2.85 2.35 2.06 1.86 1.68 1.47

EWMA-3 37.77 9.84 5.21 3.56 2.78 2.29 2.02 1.82 1.61 1.4

MEWMA 37.32 10.5 5.61 3.84 2.95 2.46 2.14 1.95 1.79 1.6

CUSUM-3 85.28 18.53 6.2 3.29 2.23 1.69 1.39 1.19 1.08 1.03

LRT 40.11 11.21 5.9 3.93 2.89 2.28 1.89 1.6 1.36 1.19

Table 3 Comparisons of out-of-

control ARL under increasing

step shift in the slope (A1 to A1

+βσ)

Method Shift size (β)

0.025 0.05 0.075 0.1 0.125 0.15 0.175 0.2 0.225 0.25

T2 127.67 43.77 14.19 5.44 2.69 1.65 1.25 1.09 1.02 1

EWMA-R 40.59 10.42 5.42 3.7 2.84 2.33 2.03 1.83 1.63 1.44

EWMA-3 32.44 9.25 5 3.49 2.72 2.28 2 1.81 1.61 1.39

MEWMA 29.86 8.63 4.79 3.36 2.64 2.22 1.99 1.79 1.6 1.36

CUSUM-3 62.21 14.29 5.66 3.17 2.19 1.7 1.38 1.19 1.08 1.02

LRT 32.66 9.35 5.03 3.36 2.5 1.97 1.64 1.36 1.17 1.07
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Table 6 The best method in

detecting increasing (+) and de-

creasing (−) step shifts under

different magnitudes of the shifts

Magnitude of the shift Parameter

Intercept (±) Slope (±) Standard deviation (+) Standard deviation (−)

Small EWMA-3 MEWMA LRT LRT

Medium CUSUM-3 CUSUM-3 CUSUM-3 EWMA-3

Large CUSUM-3 T2 CUSUM-3 CUSUM-3

Table 7 Comparisons of out-of-

control ARL under increasing

drift in the intercept (A0)

Method High small to small rate

Rate(ra0)

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

T2 151.7 122.05 102 87.18 77.78 69.4 64.02 58.27 54.11 50.82

EWMA-R 112.18 79.6 63.48 54.06 47.5 42.44 38.64 35.64 32.99 30.89

EWMA-3 108.3 78.39 62.86 53.65 46.92 41.81 37.76 34.85 32.36 30.54

CUSUM-3 133.64 99.15 80.46 68.56 59.82 54.04 48.52 44.76 41.32 38.51

MEWMA 108.06 76.74 62.21 52.78 46.49 41.59 37.98 35.22 32.56 30.64

LRT 110.85 78.55 63.7 54.25 47.41 42.65 38.95 35.86 33.63 31.19

Table 4 Comparisons of out-of-

control ARL under increasing

step shift in the standard devia-

tion (σ to γσ)

Method Shift size (γσ)

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3

T2 57.45 20.28 10.22 6.37 4.43 3.42 2.85 2.41 2.11 1.95

EWMA-R 39.58 11.25 5.09 3.02 2.17 1.7 1.46 1.31 1.21 1.15

EWMA-3 75.99 29.71 12.98 7.71 5.55 4.44 3.69 3.2 2.86 2.58

MEWMA 19.31 7.05 4.24 3.11 2.51 2.1 1.85 1.64 1.49 1.37

CUSUM-3 28.13 7.51 3.56 2.3 1.75 1.45 1.31 1.21 1.14 1.1

LRT 19.21 6.45 3.73 2.65 2.09 1.76 1.52 1.37 1.27 1.2

Table 5 Comparisons of out-of-control ARL under decreasing step shift in the standard deviation (σ to γσ)

Method Shift size (γσ)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

T2 272.57 254.22 197.02 146.38 98.97 64.70 37.33 16.36 4.481

EWMA/R 246.92 150.06 76.954 34.853 14.55 5.670 2.144 1.102 1

EWMA-3 104.43 32.412 13.186 7.280 4.810 3.440 2.593 1.997 1.508

MEWMA 149.70 44.644 16.266 8.4316 5.489 3.970 3.090 2.433 1.999

CUSUM-3 333.22 194.21 64.561 18.864 5.847 2.489 1.558 1.062 1

LRT 92.203 24.073 11.267 7.514 5.876 5.081 4.590 4.002 4
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different for both step shifts and drift. LRT method by

Zhang et al. [21] was the best one in detecting small

increasing step shifts in standard deviation, and for

medium and large increasing step shifts, CUSUM-3 by

Saghaei et al. [17] outperformed the others. However,

LRT by Zhang et al. [21], EWMA-3 by Kim et al.

