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Abstract: In some statistical process control applications, quality of a process 
or a product is characterised and monitored based on a variable or an attribute 
quality characteristic. However, sometimes a vector of variables or attributes 
describes the quality of a process. Likewise, in some cases, quality of a process 
or a product is characterised by a combination of several correlated variables 
and attributes. To the best of our knowledge, there is no method in monitoring 
multivariate-attribute processes in spite of numerous studies in multivariate and 
multi-attribute control charts. This paper describes a method to monitor a 
process with multiple correlated variable and attribute quality characteristics. In 
the proposed method, we utilise NORTA inverse technique to design a scheme 
in monitoring multivariate-attribute processes. First, NORTA inverse method 
transforms the data to a multivariate normal distribution, and then we apply 
multivariate control charts such as T2 and MEWMA for transformed data. The 
performance of the proposed method considering both T2 and MEWMA charts 
is investigated by using simulation studies in terms of average run length 
criterion. 
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1 Introduction 

Today, the global marketing motivates organisations to apply the quality management 

systems as a strategic decision. Many companies considered total quality management 

(TQM) as the best way to improve profit, market share and competitiveness. Singh and 

Shrivastava (2012) reviewed 153 articles from 55 journals and conferences in the area  

of TQM. Also, a comparative study on TQM practices in manufacturing and service 

industries is done by Talib and Rahman (2012). Besides, the other tools applied in quality 

management are improved by authors. For example, recent developments of quality 

function deployment (QFD) are investigated by Xu et al. (2010). In addition, Sharma 

(2011) discussed about linking the voice of customer to the QFD. Statistical process 

control (SPC) including its powerful tools is a method used in quality management 

systems to improve the quality through variability reduction. Refer to Akram et al. (2012) 

for an introduction to SPC as well as automatic process control (APC). 

Control chart as one of the most important tools in SPC are widely used in production 

and service environments to monitor and improve the quality of a process or product. 

Since control chart was introduced by Shewhart (1931), it has been studied by many 

authors in various situations and different assumptions. For example, several control 

charts such as exponentially weighted moving average (EWMA) control chart by Roberts 

(1959) and cumulative sum (CUSUM) chart by Page (1954) have been proposed to 

monitor a variable quality characteristic. Furthermore, in monitoring an attribute quality 

characteristic p chart, np chart, C chart and U chart are most common control charts 

(Montgomery, 2005). 

Sometimes a vector of variables or attributes data can describe the quality of a 

process or a product. Hotelling (1947) showed that monitoring correlated quality 

characteristics individually leads to misleading results. Afterward, many researchers 

focused on developing multivariate and multi-attribute control charts. Bersimis et al. 

(2007) have reviewed the most usual multivariate control charts. Latest review on multi-

attribute control charts is reported in Topalidou and Psarakis (2009). 

In some processes, the quality is characterised by a combination of correlated 

variables and attributes. For example, some biomedical, psychological and health 

sciences data include both correlated discrete and continuous outcomes (Ganjali, 2003). 

Note that using individual attribute and variable control charts will increase probability of 

Type I error. Despite of numerous studies in multivariate and multi-attribute control 

charts, there is no method in monitoring multivariate-attribute processes. In the 

combination of variable and attribute quality characteristics, Kang and Brenneman (2010) 

obtained defect rate confidence bound with attribute and variable data, where they 

assumed these characteristics are independent. 

In this paper, we outline a procedure to monitor multivariate-attribute processes. In 

the proposed method, first we transform the correlated quality characteristics to a 

multivariate normal distribution by using NORTA inverse method proposed by Niaki and 

Abbasi (2007, 2009) in monitoring multi-attribute processes. Then we monitor the 

transformed data by multivariate control charts such as T2 and MEWMA. The 

performance of proposed method is evaluated using simulation studies in terms of 

average run length criterion. 

The rest of the paper is organised as follows: in the next section, a literature review is 

presented. Section 3 explains problem definition and its formulation. In Section 4, we 

illustrate the proposed approach. In Section 5, we use simulation studies to evaluate the 
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performance of the NORTA inverse technique in monitoring multivariate-attribute 

processes when T2 and MEWMA control charts are applied to monitor transformed data. 

Section 6 concludes the paper and offers some recommendations for future research. 

