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Statistical Monitoring of Multivariate Multiple
Linear Regression Profiles in Phase I with
Calibration Application

R. Noorossanaa, M. Eyvaziana, Amirhossein Amirib∗†

and Mahmoud A. Mahmoudc

In some statistical process control applications, there are some correlated quality characteristics which can be modeled
as linear functions of some explanatory variables. We refer to this structure as multivariate multiple linear regression
profiles. When the correlation structure between quality characteristics is ignored and profiles are monitored separately
then misleading results could be expected. Hence, developing methods to account for this multivariate structure
is required. In this paper, we specifically focus on phase I monitoring of multivariate multiple linear regression
profiles and develop four methods for this purpose. The performance of the developed methods is compared through
simulation studies in terms of probability of a signal. In addition, a diagnostic scheme to find the out-of-control
samples is developed. Finally, the application of the proposed methods is illustrated using a calibration application at
the National Aeronautics and Space Administration (NASA) Langley Research Center. Copyright © 2009 John Wiley &
Sons, Ltd.
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1. Introduction

S
ometimes the quality of a process or product is characterized by a relationship or function between two or more variables,

which is referred to as a ‘profile’ in the literature. This relationship can be modeled by a simple linear regression, multiple

linear, or polynomial regression or even more complicated models such as nonlinear regressions. Several applications of

profiles monitoring have been introduced by authors including Stover and Brill1, Kang and Albin2, Mahmoud and Woodall3,

Woodall et al.4, Wang and Tsung5, Montgomery6, Woodall7, and Zou et al.8. Simple linear profiles monitoring has been studied

well in both Phases I and II. In Phase I, one investigates the process stability. On the other hand, detecting the out-of-control

state as quickly as possible is the main purpose of Phase II. Authors including Kang and Albin2, Kim et al.9, Noorossana et al.10,

Gupta et al.11, Zou et al.12, Zhang et al.13, Saghaei et al.14, and Mahmoud et al.15 have studied Phase II monitoring of simple

linear profiles. Phase I monitoring of simple linear profiles has also been investigated by researchers such as Mestek et al.16,

Stover and Brill1, Kang and Albin2, Mahmoud and Woodall3, and Mahmoud et al.17. Autocorrelated simple linear profiles were

also studied by Noorossana et al.18 and Soleimani et al.19. The effect of non-normality on the performance of control charts for

Phase II monitoring of simple linear profiles was investigated by Noorossana et al.20, 21.

Some authors investigated more complicated models including multiple linear regression profiles and polynomial profiles.

Mahmoud22 investigated Phase I monitoring of multiple linear regression profiles. Jensen et al.23 proposed a linear mixed model

(LMM) to model the autocorrelation structure in general linear profiles in Phase I. Zou et al.8 proposed a multivariate exponentially

weighted moving average (MEWMA) control chart for monitoring general linear profiles in Phase II. Kazemzadeh et al.24 extended

three phase I methods for monitoring polynomial profiles and compared the performance of the extended methods under both

sustained and outlier shift. Kazemzadeh et al.25 used a transformation based on an orthogonal polynomial regression to make the

regression parameters independent and then used an EWMA-based monitoring procedure in Phase II. Kazemzadeh et al.26 also

studied Phase II monitoring of autocorrelated polynomial profiles where there is an AR(1) structure between successive profiles.
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Nonlinear profiles monitoring has also been discussed by several authors including Jin and Shi27, Walker and Wright28

Ding et al.29, Williams et al.30, Moguerza et al.31, Vaghefi et al.32 and Jensen and Birch33.

In some applications, the quality of a process or a product can be characterized by a multivariate regression. In this case, there

are some dependent quality characteristics as response variables, which are modeled as functions of one or more explanatory

variables. Noorossana et al.34, 35 investigated the case where there are relationships between some dependent response variables

and one explanatory variable in both Phases I and II. We refer to this case as multivariate simple linear profiles monitoring. They

proposed four approaches including principal components analysis, Wilks’ lambda, which is an extension of the F method by

Mahmoud and Woodall3 to the multivariate case, and two approaches based on T-squared statistics for monitoring multivariate

simple linear profiles in Phase I. Noorossana et al.35 extended the traditional control charts by Kang and Albin2 and the EWMA

charts procedure by Kim et al.9 to the multivariate case and developed some methods to monitor multivariate simple linear

profiles in Phase II.