[10], and CUSUM-3 by Saghaei et al. [17] were the

best methods in detecting small, medium, and large

decreasing step shifts in the standard deviation,

respectively.

3.2 Drift

The performance of the mentioned methods under increas-

ing and decreasing drift is studied in this section. The drifts

in the regression parameters are defined as follows:

A0ðtÞ ¼ A0 þ ra0t ra0 : rate of drift in A0

A1ðtÞ ¼ A1 þ ra1t ra1 : rateofdrift in A1

σðtÞ ¼ σþ rσt rσ : rate of drift in σ

; ð16Þ

where A0(t), A1(t), and σ(t) are the values of the regression

parameters and t unit after an assignable cause occurs in a

process leading to a drift. It is assumed that the drift occurs

at a constant rate. Since the parameters of control charts are

determined under in-control conditions and they do not

depend on the type of shifts, the parameters of control charts

under drift are the same as the parameters determined under

step shifts in the Table 1.

In the rest of this section, the performance of the

methods under increasing and decreasing drift is com-

pared. The magnitude of rates is classified into four

different groups, high small to small rate, small to

medium rate, medium to large rate, and large to high

large rate. The out-of-control ARLs for increasing drifts

in the intercept are given in Tables 7 and 8. The results

show that MEWMA is the best method in detecting

Table 8 Comparisons of out-of-control ARL under increasing drift in the intercept (A0)

Method Small to medium rate Medium to large rate Large to very large rate

Rate (ra0)

0.02 0.04 0.06 0.08 0.1 0.2 0.4 0.6 0.8 1 1.5 2 2.5 3 3.5 4

T2 31.8 19.43 14.33 11.53 9.76 5.78 3.4 2.5 2.04 1.76 1.26 1.02 1 1 1 1

EWMA-R 19.94 12.97 10.09 8.46 7.4 4.94 3.36 2.71 2.27 2.03 1.88 1.46 1.07 1 1 1

EWMA-3 19.69 12.77 9.95 8.33 7.34 4.86 3.31 2.69 2.24 2.02 1.85 1.4 1.05 1 1 1

CUSUM-3 24.05 14.74 11.12 9.06 7.74 4.82 3.04 2.34 1.96 1.76 1.26 1.02 1 1 1 1

MEWMA 19.9 13 10.08 8.52 7.47 5.02 3.43 2.8 2.35 2.06 1.94 1.59 1.15 1 1 1

LRT 20.22 13.32 10.36 8.73 7.59 5.08 3.39 2.7 2.23 1.98 1.65 1.18 1.01 1 1 1

Table 9 Comparisons of out-of-

control ARL under increasing

drift in the slope (A1)

Method High small to small rate

Rate(ra1)

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

T2 54.35 34.4 26.1 21.18 17.96 15.54 13.98 12.62 11.54 10.62

EWMA-R 35.73 23.11 17.64 14.83 12.84 11.53 10.47 9.62 8.98 8.38

EWMA-3 33.74 22 17.06 14.3 12.5 11.16 10.12 9.32 8.74 8.16

CUSUM-3 40.83 26.02 19.94 16.42 14.06 12.46 11.2 10.2 9.47 8.8

MEWMA 32.78 21.26 16.51 13.89 12.11 10.83 9.86 9.09 8.48 8

LRT 33.68 21.78 16.88 14.16 12.42 11.05 10.09 9.28 8.68 8.16

Table 10 Comparisons of out-of-control ARL under increasing drift in

the slope (A1)

Method Small to medium rate

Rate (ra1)

0.02 0.04 0.06 0.08 0.1 0.2

T2 6.27 3.71 2.72 2.21 1.88 1.08

EWMA-R 5.59 3.77 3.03 2.62 2.26 1.81

EWMA-3 5.45 3.72 2.99 2.57 2.25 1.74

CUSUM-3 5.52 3.51 2.71 2.26 1.96 1.18

MEWMA 5.33 3.64 2.94 2.54 2.18 1.79

LRT 5.42 3.63 2.86 2.4 2.08 1.36
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increasing drift shift for high small rates. However,

when the rate increases, the best method changes to

EWMA-3, and it remains the best even in medium rate

shifts. In detecting the shifts belonged to the third group

of shift rates, medium to large rate, CUSUM-3 approach

performs better than the other methods. T2 besides

CUSUM-3 perform the best in detecting large to very

large shift rates.