2 Literature review 

As we explained in the introduction section, in most applications of SPC, quality of a 

process or a product is characterised by a vector of multivariate quality characteristics. 

Monitoring multivariate processes and the usefulness of multivariate control charts are 

investigated by Jarrett and Pan (2009). Multi-objective economic-statistical design of 

MEWMA control chart is considered by Amiri et al. (2013). They deliberated both 

aggregative and non-aggregative approaches for designing optimal control chart. 

Epprecht et al. (2013) developed a control chart based on the T2 statistic where only a set 

of variables is monitored and the other variables are only conditionally monitored. They 

showed that their proposed control chart outperforms the traditional T2 control chart. He 

et al. (2013) proposed a method based on decision tree learning technique for 

concurrently monitoring and fault identification in bivariate processes. Fallah Nezhad and 

Niaki (2013) proposed a max-EWMA approach to monitor and diagnose changes in 

multivariate processes. They showed that their proposed control scheme is comparable to 

traditional multivariate control charts. In addition, their proposed method is able to detect 

the source of variation. 

On the other hand, in some situations, quality of a product or a process is described 

by more than one attribute quality characteristics. Haridy et al. (2012) proposed a  

multi-attribute chi-square chart for monitoring multiple attribute processes. A method for 

monitoring processes with categorical quality characteristics has been suggested by 

Dasgupta (2009). Niaki and Abbasi (2009) proposed a method based on NORTA  

inverse for monitoring multi-attribute processes. Aparisi et al. (2013) studied different 

approaches to monitor multivariate Poisson quality characteristics. Then, they presented 

some suggestions for designing optimal control chart and developed a computer software 

for quality practitioners. Li et al. (2013) presented Phase I analysis on multivariate 

categorical data and proposed a directional change point detection method based on log 

linear models. They also suggested a diagnostic method to identify the change point 

location and the shift direction. 

However, sometimes quality of a product or a process is described by correlated 

variable and attribute quality characteristics. Ning and Tsung (2010) explained some 

examples for mixed type processes in the presence of high dimensional data and 

illustrated difficulties in monitoring such processes. Afterward, Ning and Tsung (2012) 

proposed a density based method to monitor this type of processes. They showed that 

their proposed method performs better than non-parametric methods in application and 

computational complexity. 

3 Problem definition 

In many production and service environment the quality of a product or a process is 

determined by a vector of correlated quality characteristics. As an example, in plastic 

manufacturing companies, number of non-conformity in one product is correlated with 
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the weight of the product where both should be monitored simultaneously. In other case, 

in semiconductor manufacturing process, the impurity of particle counts, the average of 

oxide thickness measurements, and the range of the thickness measurements are 

correlated quality characteristics following Poisson, normal and Gamma distributions, 

respectively. Hence, in this paper, we consider a situation with mixed type of quality 

characteristics including a vector of variables and attributes as x = (x11…x1p x21…x2q)
T. 

Let x1i’s and x2j’s be variable and attribute quality characteristics, respectively. Recall that 

x1i’s and x2j’s are correlated. So, μx and Σx are mean vector and covariance matrix of x 

vector, respectively. We aim to monitor μx. Note that according to the correlation 

structure, monitoring variables and attributes separately leads to misleading results. The 

variable data (x1i’s) occur on continuous distributions such as normal and exponential 

distributions with mean μ1i and variance 2
1 ,iσ  and attribute data (x2j) occur on discrete 

distributions such as Poisson and binominal distributions with mean μ2j and variance 
2
2 ,jσ  Note that as soon as a shift occurs in the means of some distributions such as 

Poisson, binominal and Gamma distributions inherently the covariance shifts as well. 

However, we assume that the correlation matrix does not change. In addition, this 

research is performed in Phase II, thus μx and Σx values are known based on historical 

data. 

Therefore, in the next section, a method is proposed for monitoring  

multivariate-attribute processes. 

4 Proposed method 

The issues arise in monitoring correlated variable and attribute quality characteristic are: 

1 non-normality of quality characteristics 

2 discreteness of attribute quality characteristics 

3 correlation between variables and attributes. 

