
Numerical solution of the integral equations of

the first kind

Leila Saeedi

Department of Mathematics, Shahed Univesity, Tehran, Iran

lsaeedi62@gmail.com

Abolfazl Tari

Department of Mathematics, Shahed Univesity, Tehran, Iran

Tari@shahed.ac.ir

The Second Khansar Conference on Mathematical Sciences

4th Conference on Mathematical Analysis and its Applications

Faculty of Khansar, Khansar, Iran, May 7-8, 2013

Abstract

this paper, the solving of the linear Volterra integral equations
(LVIE) and nonlinear Volterra integral equations (NVIE) of the
first kind is investigated. Here, we convert NVIE and LVIE of
the first kind to linear equations of the second kind. Then we
apply the operational Tau method to the problems and we prove
convergence of the presented method. Finally, some numerical
examples are given to show the accuracy of the method.
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1 Introduction

Many problems in mathematical physics and engineering are often re-
duced to integral equations of the first kind. Integral equations of the
first kind are inherently ill-posed problems, meaning that the solution
is generally unstable, and small changes to the problem can make very
large changes to the solutions obtained [1, 2]. Integral equations of the
first kind, have been investigated in some papers. For example, in Ref.
[3], the NVIE of the first kind has been solved using Adomian method.
Babolian and Masouri proposed a simple efficient direct method for solv-
ing Volterra integral equations of the first kind in Ref. [4]. They applied
block-pulse functions and their operational matrix of integration to re-
duce first kind integral equation to a linear lower triangular system. In
Ref. [5] for numerically solving Volterra integral equation of the first
kind an efficient expansion-iterative method based on the block-pulse
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functions is proposed. The outhors in Ref. [6] selected Volterra integral
equation of the first kind and wavelets as basis functions to estimate a
solution for this kind of equations. In this procedure, Thay used colloca-
tion method as a projection method to convert integral equation to the
system of linear equations. In Ref. [7] rectangular method, trapezoidal
and midpoint method have been applied for solving linear Volterra in-
tegral equations (LVIE) of the first kind.
Consider LVIE of the first kind of the form:

∫ x

c
K1(x, t)u(t)dt = f1(x), x ∈ [c, b], (1)

and NVIE of the first kind of the form:
∫ x

c
K1(x, t)G (u(t)) dt = f1(x), x ∈ [c, b], (2)

where f1, K1 and G are given smooth functions, G is invertible and
nonlinear in u, in which u is a solution that to be determined and also
assume that f1(c) = 0.

In this paper, we convert the Eq. (1) and Eq. (2) to a LVIE of the
second kind and apply the operational Tau method to LVIE of the sec-
ond kind. The rest of this paper is organized as follows:

In Section 2, we brifly describe Tau method. in Section 3, we formu-
late the problem. In Section 4, we investigate existence and uniqueness
of the solution of the problem and prove the convergence of the method.
Finally, in Section 5, we give some examples to show the accuracy and
efficiency of the presented method.

2 Tau method

Spectral methods have been studied intensively in recent years because
of their good approximation properties. The Tau method, through which
the spectral methods can be described as special case and has found ex-
tensive applications for numerical solution of many operator equations.
There has been considerable interest in solving integral equations us-
ing Tau methods (see Ref. [6-9]). Also, Volterra-Hammerstein integral
equations have been solved by the Tau method in Ref. [12]. In recent
years, the Tau method has been developed for solving two-dimensional
integral and integro-differential equations too (see Ref. [13, 14]).
The operational approach to the Tau method proposed by Ortiz and
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Samara [15] is based on the use of three simple matrices
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with the following properties:
if y(x) = atX, where at = (a0, a1, . . . , an, 0, . . . , 0), X

t = (1, x, x2, . . .),
then

d

dx
y(x) = atηX, (3)

xy(x) = atµX, (4)

and
∫

y(x)dx = atιX. (5)

In the rest of paper, we assume that µN , ηN and ιN denote the matrices
including the first N + 1 rows and columns of the matrices µ, η and ι
respectively.

Lemma 2.1 Under above assumptions, we have

∫ x

c
xitjy(t)dt = at

(

µj ιµi − ξeti+1

)

X.

where ei+1 is the (i+ 1)th coordinate unit vector and ξ = µjιX|x=c.

