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a b s t r a c t

In this paper, the three-dimensional automatic adaptive mesh refinement is presented in

modeling the crack propagation based on the modified superconvergent patch recovery

technique. The technique is developed for the mixed mode fracture analysis of different

fracture specimens. The stress intensity factors are calculated at the crack tip region and

the crack propagation is determined by applying a proper crack growth criterion. An auto-

matic adaptive mesh refinement is employed on the basis of modified superconvergent

patch recovery (MSPR) technique to simulate the crack growth by applying the asymptotic

crack tip solution and using the collapsed quarter-point singular tetrahedral elements at

the crack tip region. A-posteriori error estimator is used based on the Zienkiewicz–Zhu

method to estimate the error of fracture parameters and predict the crack path pattern.

Finally, the efficiency and accuracy of proposed computational algorithm is demonstrated

by several numerical examples.

� 2012 Elsevier Inc. All rights reserved.

1. Introduction

In many engineering problems, the lifetime of technical structures and components depends on the behavior of cracks.

For most practical problems, there are no analytical solutions, and the handbook ones are only crude approximations. In such

cases, the numerical techniques of computational fracture mechanics play an important role in predicting the cracked behav-

ior of such structures. Although numerical difficulties still exist, the finite element method has been widely used for fracture

problems. Tabeie and Wu [1] classified the numerical methods for the modeling of crack growth into three basic categories.

These three basic categories are as follows; the smeared crack approach, the discrete crack propagation using the nodal

release approach, and the discrete crack propagation using the delete-and-fill remeshing method.

The smeared crack approach was originally introduced by Rashid [2] to study the fracture behavior of prestressed con-

crete pressure vessels and has been widely used in finite element simulations of fracture problems [3,4]. In this method,

the fracture was associated with the element stiffness loss, and the stress was monitored at each element. The failed element

does not collapse and remains as a continuum field but loses its load bearing capacity in these directions. Hence, the tech-

nique is called as the smeared crack; the crack is an implicit entity, and shows crack properties by modifying the material

constitutive relations in a proper manner. The implementation of this method is relatively simple. The advantage of the tech-

nique lies in the elimination of the meshing process at each simulation step, however – it has several disadvantages. Since

the state variables are computed at the integration points that are near the center of elements, these state variables are smal-

ler than those of the crack tip so that the applied stress which causes fracture is not accurate [5]. The other disadvantage of

the approach is that the effective loss of material at the crack tip may change the crack tip geometry significantly. The crack
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trajectories obtained by this approach are mesh dependent and are highly sensitive to the mesh size. In the region of the

expected crack path, the solution may not converge if very small elements are used. If the crack does not propagate parallel

to the direction of element edges, the stress-locking may occur. Elements in the region of the crack show artificially large

stresses. Although the overall displacements in the model may be accurate, the energy of stress and strain calculated within

the finite elements may be incorrect at the crack region.

The discrete crack propagation via the nodal release approach has two distinct characteristics. The crack geometry is

always presented explicitly, and the crack growth performs in discrete increments. In discrete crack modeling, there are

commonly two types of approximations additional to the idealization of material, the boundary conditions and geometry.

Firstly, the discrete crack modeling relies on an approximate determination of stresses, usually analyzed by the finite or

boundary element method. Secondly, the continuous evaluation of a crack path is idealized by discrete increments. A dis-

crete crack simulation converges asymptotically to the correct solution, if both approximations are refined sufficiently.

The nodal release approach has been proven to be very robust and easy to implement, even in commercial FE codes, and

shown as a popular technique to model fracture procedure [6]. Based on the nodal release approach, a crack is assumed

to propagate along the existing edges of the finite element mesh. In this concept, two element edges, initially constrained

to identical displacements, are allowed to separate by releasing the constraints and nodal forces which hold the elements

together. Hence, a new crack surface can be generated at the crack interface. At each step, one element corner node, or edge

node is separated into two nodes and the crack extends along the respective element length. Gurses and Miehe [7] presented

a discretization technique for the evolving crack discontinuity by doubling of critical nodes and interface facets of the mesh.

The method has been proven to be very efficient if a crack trajectory is known a priori [8]. However, this method is greatly

mesh dependent. Thus, a very fine mesh with considerable numerical effort has to be applied to model the crack trajectory.

The discrete crack propagation via the delete-and-fill remeshing method was first introduced by Wawrzynek and Ingraf-

fea [9]. They modeled an arbitrary curvilinear crack propagation by an automatic remeshing process. The approach was

based on the strategy of the delete-and-fill process for crack simulation. In this technique, a group of elements is first deleted

in a region around the crack tip. After the crack is extended, elements are placed around the new crack tip. At the final step,

the area between the crack tip elements and the original mesh is suitably remeshed [10–13]. During the crack propagation,

the topology of the model changes and the best technique to model the new discontinuity is to perform an automatic reme-

shing method.

In contrast, there are various techniques developed by researchers to model the discontinuity without remeshing. The

element-free Galerkin method (EFGM) based on the meshless technique was used by Ventura et al. [14] to model the crack

growth. The strong discontinuity approach (SDA) is applied to model the crack propagation by using a jump in the displace-

ment field without affecting the neighboring elements [15]. In this technique, additional degrees of freedom is added to the

finite element model and the amplitude of displacement jumps across the crack are defined using these additional degrees of

freedom, leading to a formulation similar to the standard non-associative plasticity model. One of the most popular tech-

niques in crack growth modeling with no remeshing process is the extended-FEM method [16–18], in which the displace-

ment-based approximation is enriched near the crack by incorporating both the discontinuous fields and near tip asymptotic

fields through a partition of unity method [19]. However, for complex configurations, such as multiple cracks, large defor-

mation crack propagation, etc, these techniques need to be modified. Thus, if the remeshing procedure is available, it will

be one of the most accurate approaches to model the crack propagation in a real mesh discontinuity.

The adaptive FEM strategy permits the modeling of arbitrary geometry for both structure and crack by updating the mesh

to conform to the evolving crack geometry. A key component in the development of adaptive FEM approach is the definition

of topological databases to organize and control the interplay among the solid geometry and mesh models of the cracked

structure. Paluszny and Zimmerman [20] employed an adaptive strategy in which the mesh refinement was guided topolog-

ically to propagate the fracture in three dimensions. Carter et al. [21] presented the computational geometry and topology

for automatic simulation of arbitrary, non-planar, 3D crack growth, in which no user intervention is needed and the time-

consuming remeshing operations are skipped. The present paper deals with the modeling of crack propagation via an auto-

matic adaptive mesh refinement based on the modified superconvergent patch recovery (modified-SPR) technique. The main

focus is on the determination of crack paths and surfaces as well as on the evaluation of fracture parameters. The outline of

the paper is as follows; In Section 2, the techniques for the extracting fracture parameters are reviewed by applying the ten-

noded tetrahedral singular element, which is used to capture the stress singularity at the crack tip region. In Section 3, the

mixed mode crack growth criteria are briefly described. Section 4 presents a posteriori error estimator for adaptive mesh

refinement based on the modified-SPR technique by applying the asymptotic crack tip solution at the crack tip region. In

order to illustrate the capability of proposed approach, several numerical examples are presented in Section 5. Finally,

Section 6 is devoted to conclusion remarks.

