
State-feedback control of robot manipulators using polytopic LPV

modelling with fuzzy-clustering

Mohammad Hosein Kazemi ⇑, Mohammad Bagher Abolhasani Jabali

Electrical Engineering Department, Shahed University, Tehran, Iran

a r t i c l e i n f o

Article history:

Received 3 December 2016

Revised 6 January 2018

Accepted 18 March 2018

Available online xxxx

Keywords:

Fuzzy clustering

Linear matrix inequality

Polytopic models

Robot control

a b s t r a c t

This paper proposes a new algorithm to full state systematic feedback control design for robot manipu-

lators based on fuzzy-clustered polytopic model. At first, a linear parameter varying (LPV) representation

of the system is generated via linearization of usual Lagrangian equation about a desired state trajectory

and a vector of scheduling signals from the desired trajectory information is produced to construct an ini-

tial polytopic model. Then a fuzzy-clustering algorithm is introduced to categorize the vertices of the ini-

tial polytopic model in several clusters such that a sufficient condition of asymptotic stability of the

closed loop models in each cluster is satisfied. Hence, the number of vertices is reduced to the number

of clusters and a new reduced polytopic model is generated with the representative models of the clus-

ters. The proposed algorithm is applied to control of a two-degree-of-freedom (DOF) robotic manipulator

that illustrates the validity of the proposed scheme.

� 2018 Ain Shams University. Production and hosting by Elsevier B.V. This is an open access article under

the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Recently, considering the nonlinear dynamical systems using

LPV and polytopic linear models has received significant attention

[1–9]. The main perturbation in a nonlinear system, coming from

the nonlinearity effects due to operating point variation, can be

overcome by constructing the polytopic linear model based on

the LPV modelling. One alternative that is considered in this study

is designing a controller for all the linear models at the related ver-

tices in a linear matrix inequality (LMI)-based framework so that

the overall stability is achieved. A survey of experimental results

in LPV control is provided by [10]. It concisely reviewed and com-

pared some different LPV controller synthesis methods, and it was

shown that how synthesis can be done via LMIs. LPV modelling of a

system is representing its dynamical equations as linear state-

space model with time-varying parameters dependent matrices

[11]. In fact, nonlinearity of the system is described by parameter

variation of LPV model. This is a straightforward manner for sys-

tem descriptions, especially when system variations are state-

dependent, like robot manipulator dynamics.

The high performance controller synthesis with a low online

computational load for complex nonlinear systems like industrial

manipulators is still an open research topic [12]. In Hoffmann

et al. [12], a benchmark problem is proposed for a robotic manip-

ulator, where a solution is achieved by considering the LPV con-

troller synthesis based on a reduced parameter set. Cai et al. [13]

addressed the gain-scheduled H2 controller synthesis problem for

continuous-time LPV systems and assumed that the values of the

parameters are measurable on-line in a polytope space. A review

on historical development of gain scheduling schemes can be

found in Rugh and Shamma [14]. Xie [15] considered the multi-

objective H2/L2 performance controller synthesis of LPV systems

by a kind of matrix inequalities formulation, where the proposed

formulation parameterizes controllers without involving the Lya-

punov variables. Robust pole placement control synthesis with a

prescribed mixed H2/H1 performance is derived in [16] for robot

manipulators by solving a set of LMIs such that the asymptotic sta-

bility of the closed-loop uncertain polytopic LPV system is guaran-

teed against the uncertainties on the vertices.

In our study, the parameterization of the linearized plants cor-

responded to some sample points on the reference trajectory. It

means that the linearization of the robot manipulator is performed

about a set of desired trajectory points to produced primary ver-

tices of the polytopic model. Although the resulted linearized mod-

els family describes the behavior of the system, but the main

problem is the huge number of element in this family. There are

many operating points that their corresponding linearized models

have the same properties, i.e., there are some unnecessary vertices

in initial polytopic model. Therefore, if the vertices of the polytopic
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model are categorized to some clusters so that the elements of

each cluster have similar characteristics, then the number of ver-

tices can be reduced to the number of clusters. Now the main ques-

tion is how we can make this clustering and what criteria should

be used to pick out the desired vertices. Our clustering objective

is to categorize the vertices models set such that models within

the same cluster demonstrate maximum similarity. This similarity

may be defined with different criteria such as minimum norm of

the distance between the model parameters, open loop poles loca-

tions or closed loop poles locations and so on.