See Ref. [16].

Theorem 2.2 Assuming K(x, t) =
∑N

i=0

∑N
j=0 dijx

itj, then we have

∫ x

c
K(x, t)y(t)dt = atNΠXN . (6)
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where Π =
∑N

i=0

∑N
j=0 dij(µ

j
N ιNµi

N−ξ
(ij)
N (c)eti+1), a

t
N = (a0, a1, . . . , aN )

and XN = (1, x, . . . , xN ). ξ
(ij)
N , is to denote ξN = µj

N ιNXN |x=c corre-
sponding to the term xitj in the kernel.

See Ref. [16].

Remark 2.3 Note that in Tau method, K(x, t) and f(x) should be poly-
nomials, whenever K(x, t) or f(x) are not polynomyals, they have to be
approximated by suitable polynomyals.

3 Formulation of the problem

In this section, we convert the Eq. (2) and Eq. (1) to a linear equation
of the second kind, then we apply the operational Tau method to the
latter equation to get an equivalent linear system of equations. Without
loosing generality, we assume that c = 0.

3.1 Formulation of the LVIE of the first kind

We consider the LVIE of the first kind (1). Taking derivate with respect
to x in the both sides of the above equation, leads to

u(x)K1(x, x) +

∫ x

0

∂K1(x, t)

∂x
u(t)dt = f ′

1(x). (7)

With assumption K1(x, x) ̸= 0, Eq. (7) is converted to

u(x) +

∫ x

0

[(

∂K1(x, t)

∂x

)

/K1(x, x)

]

u(t)dt = f ′

1(x)/K1(x, x). (8)

By settingK(x, t) = −

(

∂K1(x, t)

∂x

)

/K1(x, x) and f(x) = f ′

1(x)/K1(x, x),

Eq. (8) can be written in the following form

u(x)−

∫ x

0
K(x, t)u(t)dt = f(x), (9)

which is a LVIE of the second kind in the unknown u(x).

To solve Eq. (9), as mentioned before, we assume that K(x, t) and
f(x) are polynomials.
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Now we assuume the computed solution of (9) has the following form

uN (x) =

N
∑

i=0

aix
i = atN XN , (10)

which is a Taylor series trancated solution of the exact solution u(x) for
Eq. (9), where Xt

N = (1, x, x2, . . . , xN ) is standard base of polynomial
of degree n.
One can write the right hand side of the Eq. (9) in the form

f(x) ≃

N
∑

i=0

fix
i = f tXN , (11)

where, f t = (f0, f1, . . . , fN ).
Now, by substituting (6), (10) and (11) into (9), we obtain

atN XN − atNΠXN = f tXN ,

or

(atN − atNΠ− f t)XN = 0,

and therefore

atN − atNΠ = f t,

since X is a standard base of polynomial of degree n. or

atN (I −Π) = f t. (12)

By solving linear system of Eq. (12), the vector of unknown coefficients
and hence uN (x) can be found which is an approximate solution of the
Eq. (1).

3.2 Formulation of the NVIE of the first kind

In Eq. (2) we set y(t) = G(u(t)), so the integral Eq. (2) can be written
as

∫ x

0
K1(x, t)y(t)dt = f1(x). (13)

Taking derivate with respect to x in the both sides of the above equation,
leads to

y(x)K1(x, x) +

∫ x

0

∂K1(x, t)

∂x
y(t)dt = f ′

1(x). (14)

With assumption K1(x, x) ̸= 0, Eq. (14) is converted to
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y(x) +

∫ x

0

[(

∂K1(x, t)

∂x

)

/K1(x, x)

]

y(t)dt = f ′

1(x)/K1(x, x). (15)

By settingK(x, t) = −

(

∂K1(x, t)

∂x

)

/K1(x, x) and f(x) = f ′

1(x)/K1(x, x),

Eq. (15) can be written in the following form

y(x)−

∫ x

0
K(x, t)y(t)dt = f(x), (16)

which is a LVIE of the second kind in the unknown y(x).

To solve Eq. (16) we assuume the computed solution has the follow-
ing form

yN (x) =

N
∑

i=0

aix
i = atN XN , (17)

which is a Taylor series trancated solution of the exact solution y(x) for
Eq. (16).