2. Computation of fracture parameters

In the linear elastic behavior assumption (LEFM), the stress, strain and displacement fields can be determined by employ-

ing the concept of the stress intensity factors (SIF) near the crack-tip region. It is therefore important to accurately evaluate

the stress intensity factors for the finite element analysis of LEFM. It must be noted that in the 3D crack propagation, where

the crack front consists of several nodal points, the computation of fracture parameters is carried out at each nodal point
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separately. In this manner, the crack may only propagate in some nodal points and the crack growth direction may vary at

these points. A number of techniques have been presented in literature for extracting the SIF’s, including: the displacement

correlation method, the virtual crack extension method, the modified crack closure integral, and the J-integral. These meth-

ods are briefly introduced here for their historical importance, simplicity and accuracy. The computation method of SIF’s falls

into two categories; the ‘direct’ approach and the ‘energy’ approach. The direct approach correlates the SIF’s with FEM results

directly, while the energy approach is based on the computation of energy release rate. In general, the energy approaches are

more accurate than the direct procedures, however – the direct approaches are more popular and are usually used to verify

the energy approaches results, since their expressions are simple.

In the standard finite element formulation with conventional elements, in which the polynomial based shape functions

are used, it is known that the finite element solution initially converges by refining the mesh, but eventually diverges from

the exact solution. This is because of the fact that this kind of shape functions cannot basically capture the theoretical sin-

gular behavior predicted for the stress and strain fields. In order to overcome this deficiency, the quarter-point singular ele-

ment enhancement is introduced at the crack-tip region, in which the mid-side node of the quadratic order isoparametric

elements is moved to its position at one-quarter of the way from crack-tip node to the far end of the element. This node

repositioning introduces a singularity in the displacement field of element when mapping between the parametric and

Cartesian coordinate systems. In the 3D crack fronts meeting the free surface at a relatively small or large angle, the ten-

noded tetrahedral collapsed quarter-point singular element is a proper choice, as shown in Fig. 1. In this element, a square

root singularity is provided along all rays originating from the crack-tip node. This fact can easily be proved by displaying the

determinant of Jacobian mapping matrix to be singular. This singular behavior of the quarter-point element at the crack-tip

node results in a more accurate finite element solution near the crack-tip and so an improved value of the stress intensity

factor.

2.1. Virtual crack extension method

The virtual crack extension method is an energy approach that computes the rate of change in the total potential energy

of a system for a small (virtual) crack extension. Based on the LEFM assumptions, this is equal to the energy release rate [22].

Considering the total potential energy of a finite element system in the absence of body forces as P ¼ 1
2
uTKu� up, with u

denoting the nodal displacement vector, K the stiffness matrix and p the external force vector, the energy release rate for a

small (virtual) crack extension can be defined as

G ¼ @P

@a
¼ 1

2
uT @K

@a
u� uT @p

@a
þ @uT

@a
ðKu� pÞ: ð1Þ

The finite element procedure makes the term in parenthesis zero. Assuming that the external forces do not change during

the crack growth, Eq. (1) can be simplified as

G ¼ 1

2
uT @K

@a
u: ð2Þ

Applying the finite difference method, the term oK/oa can be approximated by (Ka+Da � Ka)/Da, in which only the stiffness

matrix of elements affected by the virtual crack extension need to be considered. In general, the virtual crack extension ap-

proach is more accurate than the displacement correlation method described in Section 2.4 for a given finite element mesh.

However, it cannot be separated for the three modes of fracture since the total energy release rate is computed. This short-

coming can be rectified by the decomposition of displacement fields, as described for the J-integral in Section 2.3.

Fig. 1. The ten-noded tetrahedral collapsed quarter-point singular element.
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2.2. Modified crack closure integral technique

The modified crack closure integral (MCCI) technique was originally proposed by Rybicki and Kanninen [23]. They

observed that the Irwin’s crack closure integral [24] can be used as a computational tool. The Irwin’s integral is defined

for mode I as

GIðaÞ ¼ lim
Da!0

2

Da

Z x¼Da

x¼0

1

2
ryyðr ¼ x;u ¼ 0; aÞuyðr ¼ Da� x;u ¼ P; aþ DaÞdx; ð3Þ

which relates the energy release rate to the crack-tip stress and displacement fields for a small crack increment. In this tech-

nique, the finite element equation can be used to relate the crack-tip stresses to the internal finite element forces near the

crack tip so that Eq. (3) can be directly expressed in terms of nodal forces and displacements, i.e. the primary FEM variables.

In addition, the fracture modes can easily be separated. In the case of linear FE displacement, the expression G becomes very

simple. An analysis can first be implemented to compute the internal nodal force Fa at the crack tip region. The crack can then

be extended according to Fig. 2, and a second analysis can finally be performed. If the crack step is small, Eq. (3) can be

simplified to

GI ¼ 1
2Da

½Fy;aðuy;b � uy;aÞ�;
GII ¼ 1

2Da
½Fx;aðux;b � ux;aÞ�;

GIII ¼ 1
2Da

½Fz;aðuz;b � uz;aÞ�:
ð4Þ

The stress intensity factors can then be computed by the following simple relations

K I ¼
ffiffiffiffiffiffiffiffiffiffi

GIE

ð1�m2Þ

q

;

K II ¼
ffiffiffiffiffiffiffiffiffiffi

GIIE

ð1�m2Þ

q

;

K III ¼
ffiffiffiffiffiffiffiffiffi

GIIIE
ð1þmÞ

q

:

ð5Þ

In general for a similar mesh, the MCCI technique yields to the SIF’s that are more accurate than the displacement

correlation approach but less accurate than the J-integral approach, however – it gives surprisingly accurate results despite

its simplicity, since the only requirements are the nodal forces and displacements, which are the standard outputs obtained

from the finite element analysis.