This paper is motivated by a calibration case discussed by Parker et al.36 and Mahmoud et al.17 in which the relationships

between six response variables and six explanatory variables are investigated. The replicated calibrations of a force balance

used in wind tunnel experiments are considered at the NASA Langley Research Center. In this case, the relationships between

response variables and explanatory variables can be modeled by multiple linear regression models. Owing to the dependency

of response variables, we deal with a multivariate regression structure. We refer to the case as a multivariate multiple linear

regression profiles. In this paper, we specifically focus on Phase I and develop four methods to monitor multivariate multiple

linear regression profiles. The extended methods are compared under both sustained and unsustained shifts. The structure of the

paper is outlined as follows. In Section 2, the model and the assumptions are discussed. Four Phase I methods are developed

in Section 3. In Section 4, a diagnostic aid is developed to find the out-of-control samples. In Section 5, the performance of

the proposed methods is evaluated through simulation studies under both sustained step and unsustained isolated shifts. The

proposed methods are illustrated by a calibration application at NASA in Section 6. Our concluding remarks are given in the last

section.

2. Model and assumptions

We assume for the kth sample collected over time that we have observations (x1ik , x2ik ,. . . , xqik , y1ik , y2ik ,. . . , ypik) i=1, 2,. . ., nk ,

k =1, 2,. . ., m, where nk is the size of sample k, m is the number of samples and p and q are the number of response and

explanatory variables, respectively. The model that relates the response variables with explanatory variables is a multivariate

multiple linear regression and can be given as follows:

Yk =XkBk +Ek (1)

where Yk is an nk ×p matrix of response variables for the kth sample, Xk is an nk ×(q+1) matrix of explanatory variables, Bk is

a (q+1)×p matrix of the regression parameters, and Ek is an nk ×p matrix of the error terms. It is assumed that the error terms

have a p-variate multivariate normal distribution with p-variate mean vector of 0 and p×p variance–covariance matrix of R. The

ordinary least-square (OLS) estimator of the matrix Bk is as follows:

B̂k = (XT
k Xk)−1XT

k Yk (2)

3. Phase I proposed methods

Four methods for phase I monitoring of multivariate multiple linear regression profiles are proposed in this section. The first one

is a T2-based method proposed by Williams et al.30. The second method is an extension of the LRT method by Mahmoud et al.17.

Wilks’ lambda approach, which is an extension of the F method by Mahmoud and Woodall3, is proposed as the third method.

Finally, a principal components approach is discussed as the fourth method. It should be noted that the first, third, and fourth

methods are extensions of methods proposed by Noorossana et al.34 for monitoring multivariate simple linear profiles.

3.1. T-squared approach based on successive difference estimator

We first rewrite the matrix B̂k as a 1×(q+1)p multivariate normal random vector and denote it by b̂k as follows:

b̂k = (�̂01k , �̂02k ,. . . , �̂0pk , �̂11k , �̂12k ,. . . , �̂1pk ,. . . , �̂q1k , �̂q2k ,. . . , �̂qpk)T (3)

Then, we construct the T2 statistic for the kth sample as below:

T2
k = (b̂k − ¯̂

b)TS−1

�̂
(b̂k − ¯̂

b) (4)

where the average vector b̂ is computed by using b̂= (1 / m)
∑m

k=1 b̂k and S
�̂

is the estimator of the covariance matrix of b̂k ,

which is determined based on successive differences of the regression parameters vector estimators.
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Similar to Williams et al.30, we define v̂k = b̂k+1 − b̂k , k =1, 2,. . ., m−1 and stack the transpose of these m−1 difference vectors

into the matrix V̂ as [v̂1, v̂2,. . . , v̂m−1]T, then S
�̂

is given by

S
�̂
= V̂T ×V̂

2×(m−1)
(5)

The upper control limit for this control chart is chosen to give a specified probability of Type I error. The exact distribution for

the T2 statistic in Equation (4) is not reported in the literature and just some approximate distributions have been proposed for

it. For further information, refer to Williams et al.37.

3.2. Likelihood ratio approach

This method is the extension of the method proposed by Mahmoud et al.17 in multivariate regression case. With a step shift in

one or more regression parameters in a multivariate regression profile data set after sample m1, we assume that

Yk = XkB1 +Ek1 k =1, 2,. . . , m1

Yk = XkB2 +Ek2 k =m1 +1,. . . , m
(6)

where Ek1 ∼MN(0,R1) and Ek2 ∼MN(0,R2).

