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Abstract In statistical process control, an important issue in

phase I is to identify the time of a change in process

parameters. Control charts monitor the process over time,

but the time an alarm is signaled by a control chart is not

necessarily the real time of change in the process. Finding

the real time of change, called as change point, is important

because it leads to saving cost and time in detecting the

assignable cause. Recently, profile monitoring in which a

response variable and one or more explanatory variables are

modeled by a regression function is attracted by many

researchers. One type of profiles considered in the literature

is a logistic profile where the distribution of the response

variable is binary. In this paper, we develop two methods

including likelihood ratio test and clustering to estimate the

real time of a step change in phase I monitoring of the

logistic profiles. The performance of the proposed methods

is evaluated and compared through simulation studies. The

results show the efficiency of both estimator methods. A real

case is also studied to show the applicability of the proposed

methods in practice.

Keywords Binary response . Logistic regression profile .

Phase I . Likelihood ratio test . Clustering

1 Introduction

In some situations, the quality of a process or product is

characterized by a relationship between a response variable

and one or more explanatory variables which is referred to

as profile. Many authors such as Stover and Brill [1], Kang

and Albin [2], Mahmoud and Woodall [3], Gupta et al. [4],

Mahmoud et al. [5], Jensen et al. [6], and Amiri et al. [7]

presented applications of profile monitoring.

Many researchers proposed different methods for moni-

toring different types of profiles including simple linear

profile, multiple linear profile, polynomial profile, nonlinear

profile, multivariate linear profile, and logistic profile. Refer

to Woodall et al. [8] and Woodall [9] for a review on profile

monitoring. In addition, see the edited book by Noorossana

et al. [10] for a comprehensive review on statistical analysis

of profile monitoring.

In the recent decade, there has been an increasing re-

search interest on estimating the change point of a process.

Identifying the time of process deviation helps quality engi-

neers to detect the assignable cause as soon as possible and

resolve it. Many authors such as Pignatiello and Samuel

[11], Timmer and Pignatiello [12], Montgomery [13], Perry

and Pignatiello [14], Zou et al. [15], Alaeddini et al. [16],

Zarandi and Alaeddini [17], and Noorossana et al. [18]

studied the change point estimation in control charts. For a

comprehensive review on change point post signal diagnosis

refer to Amiri and Allahyari [19].

Many authors considered the change point problem in the

profile monitoring. Zou et al. [20] proposed a standardized

likelihood ratio test (LRT) approach to estimate the step

change point in monitoring simple linear profiles in phase

I. Zou et al. [21] used LRT approach to estimate the real time

of a step shift in phase II monitoring of general linear

profiles. Mahmoud et al. [22] proposed a change point

method for linear profile data in phase I. Kazemzadeh et
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al. [23] studied the standardized LRT method for change

point estimation in monitoring polynomial profiles in

phase I. Eyvazian et al. [24] investigated the LRT

method for multivariate multiple linear regression pro-

files in phase II. Sharafi et al. [25] provided a maxi-

mum likelihood estimator to identify the real time of a

step change in phase II monitoring of binary profiles in

which the quality of a process is characterized by a logis-

tic regression profile. All of the researches on the change

point estimation in the area of profile monitoring are summa-

rized in Table 1.

Most of researches assume that the response variable is

continuous. But in some real applications, the main variable

is binary. Profile monitoring for binary response has been

considered very little in the literature. Yeh et al. [26] ex-

tended several Hotelling T2-charts for monitoring binary re-

sponse variable in phase I.

To the best of our knowledge and based on the Table 1,

there is no method to estimate the change point in phase I

monitoring of logistic profiles. In this paper, we propose two

methods including LRT-based method and clustering meth-

od to find the real time of a change in phase I monitoring of

logistic profiles. The theme of our research is shown in the

literature of the change point estimation on profile monitor-

ing in the Table 1.

The structure of the paper is as follows: in the next

section, logistic regression is described. In the third section,

a likelihood ratio test method and a clustering method based

on two indices are proposed for change point estimation in

logistic profiles. In the fourth section, the performance of

the proposed methods in detecting step shifts is evaluated

and compared using simulation studies. In the fifth section,

a real example in aircraft construction is given and the

performance of the proposed methods is evaluated. In the

final section, our concluding remarks are given.

2 Logistic regression

Generalized linear models extend ordinary regression mod-

els to encompass non-normal response distributions and

modeling functions of the mean. Three components specify

a generalized linear model:

1. A random component identifies the response variable y

and its probability distribution.

2. A systematic component specifies explanatory variables

used in a linear predictor function.

3. A link function specifies the function of E(y) that the

model equates to the systematic component.