Now, by substituting (6), (17) and (11) into (16), we obtain

atN (I −Π) = f t. (18)

By solving linear system of Eq. (18), the vector of unknown coefficients
and hence yN (x) can be found, therefore uN (x) = G−1 (yN (x)) is ob-
tained, which is an approximate solution of the Eq. (2).

4 Existence, Uniqueness and Convergence Anal-

ysis

In this section, we state some results about the existence and unique-
ness of the solution of the Eq. (16) and we prove the convergence of the
method.

Theorem 4.1 (Ref. [17], p. 36). For each right-hand side f ∈ C[0, b]
the LVIE of the second kind (16) with continuous kernel K, has a unique
solution y ∈ C[0, b].
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Theorem 4.2 (Ref. [18], p. 67). Assume that
(i) K1(x, t) and ∂K1(x, t)/∂x are continuous in 0 ≤ t, x ≤ b,
(ii) K1(x, x) does not vanish anywhere in 0 ≤ x ≤ b,
(iii) f1(0) = 0,
(iv) f1(x) and f ′

1(x) are continuous in 0 ≤ x ≤ b.
Then LVIE of the first kind (13) has a unique continuous solution. This
solution is identical with the continuous solution of LVIE of the second
kind (16).

Now to investigate convergence, define the error function as:

eN (x) = y(x)− yN (x), (19)

where, y(x) and yN (x) are the exact and the computed solution of the
Eq. (16), respectively.
Substituing yN (x) into Eq. (16) leads to:

yN (x)−

∫ x

0
K(x, t)yN (t)dt = f(x) + pN (x), (20)

where, pN (x) is the perturbation term that can be obtained by substi-
tuting the computed solution yN (x) into Eq. (16) i.e.

pN (x) = yN (x)−

∫ x

0
K(x, t)yN (t)dt− f(x). (21)

Now, by subtracing (20) from (16) and using (19), the error function
eN (x) satisfies:

eN (x)−

∫ x

0
K(x, t)eN (t)dt = −pN (x), (22)

which is similar to Eq. (16) with a new right hand side.

Theorem 4.3 Let assumptations of theorem 4.1 hold. Suppose that for
some positive M , we have

| y(N+1)(x) |≤ M , ∀x ∈ [0, b]. (23)

Then

lim
N→∞

pN = 0.
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Proof: Suppose that the solution y(x) and the computed solution yN (x)
of (19) are approximated by theirs Taylor expansion about zero. Then
we may write

eN (x) =

∞
∑

n=N+1

xn

n!
y(n)(0), (24)

which can be represented as

eN (x) =
xN+1

(N + 1)!
y(N+1)(ξ), ξ ∈ (0, x). (25)

for some ξ ∈ (0, x) by Taylor theorem.
Replacing eN (x) by (25) into (22) gives

−pN (x) =
xN+1

(N + 1)!
y(N+1)(ξ)−

∫ x

0
K(x, t)

tN+1

(N + 1)!
y(N+1)(ξ)dt. (26)

Therefore we have

| pN (x) |≤| y(N+1)(ξ) |
xN+1

(N + 1)!
+

∫ x

0
| K(x, t) || y(N+1)(ξ) |

tN+1

(N + 1)!
dt.

Since K(x, t) is continous on [0, b], then there exists some positive real
number R such that | K(x, t) |≤ R for all x, t ∈ [0, b]. Therefore we have

| pN (x) |≤ M
bN+1

(N + 1)!
+RM

∫ x

0

tN+1

(N + 1)!
dt

≤ M
bN+1

(N + 1)!
+RM

bN+2

(N + 2)!
=

1

(N + 1)!

(

1 +
Rb

N + 2

)

MbN+1

thus, the proof is complet.

Theorem 4.4 Under the assumptations of theorem 4.3, we have

lim
N→∞

eN = 0

.

Proof: Let the integral operator T is given by

(Ty) (x) =

∫ x

0
K(x, t)y(t)dt,

then the Eq. (22) can be rewrite as

(I − T )eN = −pN .
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Under the assumption, limN→∞ pN (x) = 0 and according to theorem
4.1, (I − T ) is invertible. Hence

lim
N→∞

eN = 0.