Considering the following null and alternative hypotheses:

H0 : B1 =B2 =B and R1 =R2 =R

H1 : H0 is not true.
(7)

It can be shown (see appendix) that the likelihood ratio statistic is given by the following equation:

lrtm1 =N log |R̂|−N1 log |R̂1|−N2 log |R̂2| (8)

where N is the total number of observations, N1 is the total number of observations prior to the change point and N2 is the

total number of observations following the change point. Here, |R̂|, |R̂1|, and |R̂2| are the determinants of the error terms

variance–covariance matrix estimator for the multivariate regression model fitted for all of the samples pooled into one sample

of size N, the error terms variance–covariance matrix estimator for the multivariate regression model fitted for all of the samples

prior to m1 pooled into one sample of size N1, and the error terms variance–covariance matrix estimator for the multivariate

regression model fitted for all of the samples following m1 pooled into one sample of size N2, respectively. The formulas used

for computing these matrices are

R̂= (Y−XB̂)T(Y−XB̂)

N
(9)

R̂1 = (Y1 −X1B̂1)T(Y1 −X1B̂1)

N1
(10)

R̂2 = (Y2 −X2B̂2)T(Y2 −X2B̂2)

N2
(11)

The multivariate regression parameter estimator matrices B̂, B̂1, and B̂2 are calculated based on all the samples pooled into

one sample, samples prior to the change point pooled into one sample, and samples following the change point pooled into

one sample, respectively.

The corrected likelihood ratio statistic based on Mahmoud et al.17 is given by

lrtcm1 = lrtm1

E(lrtm1)
(12)

where E(lrtm1) is the expected value of lrtm1 statistic under H0 and can be determined by simulation. An upper control limit is

chosen by simulation to give a specified probability of a Type I error.

3.3. Wilks’ lambda approach

This approach is an extension of the F-approach by Mahmoud and Woodall3 to the multivariate regression structure. This approach

was first proposed by Noorossana et al.34 for monitoring multivariate simple linear profiles. Here, we extend the approach to the

multivariate multiple linear regression profiles. We assume that we have m samples each with size of nk observations. The first

step is to pool all the m samples into one sample of size N=
∑m

k=1 nk . Then, m−1 indicator variables are defined as

{

Zki =1 if observation i is from sample k

Zki =0 otherwise i=1, 2,. . . , N, k =1, 2,. . . , m−1
(13)
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The mth sample is called the reference sample. Finally, the following regression model is fitted to the pooled data:

yi = b̂0+b̂1x1i+·· ·+b̂qxqi+b̂01Z1i+b̂11Z1ix1i+·· ·+b̂q1Z1ixqi+·· ·+b̂0m′ Zm′i+b̂1m′ Zm′ix1i+·· ·+b̂qm′ Zm′ixqi+ei i=1, 2,. . . , N (14)

where m′ =m−1, yi is a 1×p vector of response variables for the ith observation in the pooled sample, b0, b1,. . . ,bq, b01,. . .,bqm′
are 1×p vector of regression parameters, and ei is a 1×p vector of random errors.

The following hypotheses are tested to check for the equality of the m multivariate regression equations.

H0 : b01 =b11 =·· ·=bq1 =·· ·=b0m′ =b1m′ =·· ·=bqm′ =0

H1 : H0 is not true
(15)

Under the null hypothesis, the reduced model is given by:

yi = b̂0 + b̂1x1i +·· ·+ b̂qxqi +ei i=1, 2,. . . , N (16)

To test the hypotheses in Equation (15), the following statistic is used (Rencher38, p. 347):

�= |YTY−B̂TXTY|
|YTY−B̂T

r XT
r Y|

(17)

where Y is an N×p matrix of response variables, X is an N×[m(q+1)] matrix of observations, B̂ is an [m(q+1)]×p matrix of the

regression parameters for full model in Equation (14). Xr is an N×(q+1) matrix of observations and B̂r is a (q+1)×p matrix of

the regression parameters for the reduced model in Equation (16).

Under the null hypothesis the statistic in Equation (17) follows Wilks’ lambda distribution with p, (q+1)(m−1), and N−m(q+1)

degrees of freedom. If �<��,p,(q+1)(m−1),N−m(q+1), then H0 is rejected (see Rencher38, p. 347 for more information).