2.3. J-integral method

A local value of the J-integral, denoted by J(s), is defined at each point s of the crack tip in three-dimensional case as

JðsÞ ¼ lim
C!0

Z

C

wn1 � rij

@ui

@x1
nj

� �

dC; ð6Þ

where C lies in the plane normal to the crack tip at s, and all variables are expressed in the local orthogonal coordinate

system located at s. In contrast to the global path independence of 2D J-integral, the 3D J-integral is path independent only

in a local sense as C? 0. The direct evaluation of expression (6) within a finite element context is difficult since a path C is

needed to be defined, passing through the element integration points. In addition, the definition of contour integral requires

a very fine mesh refinement at the crack tip in order to obtain an accurate result. A weighting function can be introduced to

transform the 3D J-integral into a volume integral [25]. In the case of an elastic material with small strain assumptions, and

no body forces within the contour, the expression of the integral can be defined as

�J ¼
Z

V

rij

@ui

@x1
�wdkj

� �

@qj

@xk
dV þ

Z

A3þA4

ti
@ui

@x1
qdA: ð7Þ

Fig. 2. The local mesh configuration in the MCCI technique.
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The q-function can be interpreted as the virtual displacement of a material point due to the virtual extension of the crack

front qt(s). The domain of integration is illustrated in Fig. 3. The expression (7) gives the total energy release over the domain

of integration for the virtual crack front extension q. An approximated local value J(sb) can be obtained by normalizing the

integral with respect to the area of the virtual crack extension as

JðsbÞ �
R sb
sa
JðsÞqtðsÞds

R sb
sa
qtðsÞds

¼
�J

Aq

: ð8Þ

For the mixed-mode crack growth, a technique can be applied to separate the SIF’s due to different fracture modes. An

efficient technique can be performed by decomposing the near crack-tip displacement fields into its symmetric and anti-

symmetric fields. The modal decomposition can be performed easily if the crack tip mesh is symmetric about the crack plane.

In the general case of an arbitrarily shaped crack, where a mesh generator is used to produce an unstructured tetrahedral

mesh, it does not guarantee the symmetry about the crack plane. Cervenka and Saouma [26] presented an approach where

Eq. (7) is evaluated directly over a cylindrical domain using cylindrical Gauss integration rules. While the simplicity of such

an approach is appealing, it suffers from the fact that stresses and displacement derivatives need to be evaluated at locations

that are not the optimal sampling points for the elements. This can be overcome by evaluating the J-integral using a virtual

regular mesh of hexahedral, or wedge elements along the crack tip. The displacements for the virtual nodes of these elements

are obtained by interpolating the nodal displacements from the real, unstructured, tetrahedral mesh. The stresses and

displacement derivatives are then evaluated using the derivatives of the shape functions for the virtual elements.

2.4. Displacement correlation method

The displacement correlation method is one of the simplest and historical methods used to extract SIF’s from FEM results

[27]. It is a simple direct approach, in which the finite element displacements of FE mesh are substituted directly into the

analytical expressions of near-tip displacements, after subtracting the displacements at the crack tip region. The nodal points

are usually selected on the crack face where the displacements have the highest values, and thus the relative error on the

displacements is expected to be small. The configuration for this simple approach is shown in Fig. 4. The expressions for

the SIF’s are as follows

K I ¼ G
ffiffiffiffiffi

2P
p

ðuy;b�uy;aÞ
ffiffi

r
p

ð2�2mÞ ;

K II ¼ G
ffiffiffiffiffi

2P
p

ðux;b�ux;aÞ
ffiffi

r
p

ð2�2mÞ ;

K III ¼ G
ffiffiffi

P
p

ðuz;b�uz;aÞ
ffiffiffiffi

2r
p ;

ð9Þ

where G is the shear modulus, m the Poisson ratio, r the distance from the crack tip to the correlation point, and ui denote the

x, y and z displacements at point i (Fig. 4).

The great feature of this technique is its simplicity and inherent separation of the SIF’s for the three modes of fracture.

However, in order to obtain an accurate result using this approach, special care must be taken in selecting the correlation

points, and usually a proper refined mesh is required in the crack tip region. The correlation point needs to be selected in

the zone where the K fields dominate. One approach, which can be used together with this technique, is based on the

computation of the SIF’s for a series of points surrounding the crack tip. A curve can then be fitted through the results

Fig. 3. The domain of integration for 3D equivalent domain formulation.
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and extrapolated to the SIF value for r equals zero. In this study, the displacement correlation method described above is

implemented to calculate the SIF values at the crack-tip in form of a post-process operation on the calculated finite element

displacement field.

3. Crack kinking criteria

In crack propagation problems, there are two main requirements at each time step. It must be first determined whether

the crack propagates or not; and if so in which direction the crack propagates. Based on these two requirements, two criteria

must be utilized; one for crack propagation and the other for crack kinking. The crack propagation criterion may be a func-

tion of the stress intensity factors, the strain energy release rate, the strain energy density and etc. The crack kinking criterion

determines the direction of the crack, and can be generally classified into three categories. The first group is based on the

local fields at the crack tip following a local approach, such as the maximum circumferential stress criterion, or the maxi-

mum strain criterion. The second group is based on the energy distribution throughout the cracked part, following a global

approach, such as the maximal strain energy release rate criterion. In these two criteria, the accuracy of computed direction

is directly dependent on the accuracy of the numerical computation of local, or energetic parameters. The third group of

kinking criteria is based on the void initialization and void growth that was introduced by Van Vroonhoven and De Borst

[28] through a micro-void continuum damage model. Schollmann et al. [11] proposed a new direct criterion for non-planar

curved cracks to determine the kinking angle of the crack in three dimensional problems. This criterion is equivalent to the

maximum circumferential stress criterion when KIII = 0. According to the maximum circumferential stress criterion, the fol-

lowing five steps are presented for determining the crack direction.

1. Crack growth initiates at the crack front in radial direction

2. The description of crack deflection is carried out using the two crack deflection coordinates u0 and w0, as shown in Fig. 5

3. The crack propagates in the direction of u =u0 that is perpendicular to the direction of the maximum principal stress r0
1.

It is the maximum principal stress on a virtual cylindrical surface whose normal shows radial direction to the crack front

4. The crack growth is oriented in the direction of w0 which is calculated by

Fig. 4. The location of sampling points in the displacement correlation technique.

Fig. 5. Determination of crack growth surfaces.
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W0 ¼ 1

2
arctan

2suzðu0Þ
ruðu0Þ � rzðu0Þ

� �

: ð10Þ

5. Unstable crack growth occurs if ðr0
1Þmax reaches a critical material parameter ðr0

1Þc , or if the comparative stress intensity

factor ðKv Þmax reaches the fracture toughness KIc.

The crack growth angle u0 can be obtained from the finite element solution by an iterative method, such as the Newton–

Raphson method.

4. Error estimation and adaptive mesh refinement

In crack propagation simulation, the optimal mesh configuration changes continually throughout the crack growth pro-

cess requiring successive mesh adoptions during solution. Since the numerical method yields to approximate solution, it is

essential to introduce some measures of error and use adaptive mesh refinement to keep this error within the prescribed

bounds to ensure that the finite element method is effectively used for practical analysis. In this study, a simple and reliable

error estimator is adopted in the analysis of crack growth problems. The error is controlled by an adaptive remeshing scheme

to obtain a desired accuracy. A posteriori error estimator is developed based on the fact that the first derivatives of the prob-

lem variables, after smoothing by using the modified superconvergent patch recovery (modified-SPR) technique, are more

accurate than those piecewise continuous ones obtained by the finite element method. The posteriori error estimator orig-

inally developed by Zienkiewicz and Zhu [29] is employed by using an h-refinement adaptive procedure. The adaptive pro-

cedure is applied for the linear crack problems as follows; an error estimation, a mesh control component, remeshing of the

deformed body, and a restart of the simulation.