Takagi–Sugeno (T–S) modelling have attracted rapidly growing

interest to describe the nonlinear systems rules [17,18]. In this case

the stability of the T–S fuzzy systems in the sense of Lyapunov are

the main problem which are investigated in several situations [19–

21]. Numerous clustering methods have been documented in the

literature [22,23]. A survey on fuzzy clustering, which has received

considerable attention in the clustering literature, can be found in

Yang [24]. In fuzzy clustering, the fuzzy c-means (FCM) clustering

algorithm is the most well-known and powerful clustering algo-

rithm that has been defined in [25] and generated by Bezdek

[26]. Several generalizations and extensions of FCM clustering have

been proposed by researchers [27–32].

Our algorithm in this paper is based on FCM clustering with

least possible number of cluster such that a given sufficient condi-

tion and an LMI condition are satisfied for the models in each clus-

ter. The given sufficient condition guarantees that there is a

common state feedback controller for all models in each cluster.

Therefore, all models of each cluster can be substituted for the

one representative model. The representative model of each cluster

is defined as the model with the highest degree of membership.

Hence, the primary polytopic model will be reduced to a new poly-

topic model with the vertices that are the representative models of

the clusters. The next step is design a linear controller for the new

polytopic model using linear control theory. There are many differ-

ent schemes for this design process that can be followed in litera-

tures [33–35]. However, these methods involve complexities

during the implementation and synthesis [36]. This problem has

been extensively studied for robot manipulator control problems

in [12,37,38].

This article is organized as follows: In the next section, the

problem statement has been stated. Section 3 describes the pro-

posed algorithm for fuzzy-clustering of a primary polytopic model

to produce a reduced polytopic model. In Section 4, the proposed

control law is presented based on a set of LMIs introduced for a

given polytopic model. The Controller implementation for a two-

degree-of-freedom robotic manipulator is given in Section 5 and

Section 6 concludes the paper.

2. Problem statement

A rigid-body dynamics model of the n-DOF manipulator can be

derived through the Euler-Lagrangian approach as compact form:

DðqÞ €qþ Cð _q;qÞ þ GðqÞ ¼ s; ð1Þ

where sðtÞ 2 R
n is the vector of driving joint torques, which are the

control inputs. The vectors qðtÞ and _qðtÞ are the angular joint posi-

tions and velocities respectively which all belong to R
n and

assumed available by measurement. The vector €q 2 R
n presents

the joint accelerations DðqÞ 2 R
n�n, DðqÞ ¼ DðqÞT > 0 is the link

inertia matrix Cð _q;qÞ 2 R
n expresses a vector of Coriolis and cen-

trifugal torques and GðqÞ 2 R
n denotes a gravity vector. More

details about robot manipulator modelling are referred to [39,40].

In practical implementation point of view, any proposed control

law requires consideration of various uncertainties such as mod-

elling errors, unknown loads, computation errors, and specially

nonlinearity effects. In order to envelope these uncertainties, we

formulate an LPV model of robot dynamics around a specific desired

trajectory. The nonlinear dynamics of the robot model (1) can be

written as:

_x ¼ fðx; sÞ ; ð2Þ

where the state vector x ¼ ½xT
1 xT

2�
T
¼ ½qT _q

T
�
T
, and the vector fields

function fðx; sÞ is defined as

fðx; sÞ ¼
x2

�Dðx1Þ
�1 Cðx1; x2Þ þ Gðx2Þ � sð Þ

� �

:¼
x2

gðx; sÞ

� �

: ð3Þ

It is assumed that the function fðx; sÞ to be continuously differ-

entiable a sufficient number of time. If we write

x ¼ x
�
þdx

s ¼ s
�
þds

ð4Þ

where the state vector x
�
¼ ½x

�
T
1 x

�
T
2�

T
¼ ½q

�T _
q
�T

�
T

is defined as a desired

manipulator trajectory for the input joint torques s
�
such that

Dðq
�
Þ
€
q
�
þ Cð

_
q
�
;q
�
Þ þ Gðq

�
Þ ¼ s

�
; ð5Þ

then, state Eq. (2) can be approximated by linear Taylor expansion

with respect to the components of x and s. In fact, the actual manip-

ulator dynamics in the immediate proximity of the desired trajecto-

ries are approximated by the first terms of the Taylor series. So, the

following LPV model PðhÞ can be introduced for the robot manipu-

lator about the desired trajectory x
�
,

d _x ¼ AðhðtÞÞdxþ BðhðtÞÞds ; ð6Þ

where

AðhðtÞÞ :¼
@f

@x

� �

x ¼ x
�

s ¼ s
�

; BðhðtÞÞ :¼
@f

@s

� �

x ¼ x
�

s ¼ s
�

;
ð7Þ

denote the 2n� 2n and 2n� n Jacobian matrices of fðx; sÞ with

respect to x and s, respectively, i.e. the ij-th entries of Að�Þ and

Bð�Þ are the partial derivative of the ith component of fðx; sÞ with

respect to the jth components of x and s, respectively where evalu-

ated along the desired trajectory. The mappings Að�Þ and Bð�Þ are

continuous functions of time-varying scheduling signal vector

hðtÞ 2 R
3n which is defined by measurable signal vectors x

�
and s

�
as

hðtÞ :¼
x
�
ðtÞ

s
�
ðtÞ

" #

: ð8Þ

Using (3) and (7), the matrices Að�Þ and Bð�Þ can be formulated as

AðhðtÞÞ :¼
0n�n In�n

@g
@x1

@g
@x2

" #

x ¼ x
�

s ¼ s
�

; BðhðtÞÞ :¼
0n�n

Dðx1Þ
�1

� �

x ¼ x
�

s ¼ s
�

;

ð9Þ

Sampling the desired trajectory x
�
to produce N distinct gridding

points from the scheduling signal. The compact set

Ph � R
3n

: h 2 Ph; 8t > 0 is considered as a polytopic system

defined by the convex hull

Ph :¼ Co hv1; hv2; . . . ; hvNf g ; ð10Þ

where N is the number of vertices and it is determined according to

the sampling time and trajectory duration. It follows as stated in

[41] that the system can be represented by a linear combination

of LTI models at the vertices; this is called a polytopic LPV system

2 M.H. Kazemi, M.B. Abolhasani Jabali / Ain Shams Engineering Journal xxx (2018) xxx–xxx

Please cite this article in press as: Kazemi MH, Abolhasani Jabali MB. State-feedback control of robot manipulators using polytopic LPV modelling with

fuzzy-clustering. Ain Shams Eng J (2018), https://doi.org/10.1016/j.asej.2018.03.001



PðhÞ 2 Co Pðhv1Þ; Pðhv2Þ; . . . ; PðhvNÞf g ¼
X

N

i¼1

aiPðhviÞ ; ð11Þ

where
PN

i¼1ai ¼ 1 and ai P 0 are the convex coordinates. The ith-

vertex of this convex polytope is defined by Pi :¼ ðAi; BiÞ for all

i 2 N0 :¼ f1;2; :::;Ng, where each of these matrices is constant.

The main objective is to find a constant gain matrix K 2 R
n�2n

such that, the feedback control input

ds ¼ �K dx ; ð12Þ

into the system (6) results in an asymptotic stable closed loop sys-

tem. By considering (4), it implies that the nonlinear robot dynam-

ics (2) tracks the desired trajectory x
�

asymptotically when the

control input torque

s ¼ s
�
�Kdx ; ð13Þ

is implemented to the robot manipulator.

As stated before, when the number of vertices is large, a critical

problemmay be occurred for any control synthesis. For this reason,

an algorithm is presented in the next section to eliminate the

superfluous vertices.

3. Clustering algorithm

The objective of this section is to propose an algorithm based on

FCM clustering such that a new polytopic model with the least

number of vertex is introduced.