In conjunction with the Wilks’ lambda statistic, Noorossana et al.34 proposed the statistic of Lee et al.39, −2 log(M), to test for

the equality of the covariance matrices. The exact upper percentage points for statistic−2 log(M) are also given in Lee et al.39.

The M statistic is given by the following equation:

M= |S1|(n1−q−1)/2|S2|(n2−q−1)/2. . . |Sm|(nm−q−1)/2

|Spl|(N−m(q+1))/2
(18)

where Sk (k =1, 2,. . ., m) is an unbiased estimator of variance–covariance matrix of sample k, Rk , and Spl is the pooled sample

covariance matrix. These matrices are computed by

Sk =
YT

k
Yk −B̂T

k
XT

k
Yk

nk −(q+1)
(19)

Spl =
∑m

k=1[nk −(q+1)]Sk
∑m

k=1[nk −(q+1)]
(20)

where Yk is an nk ×p matrix of response variables for the kth sample, Xk is an nk ×(q+1) matrix of explanatory variables, and B̂k
is the least-squares estimator of B for the kth sample. The M statistic varies between 0 and 1, with values close to 1 indicating

the equality of the covariance matrices.

3.4. Principal components analysis approach

The fourth method is the method proposed by Noorossana et al.34 for monitoring multivariate simple linear profiles. In this

method, they used principal components analysis to make the correlated response variables independent and to reduce the

number of response variables. They first pooled all the m samples into one sample of size N and used the principal components of

the response variables, which explain the most variations in the response variables. These new components are linear combinations

of the p response variables and follow normal distributions. Then, the scores of these principal components were computed for

each observation. After that, they modeled the relationships between these new variables and the explanatory variables. Since

the new variables are independent, they can be monitored separately. Finally, they used the likelihood ratio method by Mahmoud

et al.17 to monitor the relationships between the principal components and the explanatory variable in Phase I. The upper control

limits for each control chart are determined by simulation to obtain a specified overall probability of Type I error. We use this

method in our paper considering the fact that we deal with a multiple linear regression instead of a simple linear regression.

It should be noted that this method can only be used if the x variables and their values corresponding to each profile are the

same at all m samples.
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4. Diagnostic aid

As discussed in the Introduction section, the purpose of Phase I studies is to check the stability of the process as well as to

determine the out-of-control samples. Four approaches to test for the process stability are introduced in the previous section.

In this section, we propose a diagnostic procedure to find the out-of-control samples. In the proposed scheme, Wilk’s lambda

approach is used. If the equality of covariance matrices and equality of regression parameters are rejected, each sample is

compared with the mth sample to find the out-of-control sample. In other words, the equality of the regression parameters based

on jth and mth samples as well as the equality of their covariance matrices (Rj =Rm) are tested. It should be noted that if one of

the above hypotheses is rejected, then its corresponding diagnostic test is performed. If the hypothesis of equality of covariance

matrices is rejected, we use the statistic −2 log(M), where M is computed as follows:

M=
|Sj|(nj−(q+1))/2|Sm|(nm−(q+1))/2

|Spl|(nj+nm−2(q+1))/2
(21)

where Sk and Spl are computed using the following equations, respectively:

Sk =
YT

k
Yk −B̂T

k
XT

k
Yk

nk −(q+1)
(22)

Spl =
[nj −(q+1)]Sj +[nm −(q+1)]Sm

[nj −(q+1)]+[nm −(q+1)]
(23)

where Yk is an nk ×p matrix of response variables for the kth sample, Xk is an nk ×(q+1) matrix of explanatory variables, and

B̂k is the least-squares estimator of B for the kth sample.

A method similar to the approach by Mahmoud22 is proposed if the equality of regression parameters is rejected. In this

method, Mahmoud22 combined the jth and mth samples and proposed an F approach to find the source of variation and to

determine the out-of-control samples. In this approach, the F-statistic is decomposed into m−1 F-statistics, each representing

whether or not the jth sample is out-of-control. Similar to this approach, we first combine the jth and mth samples and then

decompose the Wilk’s lambda statistic to m−1 Wilk’s statistics with p, q+1 and nj +nm −2(q+1) degrees of freedom, each

obtained by comparing the jth sample with the last sample.