4.1. Error estimation

The aim of error estimation is firstly, to determine the error for the chosen mesh and secondly, to reduce this error to a

permissible value by an automatic adaptive remeshing. The discretization error can be represented by the difference

between the exact and finite element solutions for the mathematical model. Since the exact solution for practical problems

is usually not available, an estimated error, instead of the real error, is adopted to guide the finite element analysis. In this

paper, a-posteriori error estimator is applied to the analysis of crack propagation problems. For this purpose, an error esti-

mation using an L2 norm of stress is proposed by a recovery procedure in which the improved value of finite element solution

is the basis of the adaptive procedure.

The stress vector r is adopted as the error estimation variable for which the error can be defined as er ¼ r� r̂. Since the

exact value of stress r is not available, an improved solution is obtained by generating a better approximation using a suit-

able projection of the available solution with the modified-SPR technique. Thus, if r̂ is the stress value from the finite

element solution and r⁄ represents such an improved solution, the error can then be estimated by using r⁄ as an estimation

to the exact solution. Hence, the error in stress can be approximated by er � r
� � r̂. In order to obtain an improved solution

r
⁄, the three-dimensional form of the modified superconvergent patch recovery technique, originally introduced for two-

dimensional fracture problems by Khoei et al. [30], is combined with the weighted superconvergent patch recovery tech-

nique proposed by Moslemi and Khoei [31]. In the modified-SPR technique, the analytical solution of the crack tip region

stress state is employed to the integration point stress values instead of the conventional polynomial functions used for

other parts of the geometry. In addition, a further modification is implemented by using a weighing parameter based on

the distance for sampling points of a patch; this weighing parameter is introduced to be the inverse of the distance to

the recovering nodal point.

A pointwise definition of error er is generally not convenient and occasionally misleading. For instance, under a point load

the error in stress becomes locally infinite but the overall solution may be well acceptable. Similar situations may exist near

the crack tips, where the stress singularities exist in elastic analyses and gradient singularities develop in field problems. The

L2 norm of stress error er can be defined as

kerk ¼ kr� � r̂k ¼
Z

X

ðr� � r̂ÞTðr� � r̂ÞdX
� �1

2

: ð11Þ

Although the L2 norm given above is defined over the whole domain, we note that the square of each can be obtained by

summing element contributions, i.e. kerk2 ¼ PM
i¼1kerk

2
i , with M denoting the total number of elements. Indeed for an ‘opti-

mal’ mesh, the distribution of the estimated error is uniform over the whole domain. The uniform distribution of error over

the whole domain is usually adopted as a criterion to calculate the new mesh size.

4.2. Adaptive mesh refinement

In order to obtain the new mesh element size distribution, the h-refinement technique is chosen to reach a certain

percentage error. In this manner, the overall percentage error, i.e. h ¼ kerk=kr̂k, must be equal to the prescribed target
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percentage error haim ¼ kerkaim=kr̂k after remeshing. If the error is assumed to be equally distributed among all the elements

in the refined mesh, the above requirements can be translated into a limit on the error in each of these elements. Thus, for

each element we require that

kerkið Þaim ¼ 1
ffiffiffiffiffi

M
p kr̂khaim: ð12Þ

It is assumed that the rate of convergence of local error is O h
k

� �

, with h denotes the size of element and k the order of

singularity. Thus, the new element size can be calculated as

ðhiÞnew ¼ ðkerkiÞaim
ðkerkiÞold

� �1
k

ðhiÞold; ð13Þ

which can be used to generate a new mesh with appropriate element size distribution in order to continue the refinement

procedure. In order to avoid the large and small values of element size, the upper and lower limits are often specified for the

element size, i.e. �hmin 6 ðhiÞnew 6 �hmax. The complete mesh regeneration procedure based on Eq. (13) is the most efficient

mesh refinement technique. This technique can be coupled with an efficient mesh generator which allows the new mesh

to be constructed according to a predetermined size distribution.

5. Modified superconvergent patch recovery (MSPR) technique

The concept of superconvergence states that at some points of the problem domain, the approximate solutions are more

accurate, or in other words, the rate of convergence of the finite element solution at those points is higher than other points.

It was shown by Zienkiewicz and Zhu [29] that if the recovery process itself is superconvergent, the error estimator will al-

ways be asymptotically exact. This fact was observed to be true for the displacement derivatives, or stresses, evaluated at the

Gauss quadrature points. It was shown that the gradients of the finite element approximation exhibit superconvergence at

the Gauss integration points of curved isoparametric elements. This concept can be applied for constructing a continuous

stress function which plays an important role in data transfer operator. In this study, the three-dimensional superconvergent

patch recovery (3D-SPR) technique recently proposed by Khoei and Gharehbaghi [32,33] and Gharehbaghi and Khoei [34] is

modified based on the asymptotic crack tip solution and applied to crack propagation problems. Attempts are made to

recover the nodal values of stresses from the Gauss points and then to evaluate the recovered values of stresses r⁄ in the

Gauss integration points using element shape functions, i.e. r� ¼ Nu�r
�.

5.1. The SPR technique with polynomial functions

The objective of recovery of finite element solution is to obtain the nodal values of stresses such that the smoothed con-

tinues field defined by the shape functions and nodal values is more accurate than the initial finite element solution. If we

accept the superconvergence of r̂ at certain points in each element, the computed values of r⁄ will have the superconvergent

accuracy at all points within the element. Thus, the recovered solution can be obtained for each component of r�
i as

r�
i ¼ a0 þ a1xþ a2yþ a3zþ � � � þ anz

n ¼ ½1; x� z; . . . ; zn�½a0; a1; a2; . . . ; an�T ¼ Pa; ð14Þ

where P contains the appropriate polynomial terms and a is a set of unknown parameters. The determination of unknown

parameters in relation (14) can be made by performing a least square fit to the superconvergent values at sampling points.

For this purpose, the following function must be minimized for an element with total sampling points of NS

FðaÞ ¼ P

NS

k¼1

ðr�
i ðxk; yk; zkÞ � r̂iðxk; yk; zkÞÞ2 ¼ P

NS

k¼1

ðPðxk; yk; zkÞa� r̂iðxk; yk; zkÞÞ2; ð15Þ

where (xk, yk, zk) denotes the coordinates of superconvergent point k. The local coordinate together with normalized values

with respect to the maximum and minimum dimensions of the patch are usually used. The minimization process of F(a)

leads to

a ¼ P

NS

k¼1

PTðxk; yk; zkÞPðxk; yk; zkÞ
� ��1

P

NS

k¼1

½PT xk; yk; zkð Þr̂iðxk; yk; zkÞ�: ð16Þ

In the standard SPR method presented above, all sampling points have similar influence on the recovered value of the

stress. In a more rational approach discussed by Moslemi and Khoei [31], the sampling points nearest to the nodal point

are considered to contribute more in the recovery process. This is especially of great importance for regions near the crack

tip, where the Gauss points having singular values of stress may cause unreasonable stresses to be estimated for the nodal

points of other layers having these points in their patch. It can be also observed for regions near the boundaries and con-

straints where the lack of sufficient Gauss points in the recovery process causes to use the Gauss points of outer layers in
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addition to the standard patches. In this manner, different weighing factors must be used in the fitting process for each inte-

gration point. One assumption for weighing factor wk can be considered as the inverse of the sampling point distance to the

vertex point which is under recovery, i.e.