3.1. FCM clustering

Let a set of N data point as the polytopic model (11) with the N

vertices models Pi :¼ ðAi;BiÞ are given, and c be a positive integer

greater than one. For computational simplicity, the FCM clustering

algorithm is applied only to the varying parameters of each vertex

model by defining the Xi :¼ VecðAi;BiÞ as a vector of varying ele-

ments of ðAi;BiÞ. Then the FCM clustering objective function

[24,26] is expressed as:

Jmðl; aÞ ¼
X

N

k¼1

X

c

i¼1

lm
ikk Xk � ai k

2 ; ð14Þ

where m > 1 is the weighting exponent, a ¼ fa1; :::; acg is the set of

cluster centers, c is the number of clusters, and lik represents the

membership degree of data point Xk to the cluster i with

l ¼ lik

� �

c�N
2 Mfcm

¼ l ¼ lik

� �

c�N

X

c

i¼1

lik ¼ 1 ; lik P 0 ; 0 <
X

N

k¼1

lik < N

�

�

�

�

�

( )

: ð15Þ

The FCM algorithm goal is to find a partition matrix l ¼ ½lik� c�N

and a set a ¼ fa1; :::; acgof cluster centers to minimize the

objective function Jmðl; aÞ. The following updating equations are

found as the necessary conditions for the minimum of Jmðl; aÞ.

ai ¼

PN
k¼1l

m
ikXk

PN
k¼1l

m
ik

ð16Þ

lik ¼
k Xk � ai k

�2
m�1

Pc
j¼1k Xk � aj k

�2
m�1

ð17Þ

Using (16) and (17), the following FCM clustering algorithm can

be introduced to obtain a partition matrix l ¼ ½lik� c�N and cluster

centers a ¼ fa1; :::; acg.

FCM Algorithm

Step 1: Fix 2 6 c 6 N and fix any e > 0. Give an initial að0Þ and let

t ¼ 0.

Step 2: Using (17) to compute the membership lðtþ1Þ with aðtÞ.

Step 3: Using (16) to update the cluster center aðtþ1Þ with lðtþ1Þ.

Step 4: Compare aðtþ1Þ to aðtÞ in a convenient norm jj � jj. IF

jjaðtþ1Þ � aðtÞjj < e, stop the algorithm, otherwise

t ¼ t þ 1 and return to step 2.

3.2. Proposed algorithm

With the FCM clustering algorithm, we can categorize the LPV

models into c clusters that their models have the minimum Euclid-

ian error norm with respect to their center models. However, it

doesn’t give us an idea to select the optimal value for c or a proper

value for e. Therefore, the aim of this section is to propose a com-

plete algorithm that gives the best clustering relative to the desired

control objectives.

As stated before, the main control objective is to design a full

state-feedback control gain matrix to have an asymptotically stable

closed loop system. Hence, the condition for some vertices to con-

sist a cluster is that there exists a common state-feedback control

gain matrix that asymptotically stabilize those vertices. To intro-

duce the mentioned condition, first the following problem should

be solved.

Problem 3.1. Suppose that the FCM clustering algorithm is applied

to the given polytopic model (11) with N vertices for an arbitrary

2 6 c 6 N. Let Pj be the set of models in the jth-cluster and Nj

denote their indices, i.e., for j ¼ 1;2; :::; c, we have:

Pj :¼ ðAi;BiÞ i 2 N0 ; max
k

lki ¼ lji

�

�

�

�

� �

; ð18Þ

Nj :¼ i 2 N0 ðAi;BiÞ 2 Pj

�

�

	 


: ð19Þ

Find a full state-feedback control gain matrix K j that stabilizes

the following systems for j ¼ 1;2; :::; c.

_x ¼ Aixþ Biu

u ¼ �K jx
; ð20Þ

_x ¼ A0jxþ B0ju

u ¼ �K jx
; ð21Þ

for all ðAi;BiÞ 2 Pj and i 2 Nj, where ðA0j; B0jÞ is the representative

model of jth-cluster (the model with the highest degree of member-

ship in jth-cluster).

Solution: Consider the following uncertain system.