Let y denote a binary response variable. For instance, y

might indicate the quality of a product (defective, healthy).

Each observation has one of two outcomes, denoted by 0

and 1, binary for a single trial. The mean E(y)0P(y01). We

denote P(y01) by π(x), reflecting its dependence on values

x0(x1,…, xp) of predictors. The variance of y is var (y)0π

(x) [1−π (x)].

For the logistic regression model, the log odds, called the

logit, has a linear relationship as follows [27]:

log
p xið Þ

1� p xið Þ

� �
¼ b0 þ b1xi1 þ b2xi2 þ . . .þ bpxip; ð1Þ

where β¼ b0; b1; . . . ; bp
� �

is the model parameter vector.

Also, the logistic regression model is as follows [27]:

p xið Þ ¼
exp xiβð Þ

1þ exp xiβð Þ
; ð2Þ

where xi ¼ xi1; xi2; . . . ; xip
� �

.

3 Proposed methods

In this section, two methods are proposed to identify the real

time of a change in phase I monitoring of logistic regression

profiles. These approaches are applied under the following

assumptions. They are used when the response variable

follows a binomial distribution, and the relationship be-

tween the response variable and the explanatory variables

is modeled by a logistic regression. The response variables

in different values of the explanatory variable in each profile

are independent from each other. There is no correlation

Table 1 Summary of the researches on the change point estimation in the area of profile monitoring

Authors Publication year Type of profile Change type Phase Estimation approach

Zou et al. 2006 Simple linear profile Single step shift I SLRT

Zou et al. 2007 General linear profile Single step shift II LRT

Mahmoud et al. 2007 Simple linear profile Single and multiple step shift I LRT

Kazemzadeh et al. 2008 Polynomial profile Single step shift I SLRT

Eyvazian et al. 2011 Multivariate multiple linear profile Single step shift II LRT

Sharafi et al. 2012 Logistic profile Single step shift II MLE

Our research 2012 Binary Single step shift I LRT and clustering
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between different profiles in phase I. Moreover, the values

of explanatory variables are fixed and constant from profile

to profile. In addition, it is assumed that only step shifts

occur in the parameters of the logistic regression.

3.1 Likelihood ratio test method

In this model, it is assumed that m independent samples with

size of n are available and each sample can be fitted to a

logistic regression profile. Also, it is assumed that in the m1,

a step change occurs in one or more parameters of the

logistic regression profile.

g p1j
� �

¼ log
p1ij

1� p1ij
¼ b01 þ b11x1ij þ b21x2ij þ . . .þ bp1xpij

i ¼ 1; 2; . . . ; n j ¼ 1; 2; . . . ;m1

ð3Þ

g p2j
� �

¼ log
p2ij

1� p2ij
¼ b02 þ b12x1ij þ b22x2ij þ . . .þ bp2xpij

i ¼ 1; 2; . . . ; n j ¼ m1 þ 1; . . . ;m:

ð4Þ

To test for equality of the parameters, we test the hypoth-

eses H0 : pi1 ¼ pi2 ¼ pi versus H1:H0 is not true.

Likelihood function for all observations is calculated as

follows:

PYij yij
� �

¼ p
yij
i 1� pið Þ1�yij

L ¼
Qm

j¼1

Qn

i¼1

PYij yij
� �

¼
Qm

j¼1

Qn

i¼1

p
yij
i 1� pið Þ1�yij :

ð5Þ

After taking the logarithm of the likelihood function, the

above equation is defined as

logðLÞ ¼
Pm

j¼1

Pn

i¼1

yij log pi

þ
Pm

j¼1

Pn

i¼1

1� yij
� �

log 1� pið Þ:
ð6Þ

To obtain maximum likelihood estimates of the πi, we

derived from the above equation to πi and set the result

equal to zero:

@ logðLÞ

@pi
¼

Pm

j¼1

yij

pi
�

m�
Pm

j¼1

yij

 !

1� pið Þ
¼ 0: ð7Þ

Consequently,

bpi ¼

Pm

j¼1

yij

m
: ð8Þ

Under the null hypothesis, the maximum value of the

logarithm of likelihood function for all observations is as

follows:

l0 ¼
Pn

i¼1

mbpi logbpi þ
Pm

j¼1

Pn

i¼1

log 1� bpið Þ

�
Pn

i¼1

mbpi log 1� bpið Þ;
ð9Þ

where bpi is the estimator of πi calculated by Eq. (8). Note

that the value of this estimator is computed based on the

historical in-control values of response variable.