To tackle these difficulties we propose a transformation technique to transform data to a 

multivariate normal distribution. Then multivariate control charts including T2 and 

MEWMA are used to monitor the transformed quality characteristics. There are  

several transformation techniques to reduce skewness of data and transform the data to 

normal or close to normal data. Some of these transformation techniques are arcsin 

function transformation (Anscombe, 1948), root square transformation (Ryan, 1989),  

Q-transformation (Quesenberry, 1997), double square root transformation (Xie et al., 

2000) and NORTA inverse transformation (Niaki and Abbasi, 2007, 2009). 

Most of these transformation methods or even other basic transformation  

methods such as Box and Cox (1964) and Johnson (1949) are presented either in the case 

of one variable or for variable data. NORTA inverse is another transformation method 

applicable in the multivariate-attribute case. NORTA inverse technique transforms  

multi-attribute data to approximate multivariate normal distribution. Niaki and Abbasi 

(2007, 2009) showed that this method is able to transform multivariate skewed data to 

normal distributed data better than other methods, and later applied to monitor multi 

attribute quality characteristics. Recently, the performance of the NORTA inverse 

method is well investigated by Amiri et al. (2012). They showed that the NORTA inverse 
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method keeps the statistical properties of original data through covariance distance (CD) 

criterion. Also they compared this method with another transformation method. The 

comparison results confirmed the acceptable performance of the NORTA inverse 

method. Hence, in this paper we suggest using this method as a proper transformation 

technique. 

Based on NORTA inverse technique, in order to transform an arbitrary distributed 

vector of variables x = (x1…xl)
T, where ~ ,

kk xx F  k = 1, 2,…, l and 
kxF  is the cdf, to new 

variables with multivariate normal distribution (y), the NORTA inverse transformation in 

equation (1) is used. 

( ) ( )( ) ( )( )( )1

1 1
1 1Φ Φ ,

l

TT
l x x ly y F x F x− −= =y …  (1) 

where Φ–1(u) denotes the inverse cdf of a univariate standard normal. By using 

transformation 1Φ [ (.)],−
kxF  we ensure that y has a multivariate normal distribution with 

mean zero vector and covariance matrix of Σy. In applying NORTA inverse method the 

main issue is to determine the correlation matrix Σy that pertains to Σx. 

There are two approaches to obtain Σy, in the first approach Σy is estimated based on 

transformed historical data using moment method. In the second approach, non-linear 

equations stating the relation between original and transformed variables should be 

solved to obtain Σy. The relationship between Σy and Σx are: 

( ) ( ) ( )( )1 1( , ) , Φ , Φ , ,
i jy i j x i x jρ i j Corr y y Corr F x F x i j− −⎡ ⎤= = ⎡ ⎤ ≠⎣ ⎦ ⎣ ⎦  (2) 

( )
( ) ( ) ( )

( ) ( )

,
, .

i j i j

i j

i j

E y y E y E y
Corr y y

Var y Var y

−
=  (3) 

Note that the correlation between yi and yj, i ≠ j (ρy(i, j)) is located in non-diagonal 

elements of Σy and similarly, ρx(i, j), i ≠ j, denotes the correlation between xi and xj in Σx. 

In equations (2) and (3), the values of E(yi), E(yj) are equal to zero and Var(yi), Var(yj) are 

equal to one based on the transformation of 1Φ [ (.)].
kxF−  Therefore, E(yiyj) can be 

expressed by equations (4), (5), and (6) in the case of two variables, two attributes and 

correlated variable and attribute quality characteristics, respectively. 

( ) ( ) ( )( )

( ) ( ) ( )

1 1

1 1
( , )

Φ Φ

Φ Φ ,

i j

i j x

i j x i x j

x i x j ρ i j i j i j

E y y E F x F x

F x F x f x x dx dx

− −

∞ ∞
− −

−∞ −∞

⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦

⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦∫ ∫
 (4) 

( ) ( ) ( )( )

( ) ( ) ( )

1 1

1 1
( , )

0 0

Φ Φ

Φ Φ ,

i j

i j x

i j

i j x i x j

x i x j ρ i j i j

x x

E y y E F x F x

F x F x f x x

− −

∞ ∞

− −

= =

⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦

⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑
 (5) 

( ) ( ) ( )( )

( ) ( ) ( )

1 1

1 1
( , )