_x ¼ ðA0j þ DAijÞxþ ðB0j þ DBijÞu

u ¼ �K jx
; ð22Þ

where DAij :¼ Ai � A0j and DBij :¼ Bi � B0j for i 2 Nj can be consid-

ered as parametric uncertainties about the representative model

of jth-cluster. Then the closed-loop system dynamics of (22) can

be described by

_x ¼ ðA0j � B0jK jÞxþ Dijx ; ð23Þ

where

Dij :¼ DAij � DBijK j ; ð24Þ

for i 2 Nj is the closed loop parametric uncertainties. Now, let

V ¼ xTPx be a quadratic Lyapunov candidate function, where
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P ¼ PT > 0 is a symmetric positive definite matrix. Evaluating the

time derivative of V along (23) implies that

_V ¼ xTðAT
0j � KT

j B
T
0jÞPxþ xTPðA0j � B0jK jÞxþ 2xTDT

ijPx : ð25Þ

Replacing K j ¼ MjX
�1 and P ¼ X�1, it follows

_V ¼ xTP XAT
0j �MT

j B
T
0j þ A0jX � B0jMj

h i

Pxþ 2xTDT
ijPx : ð26Þ

If the following LMI is feasible,

XAT
0j �MT

j B
T
0j þ A0jX � B0jMj < �cjX ð27Þ

for sufficiently large scalar cj > 0, then from (26) it will be observed

that

_V < �cjx
TPXPxþ 2xTDT

ijPx

¼ xT �cjI þ 2DT
ij

h i

Px :
ð28Þ

It is obvious that _V < 0 can be concluded if the following condi-

tion is satisfied,

max
i2Nj

k Dij k <
1

2
cj : ð29Þ

It implies that if the LMI (27) and condition (29) are satisfied,

then the state-feedback control gain K j ¼ MjX
�1 stabilizes all mod-

els of jth-cluster.

Definition 3.1. Such a cluster that the LMI (27) and condition (29)

are satisfied for its models, is called as feasible-cluster.

In other word, if the jth-cluster is a feasible-cluster, then all its

vertices models can be substituted for one vertex model that is

the representative model ðA0j;B0jÞ. Therefore, by this strategy we

can search for feasible-clusters and construct a new polytopic

model with vertices of all representative models ðA0j;B0jÞ. Now

the question that may be arisen is how the parameters c and cj
for j ¼ 1;2; :::; c should be obtained. The following search algo-

rithm responds this question.

Proposed Algorithm

Step 1: Fix c ¼ 2 and construct a set of given primary models

namely models set.

Step 2: Using FCM algorithm for the models set to compute

ðA0j; B0jÞ, Nj and Pj for j ¼ 1;2; :::; c.

Step 3: Fix j ¼ 1 and cj ¼ c0 (a lower bound, defined by designer,

here we adopt c0 ¼ 1).

Step 4: Solving the LMI (27) to compute K j ¼ MjX
�1 and using

(24) to compute Dij and check the condition (29) for

all j ¼ 1;2; :::; c. If the condition (29) isn’t satisfied for

any value of j, then go to Step 9.

Step 5: Extracting the feasible-clusters for j ¼ 1;2; :::; c and

remove their models from the models set. Then set

c ¼ c � nf , where nf is the number of feasible-clusters

in this step.

Step 6: If the models set is empty or c ¼ 0, stop the algorithm.

Step 7: If the models set has only one model and c ¼ 1, then stop

the algorithm and the remained model in the models set

is the last feasible-cluster.

Step 8: If c ¼ 1, then set c ¼ c þ 1. Go to Step 2.

Step 9: Increasing cj and if cj 6 c
�
(an upper bound, defined by

designer, here we adopt c
�
¼ 1000), then go to Step 4.

The step size for increasing cj is defined by designer.

This paper applies the following increasing procedure.

c ¼

cþ 1 for c < 10

cþ 10 for 10 6 c < 100

cþ 100 for 100 6 c < 1000

8

>

<

>

:

ð30Þ

Step 10: Set c ¼ c þ 1 and go to Step 2,

Implementing the above algorithm to the polytopic model (11),

results in the new reduced polytopic LPV system

PðhÞ 2 Co Pðhv01Þ; Pðhv02Þ; . . . ; Pðhv0N� Þf g ¼
X

N�

j¼1

a0jPðhv0jÞ; ð31Þ

where
PN

�

j¼1a0j ¼ 1 and a0j P 0 are the convex coordinates, and N
�

is

the number of feasible-clusters. The jth-vertex of this convex poly-

tope, P0j :¼ ðA0j;B0jÞ for j 2 f1;2; :::;N
�

g, is the representative model

of the jth-feasible-cluster.