Maximum value of the logarithm of likelihood function

for all observations before the change point (l1 ) and after

the change point (l2) is defined as follows:

l1 ¼
Pn

i¼1

m1bpi1 logbpi1 þ
Pm

j¼1

Pn

i¼1

log 1� bpi1ð Þ

�
Pn

i¼1

m1bpi1 log 1� bpi1ð Þ
ð10Þ

l2 ¼
Pn

i¼1

m2bpi2 logbpi2 þ
Pm

j¼1

Pn

i¼1

log 1� bpi2ð Þ

�
Pn

i¼1

m2bpi2 log 1� bpi2ð Þ;
ð11Þ

where bpi1 ¼

Pm1
j¼1

yij

m1
; bpi2 ¼

Pm
j¼m1þ1

yij

m�m1
and m20m−m1.

Maximum value of the logarithm of likelihood function

under H1 hypothesis is called la which is obtained by sum-

mation of l1 and l2:

la ¼ l1 þ l2

la ¼
Pn

i¼1

m1bpi1 logbpi1 þ
Pn

i¼1

Pm

j¼1

log 1� bpi1ð Þ

�
Pn

i¼1

m1bpi1 log 1� bpi1ð Þ þ
Pn

i¼1

m2bpi2 logbpi2

þ
Pn

i¼1

Pm

j¼1

log 1� bpi2ð Þ�
Pn

i¼1

m2bpi2 log 1� bpi2ð Þ

: ð12Þ

The generalized likelihood ratio statistic is calculated as

follows:

lrtm1
¼ �2 l0 � lað Þ

lrtm1
¼ �2

Pn

i¼1

mbpi log bpi þ
Pn

i¼1

Pm

j¼1

log 1� bpið Þ �
Pn

i¼1

mbpi log 1� bpið Þ

 

�
Pn

i¼1

m1bpi1 logbpi1 �
Pn

i¼1

Pm

j¼1

log 1� bpi1ð Þþ
Pn

i¼1

m1bpi1 log 1� bpi1ð Þ

�
Pn

i¼1

m2bpi2 logbpi2 �
Pn

i¼1

Pm

j¼1

log 1� bpi2ð Þþ
Pn

i¼1

m2bpi2 log 1� bpi2ð Þ

!
:

ð13Þ

The standardized likelihood ratio statistic is called slrt

and is calculated as follows:

slrtm1
¼

lrtm1
� E lrtm1

ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
var lrtm1

ð Þ
p ; ð14Þ
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where E(lrtm1) and Var(lrtm1) are the mean and variance of

lrt statistic under the null hypothesis. E(lrtm1) and Var(lrtm1)

values are estimated using a simulation (the details are given

in Section 5). slrtm1 is calculated for all possible values of

m1ðm1 ¼ 1; 2; � � � ;m� 1Þ.

The maximum argument of slrt is used to estimate the

change point after a control chart shows the out-of-control

state. In other words, when the hypothesis H0 is rejected, the

real time of step change is determined by the change point

estimator given as follows:

bm1 ¼ argmax slrtm1
f g

1 � m1 < m
ð15Þ

3.2 Clustering method

In clustering method, observations based on their similarity

are divided into several clusters such that the similarity

between the observations within a cluster is maximized

and the similarity of observations between clusters is

minimized.

In the change point estimation problem under step shift,

the numbers of clusters are known and equal to 2. In-control

cluster includes all observations before the change point,

and out-of-control cluster includes all observations after the

change point.

To estimate the real time of a step change in the clustering

method, the first step is to determine an appropriate validity

index. Then, for all of possible combinations of observa-

tions for in- and out-of-control clusters, the determined

index is calculated, and the point τ with the best value of

the index is the change point.

In this paper, two indices proposed by Ghazanfari et al.

[28] to estimate the step change point in Shewhart control

charts are evaluated for logistic profiles.

3.2.1 Extended clusters within variation

A cluster within variation shows the distance of in- and out-

of-control observations from their cluster means and is

defined as follows:

SSw ¼ SSwIn
þ SSwOut

SSw ¼
Pm1

j¼1

yj � CIn

� �2
þ

Pm

j¼m1þ1

yj � COut

� �2
ð16Þ

where yj is the mean of response values in all of the levels of

the explanatory variables in jth profile,CIn ¼
Pm1

j¼1

yj m1= is the

center of in-control cluster andCOut ¼
Pm

j¼m1þ1

yj m� m1ð Þ= is

the center of out-of-control cluster.The aim of this index is

minimizing the variation of the observations in each cluster.

The minimum argument of SSw is used to estimate the

change point after a control chart shows the out-of control

state and is defined as

bm1 ¼ argmin SSwf g
1 � m1 < m

ð17Þ

Note that the SSw index is computed for different

combinations of the clusters and the clusters with min-

imum SSw index is considered as the best combination.