wk ¼
1

rk
: ð17Þ

In this case, the target function (15) is redefined as

FðaÞ ¼ P

NS

k¼1

ðwk½Pðxk; yk; zkÞa� r̂iðxk; yk; zkÞ�Þ2: ð18Þ

The minimization of above function results in

P

NS

k¼1

w2
k ½P

Tðxk; yk; zkÞPðxk; yk; zkÞ�a ¼ P

NS

k¼1

w2
k ½P

Tðxk; yk; zkÞr̂iðxk; yk; zkÞ�a; ð19Þ

and finally the vector a can be obtained by solving the system Eq. (19) as

a ¼ P

NS

k¼1

w2
kP

Tðxk; yk; zkÞPðxk; yk; zkÞ
� ��1

P

NS

k¼1

½w2
kP

Tðxk; yk; zkÞr̂iðxk; yk; zkÞ�: ð20Þ

By obtaining the values of vector a, the superconvergent values of �r� can be determined at all nodal points. Performing

similar procedure for all patches, the nodal values of the recovered stress can be obtained, and as a result a continuous stress

field can be constructed through the whole domain. The weighted-SPR (WSPR) procedure described above has proved to be a

very powerful tool leading to superconvergent results on regular meshes and much improved results on irregular meshes

[31]. It has been shown numerically that it results in the superconvergent recovery even for elements which do not have

the superconvergent points within the element.

5.2. The SPR technique with asymptotic crack-tip functions

The implementation of the collapsed quarter-point singular element can improve the frequently observed low conver-

gence rate of the standard finite element solution for crack problems. As mentioned above in the WSPR recovery process,

the polynomials with the same order as the standard element shape functions are fitted to the finite element solution. How-

ever, at the crack-tip region where the solution shows a singular behavior, these polynomial based functions cannot recover

this singularity. In addition, because of the high gradients of the solution at the crack-tip region, the interpolation of nodal

values to the interior integration points through the standard shape functions produces a noticeable error in the recovery

process. Thus, the asymptotic crack-tip functions are incorporated as the smoothing functions in the WSPR technique to

recover the values of stresses at the crack-tip region. It must be noted that the asymptotic crack-tip functions are employed

in the elements that contain the crack front in order to improve the crack-tip fields. Since the asymptotic fields near the crack

front are two-dimensional in nature, the crack-tip displacement fields are incorporated as

Wðr; hÞ ¼ W1;W2;W3;W4
n o

¼
ffiffiffi

r
p

sin
h

2
;

ffiffiffi

r
p

cos
h

2
;

ffiffiffi

r
p

sin
h

2
sin h;

ffiffiffi

r
p

cos
h

2
sin h

	 


; ð21Þ

where r and h are the polar coordinates in the x1–x2 plane, as shown in Fig. 6. The derivatives of asymptotic functions with

respect to the polar coordinates (r, h) are

Fig. 6. The coordinate configuration for crack front enrichment functions.
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W1
r ¼ 1

2
ffiffiffi

r
p sin

h

2
; W1

h ¼
ffiffiffi

r
p

2
cos

h

2
; ð22:aÞ

W2
r ¼ 1

2
ffiffiffi

r
p cos

h

2
; W2

h ¼ �
ffiffiffi

r
p

2
sin

h

2
; ð22:bÞ

W3
r ¼ 1

2
ffiffiffi

r
p sin

h

2
sin h; W3

h ¼
ffiffiffi

r
p 1

2
cos

h

2
sin hþ sin

h

2
cos h

� �

; ð22:cÞ

W4
r ¼ 1

2
ffiffiffi

r
p cos

h

2
sin h; W4

h ¼
ffiffiffi

r
p

�1

2
sin

h

2
sin hþ cos

h

2
cos h

� �

: ð22:dÞ

The above eight functions are the gradients of the crack-tip displacement fields, called as the enrichment functions for the

strain and stress fields at the crack-tip region. In order to implement the asymptotic functions in the WSPR technique, the

above eight terms are employed for each stress component as the smoothing function with eight unknowns, which are

obtained through a least square fitting procedure to the finite element solution available in the Gauss integration points.

Hence, the vector P in relation (20) takes the form as

Pðr; hÞ ¼ 1

2
ffiffiffi

r
p sin

h

2
;

ffiffiffi

r
p

2
cos

h

2
;

1

2
ffiffiffi

r
p cos

h

2
;�

ffiffiffi

r
p

2
sin

h

2
;

1

2
ffiffiffi

r
p sin

h

2
sin h;

ffiffiffi

r
p

ð1
2
cos

h

2
sin hþ sin

h

2
cos hÞ;

�

1

2
ffiffiffi

r
p cos

h

2
sin h;

ffiffiffi

r
p

�1

2
sin

h

2
sin hþ cos

h

2
cos h

� ��

: ð23Þ

By obtaining the eight unknowns, the values of stresses at the interior integration points of the patch together with the

crack-tip points are computed directly from the smoothing function. In Fig. 7, the capability of theses asymptotic functions

are verified for a two-dimensional crack problem by comparing the recovered stress field with that obtained by the

two-dimensional form of the modified-SPR technique proposed by Khoei et al. [30]. It must be emphasized that the MSPR

technique is employed as a correction to the recovered stress fields in the vicinity of the crack-tip, while for other parts

of the region aforementioned WSPR is still being used.

6. Numerical simulation results

In order to demonstrate the performance of proposed adaptive strategy together with the implemented fracture tech-

nique, several examples are analyzed numerically. The computer software SUT-DAM, which was designed by the authors

[35–37] for the 2D adaptive mesh refinement problems, has been extended to 3D adaptive analysis of crack propagation sim-

ulation. The 3D adaptive mesh refinement together with the modified-SPR technique based on the asymptotic crack-tip

functions have been implemented in the computer software based on the Object Oriented Programming. The numerical

examples have been solved to investigate the accuracy and capability of proposed approach in comparison with those re-

ported by the 2D crack propagation and the analytical solution. The first example illustrates the growth of elliptical and cir-

cular cracks compared with the analytical solution. The second example is chosen to investigate the convergence rate of the

modified-SPR technique with singular tetrahedral elements for the plate with a finite crack in tension. The third example

demonstrates the accuracy of modified-SPR technique in crack growth modeling of a plate with an edge crack by comparing

the numerical results with the analytical solution for the stress intensity factors and fracture parameters. The next three

examples are chosen to illustrate the robustness of adaptive mesh refinement on the basis of modified-SPR technique in sim-

ulation of crack propagation in more complex geometries. Particular interest is given in the simulation of crack propagation

and evaluation of fracture parameters. Both the standard isoparametric quadratic tetrahedral element and the collapsed

Fig. 7. The recovered stress at the crack-tip region using. (a) The modified-SPR technique [30], (b) the singular asymptotic enrichment functions.
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quarter-point singular element have been implemented in the finite element model to interpolate the displacement field.