In Tables 9 and 10, the out-of-control ARL for increas-

ing drift in the slope A1 are shown. It can be seen that

MEWMA is the best method under high small to small

rates. As the rate increases, CUSUM-3 and then T2

have a better performance than the others. For the

groups, medium to large rate and large to high large

rate, the performance of all the methods is the same,

and their ARLs equal to 1. Thus, they are not shown in

a table.

According to the Tables 11 and 12, MEWMA has the

best performance under high small to small rate drift in the

standard deviation. As the rate increases, LRT performs as

the best method. In detecting medium to large rate shifts,

CUSUM-3 is the best method among the others. However,

Table 12 Comparisons of out-of-control ARL under increasing drift in the standard deviation (σ)

Method Small to medium rate Medium to large rate Large to very large rate

Rate (rσ)

0.02 0.04 0.06 0.08 0.1 0.2 0.4 0.6 0.8 1 1.5 2 2.5 3 3.5 4

T2 24.78 16.14 12.52 10.49 9.12 5.96 3.9 3.06 2.6 2.28 1.26 1.02 1 1 1 1

EWMA-R 20.2 12.85 9.84 8.18 7.09 4.49 2.88 2.22 1.86 1.62 1.88 1.46 1.07 1 1 1

EWMA-3 27.13 17.66 13.68 11.49 10.07 6.74 4.59 3.72 3.2 2.88 1.85 1.4 1.05 1 1 1

CUSUM-3 17.72 11.38 8.78 7.3 6.24 4 2.6 2.06 1.73 1.51 1.26 1.02 1 1 1 1

MEWMA 16.33 10.92 8.66 7.32 6.55 4.49 3.11 2.52 2.2 1.99 1.94 1.59 1.15 1 1 1

LRT 16.05 10.6 8.37 7.09 6.22 4.19 2.87 2.28 1.96 1.74 1.65 1.18 1.01 1 1 1

Table 13 Comparisons of out-of-control ARL under decreasing drift shift in the standard deviation (σ)

Method High small to small rate

Rate (rσ)

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

T2 207.92 168.2 137.85 119.25 104.24 92.34 84 76.72 70.36 65.52

EWMA-R 169.79 125.08 99.42 83.2 72.45 64.55 57.54 52.54 47.98 44.4

EWMA-3 108.36 76.14 60.56 50.84 44.38 39.54 35.96 32.82 30.5 28.33

CUSUM-3 185.39 129.28 98.38 81.23 69.34 60.68 54.28 49.06 44.8 41.18

MEWMA 124.64 87.48 68.4 57 49.22 44 39.62 36.17 33.51 31.1

LRT 104.68 72.29 56.68 47.49 41.36 36.83 33.22 30.7 28.37 26.56

Table 11 Comparisons of out-

of-control ARL under increasing

drift in the standard deviation (σ)

Method High small to small rate

Rate (rσ)

0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.010

T2 111.66 85.16 70.7 60.86 54.45 49.02 45.22 41.72 38.94 36.86

EWMA-R 102.73 75.24 61.23 52.78 46.28 41.86 38.46 35.41 33 30.96

EWMA-3 124.47 96.62 79.1 69.62 61.49 55.55 51.44 47.8 44.28 41.43

CUSUM-3 92.47 67.4 55.04 47.46 41.82 37.14 33.98 31.46 29.26 27.49

MEWMA 84.16 59.39 48.22 41.43 36.23 32.76 30.03 27.9 25.95 24.42

LRT 86.62 61.3 49.2 41.77 36.96 32.95 30.34 27.94 25.92 24.32
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in the last group of rates, both T2 and CUSUM-3 perform as

the best methods.

The magnitude of the intercept and slope decreasing shift

rates are considered the same as increasing ones. Since we

get roughly the same results, out-of-control ARL, as the

ones shown in the Tables 7, 8, 9, and 10, the performance

of the methods under decreasing drift in the intercept and

slope are not shown here.