4. Control design

The main control objective is to design the control law (12) for

the LPV model (6), that is equivalent to design the control law (13)

for the nonlinear dynamics model (1). As stated before, according

to the algorithm presented in Section 3, the initial polytopic model

(11) with N vertices can be reduced to a new reduced polytopic

model (31) with N
�

vertices.

Now, the objective is to find a constant matrix K 2 R
n�2n, such

that, the closed-loop system given by (6) and (12) is asymptotically

stable. Using (12) and LPV formulation (31), the closed-loop sys-

tem can be represented by

d _x ¼ ½AðhðtÞÞ � BðhðtÞÞK�dx

¼
PN

�

j¼1a0jðA0j � B0jKÞdx ¼
PN

�

j¼1a0jAcljdx
ð32Þ

where Aclj is the close loop system matrix of the jth model.

With this information, in the following theorem, the sufficient

condition for asymptotic stability of the system (32) is proposed.

Theorem 4.1. The polytopic LPV system (32) is asymptotically stable

if there exist common symmetric positive definite matrices X ¼ XT > 0

and Msuch that for all j 2 f1; 2; :::; N
�

g the following LMIs are

satisfied.

XAT
0j þ A0jX �MTBT

0j � B0jM < �cjX ; ð33Þ

where cj is that one resulted in the proposed algorithm for jth-feasible-

cluster. If there exists such a solution, the controller gain is given by

K ¼ MX�1 : ð34Þ

Proof. Evaluating the time derivative of a quadratic Lyapunov candi-

date function V ¼ dxTPdx along (32) implies that

_V ¼
PN

�

j¼1a0jdx
TAT

cljPdxþ dxTP
PN

�

j¼1a0jAcljdx

¼
PN

�

j¼1a0jdx
T AT

cljP þ PAclj

� �

dx

¼
PN

�

j¼1a0jdx
T AT

0j � KTBT
0j

� �

P þ P A0j � B0jK
 �

h i

dx

ð35Þ

Replacing K ¼ MX�1 and P ¼ X�1 in (35), it follows

_V ¼
X

N�

j¼1

a0jdx
TX�1 XAT

0j �MTBT
0j þ A0jX � B0jM

h i

X�1
dx ð36Þ

Using (33), it will be observed that
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_V <
P

N
�

j¼1

a0jdx
T �cjP
� �

dx

6 �
P

N
�

j¼1

a0jcj

 !

Pk dx k2 :

ð37Þ

It follows that _V < 0 and the proof is concluded. h

This theorem implies that if the set of LMIs (33) are feasible for

all representative models, then there exists a symmetric matrix

P ¼ X�1 > 0 satisfying the condition of Lyapunov. _V < 0 for the sys-

tem (32). Thus, system (32) considering the control gain (34) is

asymptotically stable.

5. Simulation results

A two-link planar rotary robot manipulator, shown in Fig. 1, is

considered for illustrating the proposed clustering algorithm,

implementing the proposed controller and investigating the stabil-

ity and performance behavior of the close loop system.

Through the Euler-Lagrangian approach, the manipulator

dynamics equation is derived as compact form (1) with

q ¼
q1

q2

� �

; s ¼
s1
s2

� �

;DðqÞ ¼
D11ðqÞ D12ðqÞ

D21ðqÞ D22ðqÞ

� �

;

D11ðqÞ ¼ ðM1 þM2ÞL
2
1 þM2L

2
2 þ 2M2L1L2cosq2 ;

D12ðqÞ ¼ D21ðqÞ ¼ M2L
2
2 þM2L1L2cosq2 ;

D22ðqÞ ¼ M2L
2
2 ;

Cð _q;qÞ ¼
�M2L1L2ð2 _q1

_q2 þ _q
2

2Þsinq2

M2L1L2 _q
2

1sinq2

" #

;

GðqÞ ¼
G1ðqÞ

G2ðqÞ

� �

;

G1ðqÞ ¼ �ðM1 þM2ÞL1gsinq1 �M2L2gsinðq1 þ q2Þ;

G2ðqÞ ¼ �M2L2gsinðq1 þ q2Þ;

The physical parameters of the robot manipulator are defined as

follows: L1 ¼ L2 ¼ 0:26 ðmÞ, M1 ¼ 6:5225 ðkgÞ, M2 ¼ 2:0458 ðkgÞ.