The maximum circumferential stress criterion is employed to determine the crack growth direction. The crack propagates

with a pre-defined constant length at each step of crack propagation. In order to investigate the effect of adaptive mesh

refinement using the modified-SPR technique, the evaluated SIFs and estimated error are compared for the uniform and

adapted meshes.

6.1. A cube with elliptical and circular cracks

The first example is chosen to demonstrate the robustness of three-dimensional crack simulation by evaluation of the

crack growth pattern of elliptical and circular cracks centered at a cubic body. The cube is subjected to shearing stress at

the top and bottom edges, parallel to the plane of cracks. On the virtue of symmetry, only one-half of the cube is modeled.

The analytical solution is available for the evaluation of SIF’s at the front of cracks which are placed in infinite body and

loaded through some uniform remote shear stress s [38]. Based on this shearing stress, the modes II and III are activated with

KII and KIII defined as

K II ¼ � a2f ðk; mÞ cos h
ðsin2

hþ a4 cos2 hÞ1=4ðsin2
hþ a2 cos2 hÞ1=4

s
ffiffiffiffiffiffiffi

Pa
p

;

K III ¼
ð1� mÞf ðk; mÞ sin h

ðsin2
hþ a4 cos2 hÞ1=4ðsin2

hþ a2 cos2 hÞ1=4
s

ffiffiffiffiffiffiffi

Pa
p

;

ð24Þ

where h denotes the polar angle, a and b are the smaller and larger radiuses of ellipse respectively, and the parameters a, k
and f(k, m) are defined as

a ¼ a

b
; k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� a2
p

; f ðk; mÞ ¼ k
2

ðk2 � mÞEðkÞ þ mð1� k
2ÞKðkÞ

; ð25Þ

where E(k) and K(k) are the complete elliptic integrals of the first and second kinds. In Fig. 8, the SIF’s obtained from above

equations are plotted for one-quarter of ellipse at different ratios of a. In this figure, the values of KII and KIII are obtained

using the displacement correlation method described in Section 2.4 and compared with theoretical values. A good agreement

can be seen between the numerical results and those obtained by analytical solution. The pattern of crack growth of the

elliptical and circular cracks was studied by Favier et al. [39]. It was shown that these cracks reach a stable shape, almost

elliptic shape independent from the initial shape of crack. It was also derived that the ratio of the axes of the stable shape

is equal to 1 � m.
The pattern of crack growth is investigated here for a circular and elliptical cracks with the ratio of axes a�1 = 3 and the

Poisson ratio m = 0.25. In both cases, it is observed that the crack grows to an elliptical shape with the ratio of a = 1 � m = 0.75.

A comparison of successive crack fronts between the proposed computational algorithm and those obtained by Favier et al.

[39] is shown in Fig. 9. In order to obtain the crack path more accurately and minimize the error of solution, the adaptive

mesh refinement is carried out at different steps of crack growth with the aim error of 5%. The adapted mesh refinements

Fig. 8. A cube with an elliptical crack. A comparison of the variation of SIF’s at various ratios of a between the proposed numerical simulation and those of

analytical solution.
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are shown in Fig. 10 for the circular crack. A very fine mesh near the crack fronts implies the high value of error in these

regions. The adaptive mesh refinement leads to the reduction of estimated error toward the aim error. The variation of

Fig. 9. A cube with a circular and elliptical cracks. A comparison of successive crack fronts. (a) The proposed computational algorithm. (b) The predicted

results by Favier et al. [39].

Fig. 10. A cube with a circular crack. The adaptive mesh refinements at various crack growths.
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estimated error during the crack growth before and after mesh refinements is plotted in Fig. 11 for the circular crack. In

Fig. 12, the adapted mesh refinements are shown for the elliptical crack. Also plotted in Fig. 13 is the variation of estimated

error during the crack growth before and after mesh refinements for the elliptical crack.

6.2. An infinite plate with a finite crack in tension

The second example is of a rectangular plate with a finite crack subjected to the uniform far-field tension, as shown in

Fig. 14. This example is chosen to illustrate a comparison of the robustness between different adaptive mesh strategies,

including the WSPR and modified-SPR technique incorporating the standard and singular elements. The problem is a rect-

angular borosilicate glass plate with a 5 cm horizontal edge crack subjected to uniform vertical traction r = 1.0 Kg/cm2.

A linear elastic simulation is performed with the Young modulus and Poisson ratio of E = 6.4 � 106 Kg/cm2 and m = 0.2,
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Fig. 11. A cube with a circular crack. A comparison of the overall percentage error h between the uniform and adapted meshes.

Fig. 12. A cube with an elliptical crack. The adaptive mesh refinements at various crack growths.
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respectively. The obtained analytical SIF for a rectangular plate with a 5 cm edge crack and above mentioned loading

conditions is 5.44 Kg/cm3/2.

Three different adaptive FE procedures are considered here, including the WSPR technique with standard crack-tip ele-

ments, the WSPR technique with collapsed quarter-point singular elements, and the modified-WSPR technique with quar-

ter-point singular crack-tip elements. All numerical analyses are carried out with a similar starting mesh configuration. The

initial mesh is refined in two steps based on the aim relative error of 5%. A comparison between the mesh refinements for

each procedure is performed in Fig. 15. The calculated SIF value via the displacement correlation method for each adaptive

strategy is depicted in Fig. 16. In order to have a more clear description of the proposed adaptive strategies, the result of uni-

form mesh configurations is also included. Obviously, the modified-WSPR technique together with the collapsed quarter-

point singular elements results in a more accurate fracture parameter calculation with less computational cost. In fact,

the rate of convergence of FE solution increases considerably using the modified-WSPR technique with singular elements.

6.3. A rectangular plate with an edge crack

The stress intensity factor plays an important role on the evaluation of computational fracture algorithm. It is therefore

necessary to investigate the accuracy of SIF’s evaluated by the proposed computational algorithm at different crack
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Fig. 13. A cube with an elliptical crack. A comparison of the overall percentage error h between the uniform and adapted meshes.