As an example, the mean of response variable in the

first profile can be located in the first cluster, and the

means of other response variables are put in the second

cluster. This is a combination of two clusters. All of the

possible combinations of the profiles are tested, and the

best combination based on the SSw is selected. The

argument of the first observation in the out-of-control

cluster is introduced as the change point.

3.2.2 Clusters between variation decomposition

A cluster between variation shows the distances of in- and

out-of-control means from their total mean and is defined as

SSB ¼ SSBIn
þ SSBOut

ð18Þ

SSB ¼ m1 CIn � CTð Þ2 þ m� m1ð Þ COut � CTð Þ2 where

CT ¼
Pm

j¼1

yj m= is the average of all response variable means.

The goal of this index is to maximize the variation

between observations of two clusters.

In this index, the maximum argument of SSB is used to

estimate the change point after the control chart shows the

out-of-control state. In the other words, the real time of step

change is determined as follows:

bm1 ¼ argmax SSBf g
1 � m1 < m

ð19Þ

Similar to the previous clustering method, all combina-

tions of clusters are formed, and the corresponding SSB
index is computed for all combinations of the clusters. Then,

the combination with the largest SSB index is selected, and

the argument of the first observation in the out-of-control

cluster is considered as the change point.

4 Performance evaluation

In this section, two examples with one explanatory

variable and two explanatory variables are applied to

show accuracy and precision of the proposed estimators
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and to compare the LRT-based estimator with two clustering-

based estimators.

4.1 Example 1

In the first example, to evaluate the performance of the

proposed estimators, n09, m030 and one explanatory var-

iable is assumed. The regression parameters are 3, 2, and x

values are equal to log(0.1), log(0.2), log(0.3), log(0.4), log

(0.5), log(0.6), log(0.7), log(0.8), and log(0.9) similar to the

xi values mentioned in Yeh et al. [26].

For each independent sample and for each values of

x, we generate an observation from a binomial random

distribution with parameters equal to k030 and

pi ¼ exp b10 þ b20xið Þ 1þ exp b10þð b20xi½ �=
In the LRT method, the values of expected value and

standard deviation of slrtm statistic is calculated under in-

control condition with 50,000 simulation runs; the results

are shown in Table 2.

Now, the standardized likelihood ratio statistic given in

Eq. (14) is calculated.

In the first index of clustering method, as described, the

mean of each cluster is obtained, and then the difference of

each observation from the corresponding cluster mean is

computed. When the total difference of all observations is

minimum, it indicates that the clustering of observations is

correct and the change point is determined.

In the second index of the clustering method, first,

the total mean is obtained. Then the mean of each

cluster is determined. Finally, the difference between

the mean of each cluster and total mean is calculated.

When the total of this two difference is maximum, it

indicates that the clustering of observations is correct and the

change point is determined.

Statistical performance of the proposed methods for the

various shifts in the intercept and m105, m1010, and m1015

by using 50,000 simulation runs is obtained, and the results are

summarized in the Table 2. In this table, the average of the

change point estimator (AVE), standard deviation of the change

point estimator (SDE), and probabilities P0 ¼ P bm1 ¼ m1ð Þ ,

P1 ¼ P bm1 � m1j j � 1ð Þ , P3 ¼ P bm1 � m1j j � 3ð Þ ,and

P5 ¼ P bm1 � m1j j � 5ð Þ are shown.
In m105, various shifts in the intercept (β0) are applied,

and the performance of the change point estimators is eval-

uated by using 50,000 simulation runs. As shown in this

table, average of the change point estimators under very

small shifts is far from the real value of the change point,

and the accuracy of estimation is low. However, under

medium to large shifts in the intercept, this gap is smaller

and the estimators are more accurate. Meanwhile, the stan-

dard deviation of the estimators with increasing magnitude

of the shift decreases. This result is also confirmed by the

probabilities.

In m1010, the performance of the change point estima-

tors is also evaluated by using 50,000 simulation runs. The

results show that average of the change point estimators in

very small shifts (0.2 in the intercept) is far from the real

value of the change point, but in the medium to large shifts,

this gap becomes smaller. The standard deviation of the

estimators has similar behavior to the previous state. The

probabilities show that as the magnitude of the shift

increases, the change point estimators perform better.

In m1015, various shifts in the intercept are applied. As

Table 3 shows, the average of the change point estimators in

all range of shift in the intercept is near to ten and standard

deviation of the estimators with increasing magnitude of the

shift decreases. In the other words, with increase in the

magnitude of the shift, the performance of the change point

estimators improves and the error decreases. It can be con-

cluded based on the probabilities in rows P0 to P5 as well.