The out-of-control ARL values under decreasing drifts

in the standard deviation are shown in Tables 13 and 14.

In our case, the magnitude of decreasing shift in the

standard deviation has to be less than one in order not

to have a negative value for standard deviation. Hence,

ARLs for the shifts with the rates larger than 1 are not

considered in this study. For all methods, ARL cannot be

calculated for rates larger than 0.2 because these rates lead

to non-positive standard deviation values before a signal

is detected. So, the ARLs for rates larger than 0.2 are not

reported here, as well. For the LRT control chart, this

problem is occurred in rate of 0.2, and hence, the result

of ARL is not reported. It can be seen that in detecting

high small to small rate shifts, LRT scheme outperforms

the others. However, EWMA performs better than other

methods in detecting medium rate decreasing shifts in the

standard deviation.

Based on the results in Tables 7, 8, 9, 10, 11, 12, 13,

and 14, the best methods in detecting increasing and

decreasing drift are summarized in Table 15. The sign

→ in Table 15 shows that in that group as the magni-

tude of shift increases, the best method changes to the

method after the sign →.

In detecting drift, MEWMA by Zou et al. [23] had the

best performance for very small intercept shifts. For

detecting small to medium rate drift in the intercept,

EWMA-3 by Kim et al. [10] outperformed the other

methods. CUSUM-3 by Saghaei et al. [17] performed

better than the other methods for detecting medium to

large and very large drift in the intercept, and T2 by Kang

and Albin [9] had the same performance as CUSUM-3 by

Saghaei et al. [17] in detecting large and very large drift.

Regarding drift in the slope, MEWMA by Zou et al. [23]

was the best in detecting very small to small shifts.

CUSUM-3 by Saghaei et al. [17] and T2 by Kang and

Albin [9] performed better in detecting small to medium

drifts. As the drift rate increased from medium, the per-

formance of all the methods was the same. In detecting

increasing drift in the standard deviation, MEWMA by

Zou et al. [23], LRT by Zhang et al. [21], and CUSUM-3

by Saghaei et al. [17] outperformed the others under first,

second, and third group of drift rates, respectively. In

detecting the fourth group, T2 by Kang and Albin [9]

had the same performance as CUSUM-3 by Saghaei et

al. [17] as the best methods. However, in detecting first

and second group of decreasing drift shifts in the standard

deviation, LRT by Zhang et al. [21] and EWMA-3 by

Kim et al. [10] were the best, respectively.

4 Conclusions

In this paper, some of the control schemes for phase II moni-

toring of simple linear profiles were modified in order to

improve their performance in detecting decreasing shifts be-

sides increasing ones. We evaluated the performance of the

phase II methods under both step shifts and drift through

simulation studies in terms of average run length criterion.

Table 15 The best method in detecting increasing (+) and decreasing (−) drift shifts in different rates of the drifts

Magnitude of drift rate Parameter

Intercept (±) Slope (±) Standard deviation (+) Standard deviation (−)

High small to small MEWMA→EWMA-3 MEWMA MEWMA→LRT LRT

Small to medium EWMA-3 CUSUM-3→T2 LRT EWMA-3

Medium to large CUSUM-3 The same CUSUM-3 –

Large to high large CUSUM-3 and T2 The same CUSUM-3 and T2 –

Table 14 Comparisons of out-of-control ARL under decreasing drift

shift in the standard deviation (σ)

Method Small to medium rate

Rate (rσ)

0.02 0.04 0.06 0.08 0.1 0.2

T2 38.4 21.3 14.8 11.41 9.35 4.88

EWMA-R 26.32 15.06 10.68 8.38 6.95 3.82

EWMA-3 17.92 11.33 8.7 7.25 6.27 3.97

CUSUM-3 23.62 13.45 9.64 7.64 6.36 3.69

MEWMA 19.48 12.12 9.29 7.69 6.65 4.28

LRT 17.05 11.3 9.02 7.78 6.97 –
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We studied the performance of those methods under increasing

shifts as well as decreasing ones. Based on the results and

comparisons which are discussed in details in the section of

simulation studies, the CUSUM-3 proposed by Saghaei et al.

[17] seems to be the best method under both step shifts and

drifts.
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