Fig. 14. A rectangular plate with a finite crack in tension. The geometry and boundary conditions.
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growths. In this example, the crack growth simulation is performed for the specimen of previous example, in order to val-

idate the accuracy of the modified-WSPR technique for the evaluation of SIF at each crack growth. The geometry, material

and loading conditions are similar to those given in Section 6.2. The initial crack length is 5 cm and the maximum circum-

ferential stress criterion is used to compute the crack path. There are a number of empirical expressions proposed by

researchers for the evaluation of SIF in this special case. The obtained SIF for a rectangular plate with an edge crack is

as follows

K I ¼ Yr
ffiffiffi

a
p

; ð26Þ

Fig. 15. Adaptive mesh refinement for a plate with a finite crack; (a) the uniform meshes, (b) the weighted-SPR technique with standard elements, (c) the

weighted-SPR technique with singular elements, (d) the modified-SPR technique with singular elements.
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where Y = 1.99 � 0.41(a/W) + 18.7(a/W)2 � 38.48(a/W)3 + 53.85(a/W)4, with W denoting the width of the plate. In Fig. 17, a

comparison is performed between the stress intensity factor obtained by the proposed computational algorithm and that

computed by expression (26). In this figure, the results of adaptive mesh refinements are presented for the target error of

Fig. 16. The convergence of stress intensity factor KI for the uniform and adapted meshes.

Fig. 17. A rectangular plate with a finite crack. A comparison of the stress intensity factor KI between the theoretical solution and numerical simulations

obtained by the uniform and adapted meshes.

Fig. 18. A rectangular plate with a finite crack. The mesh refinements for FE fracture modeling. (a–d) The uniformmeshes and, (e–h) adapted meshes at load

steps 3, 6, 9 and 10.
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5%. The adapted meshes are reanalyzed and the stress intensity factors are computed at different crack growths. It is clear

from Fig. 17 that the SIF obtained by the modified-WSPR technique is more accurate than those computed by the SPR tech-

nique with the standard and singular elements. It must be noted that in large crack propagation, the ratio of a/W increases

and expression (26) becomes no more valid, since it considers only the fourth order term and neglects the higher order

terms.

Fig. 19. A comparison of the overall percentage of estimated error h between the uniform meshes and adaptive mesh refinements at different crack

propagations.

Fig. 20. The contours of stress distribution at load step 6. (a) Stress rx, (b) stress ry, (c) stress rz, (d) stress sxy (all dimensions in Kg/cm2).

Fig. 21. A central inclined crack in a square plate. The geometry and boundary conditions.
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In Fig. 18, the trajectory of the crack propagation is shown at four load steps, i.e. 3, 6, 9 and 10, using the uniform meshes

and adaptive mesh refinements obtained by the modified-WSPR technique. Obviously, the crack propagates in a straight line

as expected. A very fine mesh refinement can be observed at the crack tip region that indicates the high value of the overall

percentage error h in this region. The error estimator h is computed over the whole domain for the uniform and adapted

meshes. Fig. 19 presents the variation of error estimator h with the crack length. As can be observed, the variation of esti-

mated error using the uniform meshes has an irregular pattern, however – it becomes regular and approaches to the target

error for adaptive mesh refinements. In Fig. 20, the contours of stress distribution rx, ry, sxy and rz are shown at load step 6.

Obviously, the stress concentration can be seen at the crack tip region.

6.4. A square plate with central inclined crack

The fourth example deals with the determination of stress intensity factors and crack growth for a 3D central inclined

crack in a square plate. The crack is inclined at 45o in a finite square plate, as shown in Fig. 21. The plate is subjected to

the prescribed displacement of 1 cm at the top edge. The material properties are chosen as follows; E = 2.1 � 106 Kg/cm2,

m = 0.2 and KIC = 25 Kg/cm3/2. The initial length of crack is 2
ffiffiffi

2
p

mm. At each load step, the error is estimated and the adaptive

mesh refinement is carried out to generate the optimal mesh. The aim error is taken to 5%. In Fig. 22, the uniformmeshes are

shown together with the adapted meshes at load steps 2, 4, 6 and 8. A very fine mesh refinement can be observed at the crack

tip regions, as shown in Fig. 22(e–h) that implies the high value of estimated error in these regions. Obviously, it can be

observed from the crack trajectory that the crack direction rotates to the horizontal direction at the beginning of first load

step. The fracture FE analyses have been carried out on the adapted meshes and the error are computed. In Fig. 23, the var-

iation of error estimator h is shown for the uniform and adapted meshes. Obviously, the adaptive mesh refinements result in

a uniform estimated error and converge to the prescribed target error.

In Fig. 24, the contours of stress distribution rx, ry, sxy and rz are shown at load step 6. The variations of stress intensity

factors with crack length are shown in Fig. 25 for modes I and II. As can be observed, the crack propagation happens at load

Fig. 22. A central inclined crack in a square plate. The mesh refinements for FE fracture modeling. (a–d) The uniform meshes and (e–h) the adapted meshes

at load steps 2, 4, 6 and 8.

Fig. 23. A comparison of the overall percentage error h between the uniform meshes and adaptive mesh refinements.
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step 10 when the equivalent stress intensity factor becomes larger than KIC. At this step, the value of KI increases and KII

decreases considerably, due to the rotation of crack direction to the horizontal direction. During crack propagation, the anal-

ysis becomes unstable, and the equivalent stress intensity factors increases at the next loading steps without increasing of

the load. In Fig. 26, the variations of vertical reaction are plotted with crack length and prescribed displacement. At load step

10, the stiffness of plate decreases and the crack propagates by decreasing the vertical reaction. It must be noted that the

prescribed displacement in Fig. 26(a) is applied with this constraint that the crack tip is in the critical SIF condition. This

leads to the snap-back of the force-displacement diagram.

6.5. A plate with two holes and multiple cracks

The next example presents a 3D rectangular plate with two off-centre circular holes subjected to a prescribed displace-

ment at one edge, as shown in Fig. 27. Two pre-cracked parts are considered beyond the holes, which can be propagated with

the same length since they are symmetric. This example was simulated using 2D fracture analysis by Bouchard et al. [40] and

Fig. 24. The contours of stress distribution at load step 6. (a) Stress rx, (b) stress ry, (c) stress rz, (d) stress sxy (all dimensions in Kg/cm2).

Fig. 25. The stress intensity factor versus crack length for a central inclined crack in a square plate. (a) Mode I. (b) Mode II.
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Fig. 26. A central inclined crack in a square plate. (a) The variation of vertical reaction with displacement. (b) The variation of vertical reaction with crack

length.

Fig. 27. A plate with two holes and multiple cracks. Problem statement.

Fig. 28. The crack trajectory for a plate with two holes. A comparison between the 2D and 3D modeling.
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Khoei et al. [30] to show the applicability of their remeshing technique in multiple cracks and complex boundaries. The

material properties are E = 2.1 � 106 Kg/cm2, m = 0.2 and KIC = 100 Kg/cm3/2. Both cracks have a length of 1 mm at the initial

configuration and are oriented horizontally. The fracture FE analysis is performed to investigate the effect of adaptive mesh

refinement on the prediction of crack trajectory. The simulation is first carried out using an initial uniform FE mesh at each

load step, and an adaptive FE analysis is then followed using the modified-WSPR technique. It must be noted that although

the geometry and boundary conditions of problem are symmetric, the finite element discretization is not symmetric and the

calculated stress intensity factor will not be exactly the same for both crack tips. This produces a difficulty into the simula-

tion procedure, if a coarse mesh with no error control is used. In this case, the left crack grows sooner than the right one and

consequently no crack growth occurs on the right hand side. By increasing the load, the right crack begins to grow, however –

the final configuration of crack propagation will not be symmetric. The adaptive mesh refinement can prevent such a draw-

back and the final pattern of the crack growth becomes symmetric, as shown in Fig. 28. In this figure, the crack trajectory is

shown for the 2D and 3D modeling at load step 6.