We conclude this section by follwing Remark [16].

Remark 4.5 If the solution y(x) of the Eq. (16) is a polynomial of
degree m, then any Tau method approximate solution of degrre ≥ m will
detect it exactly. In this case we say that the Tau method is exact of
degree m.

5 Numerical example

Here are some examples to show the simplicity and accuracy of the
presented method. In the following examples, we approximate nonpoly-
nomial parts of K(x, t) and f(x) by Taylor polynomyals.
We made use of the Maple 13 pakage to perform all computations. The
computational codes were conducted on an AMD Althlon(tm) 64 X2
Dual Core Processor 5000 with power 2.60 GHz CPUs, equipped with
1.87 GB of RAM.

Example 5.1 Consider the following LVIE of the first kind [4, 5]

∫ x

0
ex+tu(t)dt = xex, x ∈ [0, 1] (27)

with the exact solution u(x) = e−x.

To solve this example, as mentioned before, taking derivate with respect
to x in the both sides of the above equation, leads to

u(x)−

∫ x

0
et−xu(t)dt = e−x + xe−x, x ∈ [0, 1], (28)

which is a LVIE of the second kind in the unknown u(x).
To solve Eq. (28), first we expand et−x and ex in Taylor series on x0 = 0
and t0 = 0. By solving LVIE of the second kind (28) using the Tau
method, the vector of unknown coefficients and hence uN (x) can be
found.
Computational results in Table 1 show that high accuracy are obtained
for N = 32, 64 in comparison to the absolute error in [4, 5].
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N = 32

x exact error(Tau) error(Ref.[4]) error(Ref.[5])

0.00 1.000000 0.000000 0.10E-1 0.52E-2
0.10 0.904837 0.000000 0.13E-1 0.17E-2
0.20 0.818731 0.000000 0.16E-2 0.39E-2
0.30 0.740818 0.000000 0.15E-2 0.33E-2
0.40 0.670320 0.000000 0.98E-2 0.11E-2
0.50 0.606531 0.13E-46 0.63E-2 0.46E-2
0.60 0.548812 0.54E-44 0.79E-2 0.81E-3
0.70 0.496585 0.87E-42 0.10E-2 0.23E-2
0.80 0.449329 0.71E-40 0.95 E-3 0.20E-2
0.90 0.406570 0.34E-38 0.59E-2 0.58E-3

N = 64

0.00 1.000000 0.000000 0.52-E2 0.52-E2
0.10 0.904837 0.000000 0.10E-2 0.17-E2
0.20 0.818731 0.000000 0.59E-2 0.39-E2
0.30 0.740818 0.000000 0.53E-2 0.33-E2
0.40 0.670320 0.000000 0.70E-3 0.11-E2
0.50 0.606531 0.000000 0.31E-2 0.46-E2
0.60 0.548812 0.000000 0.57E-3 0.81-E3
0.70 0.496585 0.000000 0.36E-2 0.23-E2
0.80 0.449329 0.000000 0.32E-2 0.20-E2
0.90 0.406570 0.000000 0.42E-3 0.61-E3

Table 1: Computational result for example 5.1 for different N at some
nodes.

Example 5.2 Consider the following LVIE of the first kind [4, 5]

∫ x

0
ecos(t− x)u(t)dt = xsinx, x ∈ [0, 1] (29)

with the exact solution u(x) = 2sinx.

Computational results in Table 2 show that high accuracy are obtained
for N = 64, 128 in comparison to the Ref. [4, 5].
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N = 64

x exact Tau Ref. [4] Ref. [5]

0.00 0.000000 0.000000 0.010417 0.010417
0.10 0.199667 0.199667 0.197570 0.201941
0.20 0.397339 0.397339 0.382942 0.388628
0.30 0.591040 0.591040 0.605205 0.599886
0.40 0.778837 0.778837 0.781174 0.775700
0.50 0.958851 0.958851 0.967335 0.972319
0.60 1.129285 1.129285 1.126666 1.131731
0.70 1.288435 1.288435 1.276056 1.281192
0.80 1.434712 1.434712 1.446451 1.441225
0.90 1.566654 1.566654 1.569934 1.564734

N = 128

0.00 0.000000 0.000000 0.005208 0.005208
0.10 0.199667 0.199667 0.192399 0.195242
0.20 0.397339 0.397339 0.398412 0.395681
0.30 0.591040 0.591040 0.589930 0.592468
0.40 0.778837 0.778837 0.785758 0.783165
0.50 0.958851 0.958851 0.963098 0.965747
0.60 1.129285 1.129285 1.122812 1.125459
0.70 1.288435 1.288435 1.289847 1.287259
0.80 1.434712 1.434712 1.433200 1.435778
0.90 1.566654 1.566654 1.572171 1.569499

Table 2: Computational result for example 5.2 for different N at some
nodes.

