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Novikov products of derivations

Reza Abdolmaleki1 and Hesam Sharifi2

If (A, .) be an associative and commutative algebra and D be a derivation
of A, for allx, y in A, x.D(y) is a Novikov product. In this paper we show
that underlying Lie algebra of this Novikov product can be decomposed to
two solvable ideals.

1 Introduction

Left-symmetric algebras or pre-Lie algebras first have been introducted by
Cayley in 1896. A Novikov algebra is a special case of a left-symmetric algebra.
Novikov algebras have important states in mathematics and physics. They
are apear in connected with Vertex algebras, conformal fields, Hamiltonian
operators, poisson breckets of hydrodynamic type and several other contecxts.

In this paper we study Novikov structures arise from derivatins.

2 Theorems and lemmas

An algebra (A, ·) over k with product (x, y) 7→ x · y is called left-symmetric
algebra (LSA), if the product is left-symmetric, i.e., if the identity

x · (y · z) − (x · y) · z = y · (x · z) − (y · x) · z

is satisfied for all x, y, z ∈ A.

The algebra is called Novikov, if in addition

(x · y) · z = (x · z) · y

is satisfied.
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Definition 1. An affine structure on a Lie algebra L over F is a left-symmetric
product L × L → L satisfying

[x, y] = x · y − y · x

for all x, y, z ∈ L. If the product is Novikov, we say that L admits a Novikov
structure.

Proposition 1. Any finite-dimensional Lie algebra admitting a Novikov struc-
ture is solvable[3].

Proposition 2. LetV be a finite-dimensional vector space space over a field F

and x ∈ End(V ). There exist unique xn, xs ∈ End(V ) satisfying the condi-
tions: x = xn + xs, xs is semisimple, xn is nilpotent, xn and xs commute[7].

Lemma 1. Let A be a finite-dimensional F-algebra. then DerA contains the
semisimple and nilpotent parts of all its elements.

Proposition 3. Let (A, ·) be an associative and commutative algebra and D

a derivation of A. Then the product x◦y = x ·D(y) is Novikov. In particular,
it defines a Novikov structure on the Lie algebra g given by

[x, y] := x ◦ y − y ◦ x = x · D(y) − y · D(x).

3 New results

Result 1. Lie algebra of proposition 3, is decompsed to two solvable ideal.

Result 2. Let D be nonsemisimple and nonnilpotent derivation of algebra A.
Then three different Lie algebras arise from D.
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