For testing the performance of the proposed control, the following

reference trajectories are selected in joint space [42].

x
�
¼

q
�

1

q
�

2

" #

¼
b1ð1� e�2t3 Þ þ c1ð1� e�2t3 Þsinðx1tÞ

b2ð1� e�2t3 Þ þ c2ð1� e�2t3 Þsinðx2tÞ

" #

ð38Þ

where b1 ¼ p=9[rad], c1 ¼ p=4[rad] and x1 ¼ 4[rad/s], are parame-

ters of the first joint reference and b2 ¼ �p=7[rad], c2 ¼ p=3[rad]
andx2 ¼ 3[rad/s], correspond to parameters of the second joint tra-

jectory. Fig. 2 shows graphs of these reference trajectories.

Using the desired trajectory information and sampling schedul-

ing signal vector hðtÞ with sampling time 0.1 s for a total time of

20 s to construct N ¼ 201 primary vertices ðAi;BiÞ by (9). In the first

step the behavior of the conventional FCM clustering algorithm, is

simulated. The primary LPV models can be categorized into c clus-

ters such that the models of each cluster have the minimum

Euclidian error norm relative to the center model. If ej denotes

the maximum error norm between the models of jth-cluster and

jth-center model, then the maximum error for all cluster can be

computed as

e
�
¼ max

j¼1; 2; :::; c
ej : ð39Þ

Fig. 3 shows the deviation of e
�
against different values of c. It is

clear that for decreasing e
�
, we should increase c, but there is no

sense of the best value for e
�
.

Now, implementing the proposed algorithm presented in Sec-

tion 3.2, the resulted information is shown in Table 1. The number

of generated clusters is 78, the indices of the models inside the

clusters and the related c that satisfy (33) are indicated in the table

for some sample of clusters. The bolded and underlined indices

show the representative model of each cluster.

For more illustration the effectiveness of the proposed algo-

rithm, the poles of all primary models and representative models

are indicated in Fig. 4. As we can see in this figure, the non-

effective poles are removed.

Although the main objective of this paper is to introduce a new

methodology for constructing a reduced polytopic model for a non-

x

y
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g

Fig. 1. Two-link planar rotary robot manipulator.
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Fig. 3. Maximum error between models and centers for all clusters.
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linear system, the effectiveness of the proposed polytopic model is

also compared with some different design control strategies. We

have considered four control plans to design the control gain

(34) by solving the set of LMIs (33).

In first controller K1, the conventional FCM according to pre-

sented algorithm in Section 3.1 is used to construct a polytopic

model with c ¼ 78 vertices (is considered equal to the number of

clusters in the proposed algorithm). Then the LMIs (33) are solved

for the centers of the clusters with cj ¼ cmax ; j ¼ 1;2; :::; c, where

cmax ¼ 500 is chosen as the maximum value of c that is obtained

by our proposed algorithm shown in Table 1. The resulted control

gain is computed as

K1 ¼
8:2086 1:3787 0:2569 0:0640

1:4040 3:7722 0:0655 0:0457

� �

� 103 : ð40Þ

The second controller K2 is obtained by implementing the pro-

posed algorithm presented in Section 3.2 and solving the LMIs (33)

for the representative model of the clusters (specified in Table 1)

with fixed cmax.

K2 ¼
8:5435 1:8702 0:2690 0:0675

1:8867 2:6575 0:0681 0:0554

� �

� 103 : ð41Þ

The next controller K3, the proposed controller of this paper, is

computed similar to the strategy of designing K2 with this differ-

ence that using cj ; j ¼ 1;2; :::; c as described in Table 1 instead of

using a fixed cmax for solving the LMIs (33). It will imply that

K3 ¼
8:5231 2:2679 0:2542 0:0677

1:9907 2:1801 0:0651 0:0457

� �

� 103 : ð42Þ

Finally, the controller K4 is designed without clustering. It is

obtained by solving the LMIs (33) for whole of the primary models

with fixed cmax.

Table 1

Some sample of clusters, the models indices, and related c.

Cluster No. Model index c

1 72, 73, 135, 136, 198, 199 400

2 53, 71, 116, 134, 179, 197 400

3 5, 6, 7 50

.

.

.
.
.
.

.

.

.

32 34, 35, 97, 98, 160, 161 300

33 29, 92, 155 20

34 30, 93 10

.