0

Φ Φ

Φ Φ ,

i j

i j x

j

i j x i x j

x i x j ρ i j i j i

x

E y y E F x F x

F x F x f x x dx

− −

∞∞
− −

−∞
=

⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦

⎡ ⎤= ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∫
 (6) 
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where ( , ) ( , )
xρ i j i jf x x  is the joint probability density function (pdf) with correlation  

ρx(i, j). By solving (4), (5), and (6) the value of ρy(i, j) is achieved. Indeed, we need to 

solve l (l – 1) / 2 equation to obtain Σy from desired Σx. Obviously, solving last equations 

are not possible easily specially in case of mixed different distributions. In this paper, 

instead of solving above equations, we estimate the correlation of transformed data by 

using moment method. 

We use T2 and MEWMA control charts to monitor the transformed data. The statistic 

of T2 is ( ) ( )2 1−= − −y y yy μ Σ y μ
T

iT n  and the upper control limit (UCL) is 2
1 , pχ −α  where 

p is equal number of quality characteristics and α is desired the Type I error of control  

chart (Mason and Young, 2002). MEWMA statistic that is proposed by Lowry et al. 

(1992) is 1−= zz Σ z
i

T
i i iW  where ( ) ( ) 11 −= − + −yz y μ zi iλ λ , z0 is the p-dimensional zero 

vector and ( )( )2
1 1

(2 )
= − −

−
z yΣ Σ

i

i

n

λ
λ

λ
 and (0 1)< ≤λ λ  is the smoothing parameter. 

Meanwhile, UCL is set to attain the desired in-control average run length (ARL0). These 

control charts signal the presence of assignable cause(s) when the corresponding statistic 

exceeds the control limit. 

Figure 1 Flowchart of proposed approach 

Sampling	from	the	process
Obtain	Σy based	on	Σx

Estimate	µy and	Σy based	on	transformed	historical	data Solving	related	equations	in	NORTA	method
Or

Choose	a	multivariate	control	chart	and	its	parameters
MEWMA	control	chart:	λ and	UCL	to	reach	desired	ARL0T2 control	chart:	α and	related	UCL Other	control	charts

Take	sample(s)	from	the	process	and	transform	it/them	using	equation	(1)	to	vector	(y)
Monitor	the	transformed	vector	using	multivariate	control	charts

Is	it	in	control?
Is	it	false	alarm?

Implement	corrective	actions
Yes
Yes

No
No
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Proposed steps to monitor mean vector of correlated variable and attribute quality 

characteristics are summarised in Figure 1. Next section evaluates the performance  

of NORTA inverse technique for correlated variable and attribute quality characteristic 

and multivariate control charts to monitor mean vector using some numerical  

examples. 

5 Simulation experiment 

In this section, three numerical examples are presented to evaluate performance of  

the proposed method. In the first one quality characteristics are defined by a combination 

of correlated variable and attribute quality characteristics, where the variable  

quality characteristic has normal distribution and the attribute quality characteristic  

has Poisson distribution. In the second one, another variable is added to previous  

example that follows Gamma distribution and has negative correlation with the first 

variable. Finally in the third one, we consider combination of correlated one variable 

which follows exponential distribution and two attributes that occur on Poisson 

distribution. 

First, we examine the performance of transformation technique by using Jarque and 

Bera (1987) (JB) test, which is normality test based on the sample skewness and kurtosis. 

Recall that the skewness and kurtosis of the normal distribution are zero and three, 

respectively. The test evaluates the hypothesis that whether the sample skewness and 

kurtosis are significantly different from their expected values by a chi-square statistic. 

Then multivariate control charts including T2 and MEWMA are used to monitor the 

NORTA inverse transformed quality characteristics. In order to do the comparison, the 

UCLs for all methods are set in such way that they have the same ARL0. We compare 

these control charts based on the out of control average run length (ARL1) criterion when 

the mean of quality characteristics are shifted. We consider different shift scenarios in the 

mean vector of original data in our simulation studies. 

5.1 Example I 

5.1.1 Evaluate performance of transformation technique 

Correlated variable (x1) and attribute (x2) quality characteristics are represented  

in a vector x = (x1 x2)
T. The distribution of variable quality characteristic is normal with  

mean 3 and variance 4, and attribute quality characteristic has Poisson distribution with 

mean 4, the correlation between these characteristics is equal to 0.35. 