Generally, comparison between probabilities in different

locations of the shift shows the weaker performance of the

change point estimators at the initial sampled profiles.

Moreover, the performance of all change point estimators

is satisfactory and roughly similar.

Table 4 shows statistical performance of the proposed

methods for the various shifts in the slope (β1). Results

show the weaker performance of the change point estimators

in finding the real time of the change in the slope rather than

the intercept.

In small shifts, the LRT method has better performance

than clustering indices. However, in large shifts, clustering

indices perform better.

Similar to the shift in the intercept, comparison between

probabilities in different locations shows the weaker

Table 2 Expected value and standard deviation of lrt statistic in

example 1

m1 E(lrtm1) SD (lrtm1) m1 E(lrtm1) SD (lrtm1)

1 2.5002 1.1526 16 2.6963 1.2704

2 2.6317 1.2266 17 2.7054 1.2839

3 2.6670 1.2498 18 2.6999 1.2690

4 2.6858 1.2645 19 2.7015 1.2740

5 2.6806 1.2630 20 2.6888 1.2653

6 2.6882 1.2680 21 2.7013 1.2665

7 2.6891 1.2670 22 2.6873 1.2682

8 2.6886 1.2717 23 2.6902 1.2658

9 2.6913 1.2722 24 2.6935 1.2646

10 2.7045 1.2716 25 2.6862 1.2635

11 2.6945 1.2703 26 2.6772 1.2600

12 2.6989 1.2706 27 2.6656 1.2479

13 2.6939 1.2659 28 2.6261 1.2234

14 2.6951 1.2625 29 2.5031 1.1623

15 2.6933 1.2735 30 _ _
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Table 3 The average, standard deviation, and precision of change point estimator under different shifts in the intercept from β0 to β0+λ at different

locations in example 1

Shift size λ

Method Location of shift (m1) 0.2 0.4 0.6 0.8 1

LRT 5 AVE 7.82 5.79 5.34 5.20 5.16

SDE 5.35 2.42 1.31 0.93 0.73

P0 0.20 0.34 0.48 0.59 0.67

P1 0.44 0.67 0.82 0.90 0.94

P3 0.69 0.90 0.97 0.99 0.99

P5 0.80 0.95 0.99 0.99 0.99

10 AVE 10.95 10.27 10.16 10.13 10.11

SDE 4.07 2.01 1.36 1.01 0.82

P0 0.18 0.31 0.42 0.52 0.60

P1 0.42 0.65 0.78 0.88 0.93

P3 0.70 0.91 0.98 0.99 0.99

P5 0.85 0.98 0.99 0.99 1

15 AVE 14.90 14.98 15.02 15.02 15.01

SDE 3.89 2.00 1.34 1.01 0.82

P0 0.17 0.30 0.41 0.51 0.59

P1 0.40 0.64 0.79 0.87 0.93

P3 0.70 0.91 0.98 0.99 0.99

P5 0.85 0.98 0.99 1 1

Extended clusters

within variation

5 AVE 7.91 5.02 5.01 4.99 4.99

SDE 6.73 1.67 0.42 0.18 0.08

P0 0.31 0.71 0.90 0.97 0.99

P1 0.53 0.89 0.98 0.99 0.99

P3 0.73 0.97 0.99 1 1

P5 0.81 0.98 0.99 1 1

10 AVE 10.76 10.01 1.98 9.99 9.99

SDE 4.59 1.06 0.39 0.17 0.08

P0 0.33 0.72 0.91 0.97 0.99

P1 0.55 0.90 0.98 0.99 1

P3 0.75 0.98 0.99 1 1

P5 0.84 0.99 0.99 1 1

15 AVE 14.89 14.97 14.98 14.98 14.99

SDE 4.15 1.02 0.37 0.18 0.08

P0 0.33 0.72 0.91 0.97 0.99

P1 0.56 0.91 0.98 0.99 1

P3 0.76 0.98 0.99 1 1

P5 0.85 0.99 1 1 1

Clusters between

variation

decomposition

5 AVE 7.99 5.02 5.01 4.99 4.99

SDE 6.83 1.63 0.43 0.17 0.08

P0 0.31 0.71 0.90 0.97 0.99

P1 0.52 0.89 0.98 0.99 1

P3 0.72 0.97 0.99 1 1

P5 0.80 0.99 0.99 1 1

10 AVE 10.73 10.01 9.99 9.99 9.99

SDE 4.52 1.08 0.38 0.17 0.08

P0 0.33 0.72 0.91 0.97 0.99

P1 0.56 0.91 0.98 0.99 0.99
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performance of the change point estimators at the initial

sampled profiles. The results of clustering indices are

absolutely the same and the performance of all change point

estimators is roughly similar.