.
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.
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Fig. 4. The poles of the primary models and representative models.
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Fig. 5. (a) Tracking error of the first joint with control gains K1 , K2 , K3 and K4; (b)
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Fig. 6. (a) Tracking error of the first joint with control gains K1 , K2 , K3 and K4 , and

initial condition error; (b) Control signal of the first joint.
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K4 ¼
8:5709 1:9728 0:2680 0:0675

1:9941 2:3751 0:0682 0:0550

� �

� 103 : ð43Þ

Applying the above control gains to manipulator for tracking

the reference trajectories (38), the tracking error of manipulator’s

first joint is shown in Fig. 5a. The tracking error of the second joint

has also the same behavior and therefore it is ignored to show. As

can be seen in this figure, all the tracking errors belong to an

acceptable range. Note that the difference between the errors are

not very considerable and it cannot be a proper criterion for com-

paring the responses because it is obvious that by increasing c, the
tracking errors can be reduced to whatever is wanted, provided

that the related LMIs are feasible and moreover, the control efforts

is in an applicable scope. However, this figures show that the pro-

posed controller (K3) has a satisfactory performance close to the

ideal case (K4), beside it has a lower consuming time because of

its reduced polytopic model. The number of LMIs is reduced from

201 for computing K4 to 78 in the proposed controller and it effec-

tively causes that the computation time of the proposed controller

to be reduced. The control signals for all controllers are shown in

Fig. 5b. Because the difference between the signals are very small,

this figure shows that all the controllers have approximately equal

control effort. This is because of the low amplitude of the error sig-

nals. So in next simulation the amplitude of error signals is

increased by considering an arbitrary initial condition for each

joint.

For more evaluating the performance of the controllers, the

ability of the controllers to put the manipulator on the desired tra-

jectory is investigated by applying a large distance error for each

joint. This error may be occurred by a large external disturbance

or an initial condition error. Considering the initial condition

q10 ¼ p=6 and q20 ¼ �p=6, the tracking error of the first joint is

shown in Fig. 6a. This figure shows that the controllers with gains

K3 and K4 have approximately similar performance and suitable

responses without any overshoot. In the other word, our proposed

controller with a reduced polytopic model has presented a satisfac-

tory performance comparable with the ideal case that a primary

polytopic model without any clustering is used. In this case the

control efforts are also shown in Fig. 6b. It can be seen in this figure

that in the cases of K3 and K4, the control actuators have lower sat-

uration time relative to the cases of K1 and K2.

Finally, the computation time and output performance of the

proposed controller are compared with the conventional LMI con-

troller in different cases as shown in Table 2. The 2-norm of the

joints tracking error is chosen as a performance criterion for com-

paring the controllers. It can be seen that the proposed method has

a lower computation time than others. However, the performance

of the all controllers have an acceptable index and it shows that

without any more performance distortion of the closed loop sys-

tem, the computational time is impressively diminished.

6. Conclusion

In this paper, a new algorithm was addressed for LPV modelling

of nonlinear systems in the purpose of state-feedback control

design. The desired trajectory data is used to produce primary

LPV models and then a Fuzzy-clustering algorithm is introduced

to reduce the vertices models. A sufficient condition for asymptotic

stability of the closed loop models is extracted as a criterion for

categorizing the models. Since all control computations are based

on trajectory data, they could be carried out off-line once the

desired trajectory has been defined and hence, there is no restric-

tion for on-line implementation of the proposed controller. It is

cleared that there is a weighty control calculation for the primary

polytopic model due to the huge number of vertex and LMI, how-

ever using the proposed algorithm in this paper, a new reduced

polytopic model with a lower number of vertex is produced that

highly decreases the computational time of controller synthesis.

Using heuristic optimization approaches instead of Fuzzy-

clustering can be also suggested for expanding the proposed

method in future works. A 2-DOF robotic manipulator is consid-

ered as a numerical example. The proposed scheme is applied to

generate a reduced polytopic model for the manipulator. The

reduced polytopic model is used to design a full-state feedback

controller for tracking of a desired trajectory, and it is shown that

its performance is comparable with the ideal case, while its com-

putational time is reduced to the about 33% of the primary con-

troller where a polytopic model without any clustering is used.
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