5. Performance comparisons

In this section, we compare the performance of the proposed methods for Phase I monitoring of multivariate multiple linear

regression profiles in terms of the overall probability of a signal. Each signal probability is estimated using 10 000 simulated

sets of multivariate multiple profile data. These methods are Method A: multivariate T2 control chart, Method B: likelihood ratio

approach, Method C: Wilks’ lambda approach and Method D: principal components approach. The underlying multivariate profile

model that we use in this paper is

Yi1k =0+1xi1 +1xi2 +�i1k , Yi2k =0+1xi1 +1xi2 +�i2k , i=1, 2,. . ., n, k =1, 2,. . ., m

where n=10, m=20, (�i1k ,�i2k) is a bivariate normal random variable with mean vector zero and variance–covariance matrix of

R=

⎡

⎣

�2
1 ��1�2

��1�2 �2
2

⎤

⎦=
[

1 0.5

0.5 1

]

The ordered pairs of (0, 0.2), (0.2, 0.8), (0.4, 0.7), (0.6, 0.6), (0.8, 1), (1, 1.5), (1.2, 1.2), (1.4, 1.4), (1.6, 1.6), and (1.8, 1.2) are considered

for the independent variables x1 and x2 as a set of 10 observations.

The decision rule of methods was set to produce an overall probability of Type I error equal to 0.04. For Method A, the upper

control limit is set to 25.3 to produce an overall probability of Type I error of 0.04. For Method B, first, E(lrtm1) are computed

by 10 000 simulation runs and then a threshold of 2.75 is set to achieve a probability of a Type I error of approximately 0.04.

For Method C, the global Wilks’ lambda test was performed at a significance level of �2 =1−
√

1−�=0.02020 and the control

limits of the chart for monitoring the variance–covariance matrix were set based on a probability of Type I error equal to

�3 =1− m
√

1−�2 =0.00102. For Method D, the simulation studies showed that at least 85% of the variance is explained by the

first principal component. Hence, the first principal component was considered as the response variable and the relationship

between the response variable and the explanatory variables, x1 and x2, was modeled by a multiple linear profile. Finally, the LRT

method proposed by Mahmoud et al.17 was used to monitor the new profile. The simulation studies showed that a threshold of

3.73 produce an overall probability of Type I error of �=0.04. The types of shifts investigated in our study are the sustained step

shifts taking place after sample k(k<m) for k =10, 15, and 18 and unsustained shifts in sample 5 as well as in samples 5 and 13.

Figure 1 shows the simulated overall probabilities of an out-of-control signal for sustained shifts in the Y-intercept of the first

profile from �01 to �01 +�0�1. Method B has a uniformly better performance than the competing Methods under this type of

Copyright © 2009 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2010, 26 291--303
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Figure 1. Probability of an out-of-control signal under the sustained shifts from �01 to �01 +�0�1 . This figure is available in colour online at
www.interscience.wiley.com/journal/qre

shift for all values of k and �0 considered. Method C is better than Method D for all values of k and �0. It also performs better

than Method A except in small and medium shifts when the location of the shift is after sample 18. Method A performs uniformly

better than Method D when the location of the shift is after sample 18. However, for the other shift locations considered in the

simulation study, k =10 and k =15, the performance of Method A is worse than that of Method D as the magnitude of the shifts

increases.

The simulated overall probabilities of an out-of-control signal for sustained shifts in the linear coefficient of the first profile from

�11 to �11 +�1�1 are illustrated in Figure 2. Method B is uniformly better than the other methods under the shifts considered.

Method C works better than Method D for all values of k and �1, and works better than Method A except in small and medium

shifts for k equal to 18. Method A has better performance than Method D for k =18 and small values of shifts for k =10 and

k =15.

Figure 3 shows the simulated overall probabilities of an out-of-control signal for shifts in the standard deviation of the first

profile from �1 to ��1. Method B performs better than all the other methods and Method C performs better than Methods A

and D. No Methods perform well when the shifts occur after sample 18.
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Figure 2. Probability of an out-of-control signal under the sustained shifts from �11 to �11 +�1�1 . This figure is available in colour online at
www.interscience.wiley.com/journal/qre

Our simulation results (not reported here) show that when the correlation coefficient of the response variables, �ij , increases,

the performance of Methods A, B, and C gets better while the performance of Method D deteriorates.

When unsustained shifts occur in the regression parameters, the performance of Methods A and C does not change. However,

as shown in Figures 4 and 5, Method D has a uniformly poor performance and Method B does not perform as well as the case

of sustained shifts.