Table 3 (continued)

Shift size λ

Method Location of shift (m1) 0.2 0.4 0.6 0.8 1

P3 0.76 0.98 0.99 1 1

P5 0.85 0.99 1 1 1

15 AVE 14.90 14.97 14.98 14.99 14.99

SDE 4.10 1.03 0.38 0.17 0.08

P0 0.33 0.72 0.90 0.97 0.99

P1 0.56 0.91 0.98 0.99 0.99

P3 0.76 0.98 0.99 1 1

P5 0.85 0.99 1 1 1

Table 4 The average, standard deviation, and precision of change point estimator under different shifts in the slope from β1 to β1+Δ at different

locations in example 1

Shift size Δ

Method Location of shift (m1) 0.1 0.15 0.2 0.25 0.3

LRT 5 AVE 11.01 8.35 7.08 6.44 6.03

SDE 7.73 5.92 4.50 3.56 2.78

P0 0.11 0.18 0.25 0.28 0.31

P1 0.27 0.42 0.51 0.58 0.64

P3 0.49 0.65 0.77 0.83 0.87

P5 0.59 0.76 0.85 0.90 0.94

10 AVE 12.09 11.15 10.81 10.55 10.37

SDE 5.79 4.26 3.48 2.74 2.21

P0 0.12 0.17 0.20 0.24 0.29

P1 0.30 0.41 0.47 0.54 0.62

P3 0.54 0.69 0.77 0.84 0.89

P5 0.70 0.83 0.89 0.94 0.97

15 AVE 14.98 14.99 15.01 15.02 15.02

SDE 5.34 4.09 3.31 2.65 2.17

P0 0.12 0.16 0.19 0.24 0.28

P1 0.31 0.39 0.46 0.54 0.61

P3 0.56 0.68 0.76 0.84 0.89

P5 0.72 0.83 0.90 0.95 0.97

Extended clusters

within variation

5 AVE 11.94 9.63 7.53 6.35 5.68

SDE 9.27 8.13 6.23 4.55 3.13

P0 0.13 0.23 0.35 0.47 0.58

P1 0.27 0.42 0.57 0.70 0.80

P3 0.46 0.61 0.76 0.86 0.92

P5 0.57 0.71 0.83 0.91 0.95

10 AVE 12.87 11.49 10.71 10.30 10.14

SDE 15.59 12.87 11.41 10.59 10.25

P0 0.13 0.24 0.37 0.49 0.60
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In m105 and m1010, the average estimators of

change point under very small shifts is away from the

real value of the change point and the accuracy of

estimation is low. However, under medium to large

shifts in the slope, this gap is smaller and the estimators

are more accurate.

Generally, the performance of all change point estimators

is satisfactory. Moreover, the results for shifts in the inter-

cept and slope are roughly similar.

4.2 Example 2

To better compare the performance of the proposed change

point estimators in phase I monitoring of logistic regression

profiles, another illustrative example with two explanatory

variables is used. The regression parameters are assumed to

be 3, 2, and 1. m is equal to 30, n is equal to 9, the values of

x1 are the same of x values in the previous example, and the

values of x2 are equal to log(0.3), log(0.8), log(0.7), log

(0.1), log(0.4), log(0.9), log(0.6), log(0.2), and log(0.5).

In the LRT method, the values of expected value and

standard deviation of slrtm statistic under in-control condi-

tion are calculated with 50,000 simulation runs.

The performance of the proposed methods under various

shifts in the logistic regression parameters and m1015 is

evaluated by using 50,000 simulation runs, and the results

are summarized in the Tables 5, 6 and 7. Due to similarity to

the previous example, we only reported the results of the

shifts in m1015 and avoid reporting the results in the other

locations.

As Table 5 shows, the average of the change point esti-

mators in all range of shift in the intercept is close to 15 and

standard deviation of the estimators decreases as the mag-

nitude of the shift increases. In the other words, increasing

the magnitude of the shift improves the performance of the

change point estimators.