Example 5.3 Consider the following NVIE of the first kind [4]

∫ x

0
cos(x− t)u′′(t)dt = 2sinx, x ∈ [0, 1] (30)

with initial conditions u(0) = 0 and u′(0) = 0 whose exaxt solution is
u(x) = x2.

To solve this example, as mentioned before, first we convert NVIE of the
first kind (30) to LVIE of the second kind. To do this, we set y(t) = u′′(t)
so the integral Eq. (30) can be written as

∫ x

0
cos(x− t)y(t)dt = 2sinx, x ∈ [0, 1]. (31)
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, Taking derivate with respect to x in the both sides of the above equa-
tion, leads to

y(x)−

∫ x

0
sin(x− t)y(t)dt = 2cos(x), x ∈ [0, 1], (32)

which is a LVIE of the second kind in the unknown y(x).
To solve Eq. (32), first we expand sin(x− t) and cos(x) in Taylor series
on x0 = 0 and t0 = 0. By solving LVIE of the second kind (32) using the
Tau method, the vector of unknown coefficients and hence yN (x) can be
found. Therefore, using initial conditions and two times integration of
u′′N (x), concludes the exact solution.
Comparison of the proposed method and the direct method in Ref. [4]
shows that with assumption h = b/N and xi = ih where i = 0, 1, . . . , N
for N = 8, the proposed method gives the solution yN (x) = u′′N (x) =

2 with the computed error (1/N
∑N

i=0 e
2
N (xi))

1/2 = 0 but the direct
method in Ref. [4] gives the solution yN (x) = u′′N (x) = 2 with the

computed error (1/N
∑N

i=0 e
2
N (xi))

1/2 ≃ 1.7E−14. Therefore, proposed
method is very powerful in comparison with numerical results of [4].

Example 5.4 Consider the NVIE of the first kind [19]
∫ x

0
e(x−t)u2(t)dt = e2x − ex, x ∈ [0, 1] (33)

whose exact solution is u(x) = ex.

Similar to Example 5.3, we convert NVIE of the first kind (33) to LVIE
of the second kind. For this purpose, we set y(t) = u2(t). So the integral
Eq. (33) convert to

∫ x

0
e(x−t)y(t)dt = e2x − ex, x ∈ [0, 1]. (34)

Taking derivate with respect to x in the both sides of the above equation,
leads to

y(x) +

∫ x

0
e(x−t)y(t)dt = 2e2x − ex, x ∈ [0, 1], (35)

which is a LVIE of the second kind in the unknown y(x).
To solve Eq. (35), first we expand e(x−t), e2x and ex in Taylor series on
x0 = 0 and t0 = 0. By solving LVIE of the second kind (35) using the
Tau method, the vector of unknown coefficients and hence yN (x) can be
found, therefore, uN (x) =

√

yN (x).
Computational results in Table 3 show that high accuracy are obtained
for N = 16 in comparison to the absolute error at the points xi = i/N
where i = 0, 1, . . . , N for N = 16, in [19].



13

N = 8

x exact Tau error

0.00 1.000000 1.000000 0.00
1/16 1.064494 1.064494 0.97E-14
3/16 1.206230 1.206230 0.17E-9
3/8 1.454991 1.454991 0.76E-7
1/2 1.648721 1.648720 0.92E-6
5/8 1.868245 1.868239 0.62E-5
3/4 2.117000 2.116970 0.29E-4
13/16 2.253534 2.253477 0.57E-4
15/16 2.553589 2.553400 0.18E-3

1 2.718281 2.717959 0.32E-3

N = 16 error (Ref. [19])