Figure 4 shows the performance of the four methods when unsustained shifts in the intercept of the first profile in sample 5

were considered. Method C performs better than the other methods and Method A outperforms Methods B and D. Our simulation

studies showed that when the shift takes place in the middle of the data set, the performance of Methods A and C does not

change. However, the performance of the Method B gets worse.

Figure 5 shows the performance of the competing methods when unsustained shifts in the intercept of the first profile

in samples 5 and 13 are considered. Methods A and C perform better than Method B, and Method D has a uniformly poor

performance for all the shifts considered.
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Figure 3. Probability of out-of-control signal under sustained shifts from �1 to ��1 . This figure is available in colour online at www.interscience.wiley.com/journal/qre

Generally, our simulation studies showed that Method B, which performs well in the presence of sustained shifts, performs

worse than Method C in the presence of unsustained shifts. Similar results (not reported here) were obtained for shifts in the

linear coefficient of the profiles.

Similar results (not reported here) for both sustained and unsustained shifts were obtained under different values of m and n

and the independent variables, x1 and x2.

6. Example

In this section, we apply the proposed Phase I multivariate multiple linear profile methods to a calibration application at the

NASA Langley Research Center. As discussed in the Introduction section, there are six response variables that are modeled as

functions of six explanatory variables. In this case, the replicated calibrations of a force balance used in wind tunnel experiments

are investigated. A force balance provides six measurements of forces and torques including normal, axial, and side forces and

pitching, rolling, and yawing moments. These forces and moments are illustrated in Figure 6.
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Figure 4. Probability of an out-of-control signal under one unsustained shift from �01 to �01 +�1�1 in sample 5. This figure is available in colour online at
www.interscience.wiley.com/journal/qre
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Figure 5. Probability of an out-of-control signal under two unsustained shifts from �01 to �01 +�1�1 in samples 5 and 13. This figure is available in colour
online at www.interscience.wiley.com/journal/qre

Figure 6. Forces and moments (extracted from Parker et al.36 and reprinted with permission of the American Institute of Aeronautics and Astronautics, Inc.)

Six electrical responses are produced that correspond to the six aforementioned forces and moments. To model the relationship

between the applied forces and moments (explanatory variables) and the electrical response variables, the calibration experiment

is performed. In this case, response variables are correlated and they are explained by six explanatory variables. Hence, the case

can be modeled by a multivariate structure.

We first modeled the relationship between response and explanatory variables as multivariate multiple linear regression by

using real data set. The results showed serious violation of some assumptions such as normality and linearity. Since our proposed

approaches presented in Section 3 are sensitive to the departure from normality and linearity, the values of the response variables

Copyright © 2009 John Wiley & Sons, Ltd. Qual. Reliab. Engng. Int. 2010, 26 291--303
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Table I. In-control regression parameters

Intercept Normal Axial Pitch Roll Yaw Side

Y1 −0.05 0.10 −0.01 −0.03 0.26 0 0.03

Y2 0.48 0.24 21.01 −0.09 0.03 −0.12 0.01

Y3 0.37 0.09 0.01 6.81 0.04 0.02 −0.03

Y4 0.04 0 0 0 10.53 −0.47 0.21

Y5 0.09 −0.02 0 0.01 0.02 7 −0.37

Y6 0.01 0.04 0 −0.01 0.18 −0.34 11.46

Table II. The values of lrtc statistics for the 11 samples

m1 1 2 3 4 5 6 7 8 9 10

lrtcm1 36.081 47.133 59.702 70.999 81.646 92.211 103.5 114.21 45.749 34.764

Table III. The values of the Wilk’s statistics and corresponding p-values

Sample Wilk’s statistic p-value

1 0.683 0.267

2 0.752 0.854

3 0.691 0.331

4 0.731 0.742

5 0.745 0.821

6 0.233 0.000

7 0.637 0.152

8 0.674 0.349

9 0.000 0.000

10 0.734 0.760

were simulated. We generated the multivariate multiple linear regression data set by using the real x-values used in NASA. The

parameters of the first multivariate multiple linear regression profiles were used as the in-control regression parameters. These

parameter values are presented in Table I.

The errors were generated from a multivariate normal distribution with mean vector of zero and covariance matrix with unit

variances and covariance of 0.2 for each pair of variables. The data set consists of 11 samples each with sample sizes equal to

64, 73, or 74.