Five thousand random vectors are generated using Gaussian copula (Cherubini et al., 

2004) to evaluate performance of transformation technique. Estimation of mean vector 

and covariance matrix of original data using moment method are: 

3.98 1.41ˆˆ (3.02 4) and ( ) .
1.41 3.97

T
x Cov

⎛ ⎞
= = ⎜ ⎟

⎝ ⎠
μ x  

Skewness of original data is 0.01 and 0.47 for variable and attribute characteristics, 

respectively. Their kurtoses are 3.01 and 3.18 respectively. Original data is transformed 

using equation (1), and the mean vector and covariance matrix are: 
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1 0.34ˆˆ (0.01 0.25) and ( ) .
0.34 0.92

T Cov
⎛ ⎞

= = ⎜ ⎟
⎝ ⎠

yμ y  

The skewness values of transformed data are decreased to 0.01 and 0.04 and their 

kurtoses change to 3.01 and 2.90, which are close to three. The performance of NORTA 

inverse technique is evaluated by the JB test (Jarque and Bera, 1987). The results 

confirmed the normality of variable quality characteristic and non-normality of attribute 

quality characteristic. While the normality of transformed variable and attribute data are 

accepted with P-values of 0.70 and 0.06. The joint histograms of the original and 

transformed vectors are shown in Figures 2 and 3, respectively. 

Figure 2 The joint histogram of the original vectors (see online version for colours) 

 

Figure 3 The joint histogram of transformed vectors (see online version for colours) 
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The results show that NORTA inverse performs well in transforming the correlated 

variable and attribute quality characteristics to the multivariate normal distribution. 

5.1.2 Monitor transformed data 

In this section, we evaluate the performance of the proposed method to detect shifts in 

mean vector of original quality characteristics. We apply T2 and MEWMA control charts 

to monitor the transformed data. 

In the previous subsection, mean vector and covariance matrix of transformed vector 

are estimated. Therefore, in the second step, the UCL of T2 control chart is set as 
2
0.995,2 10.59χ =  for the ARL0 = 200. We test this UCL by simulation and ARL0 ≈ 226 is 

obtained. In addition, we determine UCL in MEWMA control chart using simulation 

with 10,000 replications and UCL = 9.95 is obtained for desired ARL0 ≈ 226, where the 

smoothing parameter is set equal to λ = 0.2. Now there are two control charts with equal 

ARL0 and can be compared to each other based on ARL1 criterion. The estimation of 

ARL1’s for different scenarios of mean shifts are obtained by 10,000 replications. Tables 

1 and 2 show the summarised results. 

Table 1 Shift in one parameter at a time 

Shift in the mean of 
variable quality 
characteristic 

T2 MEWMA 
Shift in the mean of 

attribute quality 
characteristic 

T2 MEWMA 

( 0)σ  37.3 9.61 (0 )σ  29.01 10.05 

(2 0)σ  5.79 3.56 (0 2 )σ  6.21 4.07 

(3 0)σ  1.84 2.32 (0 3 )σ  2.57 2.73 

( 0)σ−  35.6 9.14 (0 )σ−  98.73 8.56 

Table 2 Simultaneous shifts in parameters 

Shift in the mean of 
both quality 
characteristics 

T2 MEWMA 
Opposite shift in the 

mean of quality 
characteristics 

T2 MEWMA 

( )σ σ  23.31 7.91 ( )σ σ−  12.21 4.34 

(2 2 )σ σ  4.13 3.24 ( )−σ σ  9.28 4.65 

(3 3 )σ σ  1.62 2.19 (2 )σ σ−  2.83 2.69 

( )σ σ− −  49.04 7.31 ( 2 )σ σ−  3.3 2.96 

The results of Tables 1 and 2 show that the proposed method performs satisfactory in 

terms of ARL1 criterion in both control charts. In all situations, where there is small and 

medium shift in the mean vector, the MEWMA control chart performs better than T2 

control chart. In cases of large size shifts in the mean vector, T2 control chart outperforms 

the MEWMA control chart. 