Fig. 29 presents the uniform and adapted meshes during the crack propagation at load steps 4, 8, 12 and 16. It can be

observed that the proposed modified-WSPR technique can be effectively used to capture the interaction of two cracks. It

must be noted that the crack trajectory shown for the uniform coarse meshes in Fig. 29(a–d) is obtained by evaluation of

the crack path for the left crack and applying the symmetry condition for the right one. The contours of stress distribution

rx, ry, sxy and rz are shown in Fig. 30 during the crack growth simulation at load step 12. In Fig. 31, the stress intensity factor

versus crack length is depicted for modes I and II of fracture. For this example, the crack propagation happens at load step 8

Fig. 29. The crack trajectory for a plate with two holes. The mesh refinements for FE fracture modeling. (a–d) The initial uniformmeshes. (e–h) The adapted

meshes at load steps 4, 8, 12 and 16.
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Fig. 30. The contours of stress distribution at load step 12. (a) Stress rx, (b) stress ry, (c) stress rz, (d) stress sxy (all dimensions in Kg/mm2).

Fig. 31. The stress intensity factor versus crack length for a plate with two holes. (a) Mode I. (b) Mode II.

Fig. 32. A plate with two holes and multiple cracks. (a) The variation of vertical reaction with crack length. (b) The variation of vertical reaction with

displacement.
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when the equivalent stress intensity factor becomes larger than KIC. In Fig. 32, the variations of vertical reaction are plotted

with the prescribed displacement and crack length. Obviously, during the crack propagation, a drop occurs in the force–crack

length curve corresponding to a reduction in the stiffness of the structure.

6.6. A three-point bending beam with an inclined crack in mid-plane

The last example is of a three-point bending specimen (3 PB) with an inclined crack considered in the middle of the beam.

This example was recently simulated by Moslemi and Khoei [31] to present the performance of their weighted-SPR tech-

nique for a problem with the non-planar curved crack growth. In the simulation presented here, the 3 PB beam is modeled

using the modified-WSPR technique based on the asymptotic crack-tip functions with the collapsed quarter-point singular

tetrahedral elements to illustrate the accuracy of proposed technique by comparing the numerical results with the analytical

solution for the stress intensity factors and fracture parameters. In the crack propagation modeling and evaluation of fracture

parameters, the 3D formulation of maximum circumferential stress criterion, described in Section 3, is employed to

Fig. 33. The 3 PB beam with an inclined crack in mid-plane. The geometry and boundary conditions.

Fig. 34. The crack trajectory for the 3 PB beam at load steps 1, 4, 7 and 10.
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determine the crack growth direction. The initial crack has a depth of 20 cm, which is located in the center of the beammak-

ing an angle of 45� with the mid plane between two supports. The geometry and boundary conditions of 3 PB beam are

shown in Fig. 33. The beam is subjected to a uniform distributed loading of 1000 Kg/m. The material properties are chosen

as follows; E = 2.33 � 105 Kg/cm2, m = 0.3 and KIC = 120 Kg/cm3/2. In Fig. 34, the crack trajectory is shown at four load steps 1,

4, 7 and 10. Obviously, the rotation of crack direction towards the perpendicular direction to the axis of the beam can be

Fig. 35. The 3 PB beam with an inclined crack in mid-plane; the mesh refinement for FE fracture modeling. (a–d) The uniform meshes. (e–h) The adapted

meshes at load steps 1, 4, 7 and 10.

Fig. 36. The contours of stress distribution at load step 4. (a) Stress rx, (b) stress ry, (c) stress rz, (d) stress sxy (all dimensions in Kg/cm2).
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observed at different load steps. At each load step, the error is estimated and adaptive mesh refinement is carried out to gen-

erate the optimal mesh. The modified-WSPR technique is used in the adaptive procedure with the aim error of 5%. In Fig. 35,

the uniform meshes are shown together with the adapted meshes at different load steps. As can be observed, the singular

behavior near the crack front results in the high value of estimated error, and consequently a very dense mesh is produced

at this region.

In Fig. 36, the contours of stress distribution rx, ry, sxy and rz are shown during the crack propagation at load step 4. In

Fig. 37, the variation of error estimator h is shown for the uniform and adapted meshes. Obviously, the adaptive mesh refine-

ments result in a uniform estimated error and converge to the prescribed target error. The profiles of normalized stress

intensity factors along the crack front are shown in Fig. 38. In this figure, a comparison is performed between the results

Fig. 37. A comparison of the overall percentage of estimated error h between the uniform meshes and adaptive mesh refinements.

Fig. 38. A comparison of the profiles of stress intensity factors in z-direction for a 3 PB beam with an inclined crack between the current study and the

analytical solution reported by Pook [41].

Fig. 39. The variation of stress intensity factors with crack length for a 3 PB beam with an inclined crack. (a) Mode I. (b) Mode II.
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obtained by the proposed algorithm and the analytical solution reported by Pook [41] for the KII distribution. Obviously, the

modified-WSPR technique results in a better profile of SIF’s compared to the weighted-SPR technique, and convergences to

the analytical solution. The increasing of KI near the free boundaries is due to intensifying the singular behavior of crack at

these free boundaries. In Fig. 39, the variations of stress intensity factors with crack length are shown for modes I and II. As

can be observed, the crack propagation happens at load step 10 when the equivalent stress intensity factor becomes greater

than KIC. At this step, the value of KI increases and KII decreases considerably due to the rotation of crack direction. However,

at the final stages of crack propagation, the effect of stiffness reduction is more than the effect of crack rotation, which results

in increasing of KII.

7. Conclusion

In the present paper, the 3D fracture modeling was presented in the framework of an automatic adaptive mesh refine-

ment for calculating the fracture parameters and crack trajectory. The Zienkiewicz–Zhu error estimator was associated with

the modified-SPR technique to estimate the stress error. The mesh refinement was carried out based on the modified-SPR

technique by applying the asymptotic crack tip solution and using the collapsed quarter-point singular tetrahedral elements

at the crack tip region. The stress intensity factors were computed and a comparison was performed between the values ob-

tained by the initial uniform meshes and adapted mesh refinements. The crack direction was controlled by a proper crack

growth criterion. Finally, the proposed computational algorithm was validated for fracture analysis of several numerical

examples. Good agreements were observed between the proposed computational fracture simulations and those reported

by analytical solutions. It was shown that the adaptive mesh refinement accompanied by the singular crack-tip elements

in the concept of the asymptotic crack tip solution improves the mesh quality, the accuracy of FE solution and fracture

parameters, while dealing with crack propagation problems.
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