0.00 1.000000 1.000000 0.00 -
1/16 1.064494 1.064494 0.59E-30 0.0328
3/16 1.206230 1.206230 0.68E-22 0.0374
3/8 1.454991 1.454991 0.75E-17 0.0454
1/2 1.648721 1.648721 0.90E-15 0.0517
5/8 1.868245 1.868245 0.35E-13 0.0589
3/4 2.117000 2.117000 0.71E-12 0.0671
13/16 2.253534 2.253534 0.26E-11 0.0716
15/16 2.553589 2.553589 0.26E-10 0.0815

1 2.718281 2.718281 0.76E-10 0.0870

Table 3: Computational results for example 5.4 for different N at some
nodes. In Ref. [19] this problem is solved just for N = 16.

Example 5.5 Consider the third example as

∫ x

0
ex−tln(u(t))dt = ex − x− 1, x ∈ [0, 1] (36)

which has the exact solution u(x) = ex.

Similar to provious examples, we convert NVIE of the first kind (36) to
LVIE of the second kind. By setting y(t) = ln(u(t)) the integral Eq.
(36) can be written as

∫ x

0
ex−ty(t)dt = ex − x− 1, x ∈ [0, 1]. (37)
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Taking derivate with respect to x in the both sides of the above equation,
leads to

y(x) +

∫ x

0
ex−ty(t)dt = ex − 1, x ∈ [0, 1], (38)

which is a LVIE of the second kind in the unknown y(x).
To solve Eq. (38), applying the proposed method to the problem leads to
yN (x) = x which is the exact solution of (38). Note that this confirm the
remark 4.5. Therefore uN (x) = eyN (x) = ex which is the exact solution
of Eq. (36), too.

Example 5.6 Consider the integral equation

∫ x

0
(sin(x− t) + 1)cos(u(t))dt =

xsin(x)

2
+ sin(x), x ∈ [0, 1] (39)

with the exact solution u(x) = x.

As mentioned before, we convert NVIE of the first kind (39) to LVIE of
the second kind. To do this, we set y(t) = cos(u(t)) so the integral Eq.
(39) convert to

∫ x

0
(sin(x− t) + 1)y(t)dt =

xsin(x)

2
+ sin(x), x ∈ [0, 1]. (40)

Taking derivate with respect to x in the both sides of the above equation,
leads to

y(x) +

∫ x

0
cos(x− t)y(t)dt =

1

2
xcos(x) +

1

2
sin(x) + cos(x), x ∈ [0, 1],

(41)
which is a LVIE of the second kind in the unknown y(x).
We procced as in previous examples and obtain the results of Table 4
for the absolute error at some nodes with N = 8, 16.
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N = 8

x exact Tau error

0.00 0.000000 0.000000 0.00
0.10 0.100000 0.099999 0.27E-15
0.20 0.200000 0.199999 0.14E-12
0.30 0.300000 0.299999 0.55E-11
0.40 0.400000 0.399999 0.74E-10
0.50 0.500000 0.499999 0.56E-9
0.60 0.600000 0.599999 0.29E-8
0.70 0.700000 0.699999 0.12E-7
0.80 0.800000 0.799999 0.41 E-7
0.90 0.900000 0.899999 0.12E-6
1.00 1.000000 0.999999 0.32E-6

N = 16

0.00 0.000000 0.000000 0.00
0.10 0.100000 0.199999 0.15E-32
0.20 0.200000 0.199999 0.20E-27
0.30 0.300000 0.299999 0.20E-24
0.40 0.400000 0.399999 0.27 E-22
0.50 0.500000 0.499999 0.12E-20
0.60 0.600000 0.599999 0.28E-19
0.70 0.700000 0.699999 0.39E-18
0.80 0.800000 0.799999 0.39E-17
0.90 0.900000 0.899999 0.29E-16
1.00 1.000000 0.999999 0.18E-15

Table 4: Computational result for example 5.6 for different N at some
nodes.

6 Conclusion

In this work, we proposed a simple method for solving the NVIE and
LVIE of the first kind. In this method, we transformed NVIE and LVIE
of the first kind to LVIE of the second kind. Then we converted LVIE
of the second kind to an equivalent linear system of equations by oper-
ational Tau method. Computational results show the high accuracy of
proposed method.
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