5.2 Example II 

Correlated variables (x1 x2) and attribute (x3) quality characteristics are represented in  

x = (x1 x2 x3)
T. The distribution of the first variable quality characteristic is normal with 

mean 3 and variance 4, and the distribution of the second variable quality characteristic is 
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Gamma with shape parameter 3 and scale parameter 4, and attribute quality characteristic 

has Poisson distribution with mean 4, the mean vector and correlation matrix between 

these characteristics are: 

1 0.2 0.3

(3 0.75 4) and ( ) 0.2 1 0.4 .

0.3 0.4 1

T Corr

−⎛ ⎞
⎜ ⎟

= = −⎜ ⎟
⎜ ⎟
⎝ ⎠

xμ x  

Note that the correlation between the first and second variable is negative. In the first 

step, the covariance matrix of transformed data should be determined. Therefore,  

5,000 random vectors are generated using Gaussian copula (Cherubini et al., 2004). The 

estimation of mean and covariance matrix of transformed data by equation (1) is: 

1 0.2 0.29
ˆˆ (0 0.01 0.23) and ( ) 0.2 0.96 0.39 .

0.29 0.39 0.93

T Cov

−⎛ ⎞
⎜ ⎟

= − = −⎜ ⎟
⎜ ⎟
⎝ ⎠

yμ y  

Moreover, JB test (Jarque and Bera, 1987) (not reported here) shows that the transformed 

data follows multivariate normal distribution. In the second step, the UCL of T2 control 

chart is set to 2
0.995,3 12.84χ =  for ARL0 = 200. We test this UCL by simulation and  

ARL0 ≈ 200 is obtained. In addition, we determine UCL in MEWMA control chart using 

simulation with 10,000 replications and 12.05 is obtained for desired ARL0 ≈ 200. The 

smoothing parameter is set equal to λ = 0.2. Now there are two control charts with equal 

ARL0 and can be compared to each other based on ARL1 criterion. The estimation of 

ARL1’s for different scenarios of mean shifts are obtained after 10,000 replications. Table 

3 shows the summarised results. In each scenario (θ1 θ2 θ3) shows the magnitude of shift 

in unit of σ in the mean of distributions from (μ1 μ2 μ3)
T to (μ1 + θ1σ1 μ2 + θ2σ2 μ3 + θ3σ3)

T. 

Table 3 ARL1 values for different shifts in mean vector 

Different 
scenarios 

(θ1 0 0) (0 θ2 0) (0 0 θ3) (θ1 θ2 0) (θ1 0 θ3) (0 θ2 θ3) (θ1 θ2 θ3) 
Control 
chart 

θi = 1 39.87 26.76 27.2 9.57 25.85 23.61 13.52 T2 

 6.38 11.16 8.86 4.87 8.3 9.45 6.04 MEWMA 

θi = 2 5.89 7.20 5.27 1.86 4.43 5.53 2.63 T2 

 3.58 4.9 3.72 2.35 3.38 4.06 2.77 MEWMA 

θi = 3 1.81 3.53 2.15 1.1 1.68 2.45 1.29 T2 

 2.31 3.41 2.53 1.73 2.27 2.78 1.99 MEWMA 

θi = –1 36.44 34.96 55.27 7.97 44.45 79.68 21.33 T2 

 8.93 5.99 7.41 3.65 7.28 7.02 4.8 MEWMA 

As shown in Table 3, when the magnitude of the shift is small, under both positive and 

negative, individual and simultaneous shifts, the MEWMA control chart uniformly 

performs better than the T2 control chart. In addition, when the medium shift occurs in 
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one parameter at a time, again the MEWMA control chart outperforms the T2 control 

chart. However, in simultaneous shifts, the relative performance of the control charts 

depends on the direction of correlation. If shift occurs in parameters of the quality 

characteristics with positive correlation, the MEWMA control chart performs better. But 

under negative correlation, the T2 control chart is better than the MEWMA control chart. 

In large shifts, the T2 control chart outperforms the MEWMA control chart in all shift 

considered except the individual shift in the parameter of second quality characteristic. 

Note that the standard deviation of the second quality characteristic is small and this leads 

to decreasing in shift and as a result the better performance of the MEWMA control 

chart. Finally, the results show that as the simultaneous shifts occur in quality 

characteristic with negative correlation, the performance of the both control charts 

improve. 