To check the performance of the proposed approaches, two out-of-control situations were considered. In the first out-of-control

situation, we changed the slope of the independent variable ‘Normal’ for the first profile from 10 to 0.26 in sample 9. In the

second out-of-control situation, the intercepts of the six profiles in sample 6 are changed to 1, 1, 2, 2, 1, and 2, respectively. The

data set is available upon request from the authors.

Owing to their superior performance as illustrated in Section 3, we applied only the Wilk’s lambda (Method C) and the likelihood

ratio (Method B) approaches to this data set. The values of the lrtc statistics are computed by using Equation (12) and the results

are summarized in Table II as follows:

The threshold limit for the lrtc statistics is set equal to 1.52 to achieve a probability of Type I error of 0.04. As the maximum

of the lrtcm1 statistics is greater than the threshold limit, then we conclude that the process is out-of-control.

The value of the Wilk’s lambda statistic for checking the equality of the regression parameters is equal to 0.0000047 and the

corresponding p-value is equal to zero. These results show that the process is out-of-control. The value of the statistic (−2 log(M)) is

equal to 204.07 with a p-value of 0.848, which indicates that the hypothesis of equal variance–covariance matrices is not rejected.

As discussed in Section 5, since the hypothesis of equal covariance matrices is not rejected, we just decompose the Wilk’s

statistic to determine the out-of-control sample. The values of Wilk’s statistics and the corresponding p-values are given in Table III.

The p-values show that the 6th and 9th samples are out-of-control, which conforms to the simulated data set.

7. Conclusions

In this paper, we extended four methods including likelihood ratio, Wilk’s lambda, T2, and principal components to monitor

multivariate multiple linear regression profiles in Phase I. The results showed that the likelihood ratio approach and Wilk’s lambda

approach are the best competing approaches in detecting both sustained and outlier shifts. Likelihood ratio approach is superior
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to Wilk’s lambda statistics in detecting step shifts in the process parameters. However, the Wilk’s lambda approach is better than

the likelihood ratio approach in detecting outliers. We also illustrated the use of the proposed approach under a calibration

case at the NASA Langley Research Center. In addition, a similar approach proposed by Mahmoud22 was used to determine the

out-of-control samples. The illustrative example showed that the proposed approach performs well in detecting the locations of

the out-of-control samples.
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Appendix A

Assuming H0 in Equation (7) to be true, the logarithm of the likelihood function based on the model in Equation (6) is as follows:

l0 =− N

2
[p log(2	)+ log |R|]− 1

2

N
∑

i=1

(yi −xiB)R−1(yi −xiB)T (A1)

We obtain the following equation by replacing the parameters by their maximum likelihood estimators:

l0 =− N

2
[p log(2	)+ log |R̂|]− 1

2

N
∑

i=1

(yi −xiB̂)R̂
−1

(yi −xiB̂)T (A2)

leading to

l0 =− N

2
[p log(2	)+ log |R̂|]− 1

2

N
∑

i=1

(yi −xiB̂)

[

(Y−XB̂)T(Y−XB̂)

N

]−1

(yi −xiB̂)T (A3)

where (yi −xiB̂) is the ith row of the matrix (Y−XB̂).

In each N×p matrix such as Z, it can be shown that the following equation is true:

N
∑

i=1

zi[Z
TZ]−1zT

i =p (A4)

where zi is the ith row of the matrix Z.

Replacing Equation (A4) into Equation (A3), we obtain the following equation:

l0 =− N

2
[p log(2	)+ log |R̂|]− Np

2
(A5)

Similarly, for all the samples prior to and following the change point m1, the maximum of the log-likelihood functions are as

follows, respectively:

l1 = − N1

2
[p log(2	)+ log |R̂1|]− N1p

2
(A6)

l2 = − N2

2
[p log(2	)+ log |R̂2|]− N2p

2
(A7)

Under H1, the maximum of the log-likelihood function based on the model in Equation (6) is as follows:

la = l1 + l2 (A8)

The likelihood ratio test statistic is given as follows:

lrtm1 =−2(l0 − la) (A9)

replacing Equations (A5) and (A8) in Equation (A9), we obtain

lrtm1 =N log |R̂|−N1 log |R̂1|−N2 log |R̂2| (A10)
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