Table 4 (continued)

Shift size Δ

Method Location of shift (m1) 0.1 0.15 0.2 0.25 0.3

P1 0.27 0.44 0.60 0.73 0.82

P3 0.44 0.64 0.79 0.89 0.94

P5 0.56 0.75 0.88 0.95 0.98

15 AVE 15.04 15.03 14.96 15.01 14.99

SDE 7.67 5. 3.71 2.58 1.67

P0 0.13 0.25 0.37 0.49 0.60

P1 0.27 0.45 0.61 0.73 0.83

P3 0.44 0.65 0.80 0.90 0.95

P5 0.56 0.76 0.88 0.95 0.98

Clusters between

variation decomposition

5 AVE 11.93 9.52 7.62 6.34 5.67

SDE 9.27 8.08 6.38 4.55 3.07

P0 0.13 0.23 0.35 0.47 0.58

P1 0.27 0.41 0.57 0.70 0.80

P3 0.46 0.62 0.76 0.86 0.93

P5 0.57 0.71 0.83 0.91 0.95

10 AVE 12.86 11.48 10.71 10.30 10.14

SDE 7.90 5.92 4.08 2.70 1.83

P0 0.13 0.24 0.37 0.49 0.60

P1 0.27 0.44 0.60 0.73 0.82

P3 0.44 0.64 0.79 0.89 0.94

P5 0.56 0.75 0.88 0.95 0.98

15 AVE 15.03 15.03 14.97 15.01 14.99

SDE 7.38 5.33 3.62 2.44 1.68

P0 0.13 0.24 0.37 0.49 0.60

P1 0.27 0.45 0.61 0.73 0.83

P3 0.44 0.65 0.80 0.90 0.95

P5 0.56 0.76 0.88 0.95 0.98
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Table 6 shows that performance of the change point

estimators under different magnitudes of the shift in the

second regression parameter. As the results show, the per-

formance of the proposed change point estimators is satis-

factory under different shifts considered.

Table 7 shows statistical performance of the proposed

methods under various shifts in the third regression

parameter. With increase in the magnitude of the shift,

the performance of the change point estimators improves

and the standard deviation decreases. This result can be

Table 6 The average, standard

deviation, and precision of

change point estimator under

different shifts in the second

parameter from β1 to β1+Δ

at m1015 in example 2

Shift size Δ

Method 0.1 0.15 0.2 0.25 0.3

LRT AVE 14.73 14.89 14.92 14.98 14.99

SDE 6.64 5.07 3.80 3.02 2.47

P0 0.07 0.12 0.18 0.21 0.25

P1 0.21 0.32 0.42 0.49 0.57

P3 0.41 0.58 0.71 0.79 0.85

P5 0.58 0.74 0.86 0.92 0.96

Extended clusters

within variation

AVE 14.98 14.93 14.98 14.99 14.99

SDE 7.88 6.17 4.55 3.20 2.29

P0 0.10 0.19 0.29 0.41 0.51

P1 0.22 0.37 0.52 0.65 0.75

P3 0.38 0.57 0.72 0.83 0.91

P5 0.50 0.68 0.82 091 0.95

Clusters between

variation decomposition

AVE 14.94 14.95 15.03 14.98 14.99

SDE 7.92 6.15 4.52 3.25 2.32

P0 0.10 0.20 0.30 0.41 0.52

P1 0.22 0.38 0.52 0.65 0.76

P3 0.38 0.57 0.72 0.83 0.91

P5 0.49 0.68 0.82 0.91 0.96

Table 5 The average, standard

deviation, and precision of

change point estimator under

different shifts in the slope from

β0 to β0+Δ at location of shift

(m1015) in example 2

Shift size Δ

Method 0.2 0.4 0.6 0.8 1

LRT AVE 15.05 15.04 15.03 15.02 15.03

SDE 3.90 1.81 1.17 0.89 0.71

P0 0.17 0.33 0.47 0.56 0.65

P1 0.41 0.68 0.84 0.91 0.95

P3 0.70 0.93 0.98 0.99 0.99

P5 0.85 0.99 0.99 0.99 1

Extended clusters

within variation

AVE 14.98 14.96 14.99 14.99 14.99

SDE 3.53 0.81 0.29 0.11 0.04

P0 0.38 0.78 0.94 0.98 0.99

P1 0.62 0.94 0.99 0.99 1

P3 0.81 0.99 0.99 1 1

P5 0.89 0.99 1 1 1

Clusters between

variation decomposition

AVE 14.96 14.99 14.99 14.99 14.99

SDE 3.61 0.81 0.29 0.11 0.04

P0 0.38 0.78 0.94 0.98 0.99

P1 0.60 0.94 0.99 0.99 0.99

P3 0.80 0.99 0.99 1 1

P5 0.88 0.99 1 1 1
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concluded based on the probabilities in rows P0 to P5

as well.

Generally, the results show that the performance of all

change point estimators is satisfactory.

5 A case study

In this section, we use the example of the compressive

strength of an alloy fastener applied in aircraft construction

[26] to show the performance of the proposed change point

estimators in practice. The predictor variable (x) is the

loading strength as measured in pounds per square inches

(psi) and the response variable (y) is the total number of

alloy fasteners that failed when they were tested at a certain

load. x values are equal to 2,500, 2,700, 29,00, 3,100, 3,300,

3,500, 3,700, 3,900, 4,100, and 4,300. Based on the model,

the values of x is converted to log(2,500), log(2,700), log

(2,900), log(3,100), log(3,300), log(3,500), log(3,700), log

(3,900), log(4,100), and log(4,300) by Yeh et al. [26]. A

number of fasteners were tested at each of these loads. We

first fit the model log pðxÞ 1� pðxÞ=ð Þ ¼ b0 þ b1 logðxÞ and

the vector of regression parameters is obtained as bb ¼

�42:1110; 5:1772ð Þ.

We generate m030 profile samples in which 25 sam-

ples are generated from the in-control process, and the

remaining five samples are generated from an out-of-

control process with shift of λ00.5172 in the inter-

cept. Under in-control conditions, response variables in

different levels of explanatory variable, x, follow

binomial distribution with parameters k030 and

pi ¼ exp b10 þ b20xið Þ 1þ exp b10 þ b20xið½ �=
The values of expected value and standard deviation of lrt

(m) statistic is calculated under in-control condition with

50,000 simulation runs, and the results are shown in Table 8.

The values of AVE, SDE, P0, P1, P3, and P5 for LRT

method are 24.78, 1.05, 0.55, 0.85, 0.98, and 0.99,

Table 8 Expected value and standard deviation of lrt statistic in real case

m1 E (lrtm1) SD (lrtm1) m1 E (lrtm1) SD (lrtm1)

1 3.3953 1.5097 16 3.3420 1.4860

2 3.3643 1.5306 17 3.3423 1.4945

3 3.3588 1.5036 18 3.3390 1.5064

4 3.3549 1.4970 19 3.3247 1.4868

5 3.3223 1.4771 20 3.3549 1.5016

6 3.3364 1.4921 21 3.3231 1.4805

7 3.3436 1.4938 22 3.3568 1.5052

8 3.3393 1.4966 23 3.3505 1.5056

9 3.3299 1.4941 24 3.3605 1.5077

10 3.3491 1.5024 25 3.3411 1.5086

11 3.3294 1.4966 26 3.3387 14928

12 3.3398 1.5010 27 3.3543 1.4987

13 3.3575 1.5072 28 3.3675 1.5142

14 3.3408 1.4893 29 3.4152 1.5172

15 3.3447 1.5120 30 – –

Table 7 The average, standard

deviation, and precision of

change point estimator under

different shifts in the third pa-

rameter from β2 to β2+Δ at

m1015 in example 2

Shift size

Method 0.1 0.15 0.2 0.25 0.3

LRT AVE 14.94 14.96 14.97 15.03 15.01

SDE 6.27 4.74 3.44 2.71 2.23

P0 0.09 0.14 0.18 0.24 0.29

P1 0.23 0.34 0.45 0.54 0.61

P3 0.45 0.60 0.74 0.82 0.89

P5 0.62 0.77 0.89 0.94 0.97

Extended clusters

within variation

AVE 14.99 14.96 14.98 15.01 14.99

SDE 7.86 6.08 4.39 3.15 2.19

P0 0.10 0.20 0.31 0.41 0.52

P1 0.22 0.38 0.53 0.65 0.77

P3 0.38 0.57 0.73 0.84 0.92

P5 0.50 0.69 0.83 0.91 0.96

Clusters between

variation decomposition

AVE 14.94 14.95 15.02 15.01 14.99

SDE 7.86 6.07 4.41 3.12 2.19

P0 0.10 0.20 0.31 0.42 0.52

P1 0.22 0.38 0.54 0.66 0.76

P3 0.38 0.57 0.73 0.84 0.91

P5 0.50 0.69 0.83 0.91 0.96
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respectively. These values for two clustering indices are the

same and equal to 24.98, 0.26, 0.95, 0.99, 0.99, and 1. The

results show the efficiency of all change point estimator

methods. The performances of two clustering indices are

slightly better than the LRT method.

6 Conclusions

In this paper, the slrt and clustering estimators for estimating

the step change point in the parameters of logistic profiles in

phase I was proposed. Simulation studies showed that the

performances of these estimators are satisfactory, especially

in the medium to large shifts. Moreover, in addition to the

magnitude of the shift, the location of shift also affects the

accuracy and efficiency of the proposed change point esti-

mators. Generally, the performance of the two clustering

methods is roughly the same as the LRT method based on

the two illustrative examples. Finally, a real case on the

compressive strength of an alloy fastener applied in aircraft

construction was studied, and the results showed that the

performance of these estimators is satisfactory.
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