5.3 Example III 

In this example, we attempt to a process with two attribute quality characteristics and one 

variable quality characteristic. The distribution of the variable quality characteristics is 

assumed to be exponential with mean 0.75, and attribute quality characteristics have on 

Poisson distribution with mean 3 and 4. Therefore, the mean vector and correlation 

matrix between these characteristics are: 

1 0.2 0.3

(0.75 4 5) and ( ) 0.2 1 0.4 .

0.3 0.4 1

T Corr

⎛ ⎞
⎜ ⎟

= = ⎜ ⎟
⎜ ⎟
⎝ ⎠

xμ x  

In the first step the covariance matrix of transformed data should be determined. Hence, 

5,000 random vectors are generated using Gaussian copula (Cherubini et al., 2004) 

method. The mean vector is ˆ (0 0.26 0.23)T=yμ  and the estimation of covariance 

matrix of transformed data obtained from equation (1) is as follows: 

0.99 0.21 0.32
ˆ ( ) 0.21 0.93 0.38 .

0.32 0.38 0.94

Cov

⎛ ⎞
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎝ ⎠

y  

Again JB test (Jarque and Bera, 1987) (not reported here) confirms the normality of 

combined quality characteristics. In the second step, the UCL of T2 control chart is set as 
2
0.995,3 12.84=χ  for ARL0 = 200. We test this UCL by simulation and ARL0 ≈ 200 is 

obtained. In addition, we determine UCL in MEWMA control chart using simulation 

with 10,000 replications and reach UCL = 11.88 for desired ARL0 ≈ 200. The smoothing 

parameter is set equal to λ = 0.2. Now these control charts are comparable based on ARL1 

criterion. The estimation of ARL1’s for different scenarios of mean shifts are obtained 

after 10,000 replications. Tables 4 to 6 show the summarised results. In each scenario (θ1 

θ2 θ3) shows the magnitude of shift in unit of σ in the mean of distributions from (μ1 μ2 

μ3)
T to (μ1 + θ1σ1 μ2 + θ2μ2 μ3 + θ3σ3)

T. All simulation studies on this example are done 

with sample size equal to 5 while the sample size in example I and II is equal to one. 
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Table 4 ARL1 values for different shifts in the mean of quality characteristics in one direction 

Different 
scenarios 

(θ1 0 0) (0 θ2 0) (0 0 θ3) (θ1 θ2 0) (θ1 0 θ3) (0 θ2 θ3) (θ1 θ2 θ3) 
Control 
chart 

θi = .5 46.48 32.18 29.24 16.18 19.42 21.37 17.27 T2 

 7.21 8.77 8.11 6.36 6.97 7.03 6.71 MEWMA 

θi = 1 8.6 5.26 4.66 3.02 3.44 3.47 3.1 T2 

 5.18 3.54 3.36 2.9 3.1 2.98 2.96 MEWMA 

θi = 1.5 4.09 1.96 1.77 1.44 1.56 1.43 1.43 T2 

 3.52 2.37 2.27 2.06 2.18 2.09 2.1 MEWMA 

θi = 2 2.49 1.21 1.16 1.08 1.13 1.07 1.09 T2 

 2.8 1.91 1.85 1.67 1.77 1.68 1.69 MEWMA 

θi = 2.5 1.91 1.05 1.03 1.02 1.02 1.01 1.01 T2 

 2.4 1.6 1.5 1.34 1.43 1.3 1.33 MEWMA 

θi = 3 1.59 1.01 1.01 1.003 1.003 1.001 1.001 T2 

 2.12 1.28 1.21 1.13 1.18 1.08 1.11 MEWMA 

θi = –.5 46.05 43.7 33.43 19.23 26.21 28.43 27.26 T2 

 7.21 7.74 7.3 4.86 5.54 6.26 5.45 MEWMA 

The results of Table 4 show that in all small shifts, positive and negative, the MEWMA 

control chart performs better. However, in medium to large shifts, in all shifts except shift 

of 1.5σ in the mean of the first variable, the T2 control chart outperforms the MEWMA 

control chart and this is due to small standard deviation of the first variable. Finally, 

increasing the sample size from 1 to 5 has led to improving the relative performance of 

the T2 control chart respect to the MEWMA control chart. 

Table 5 ARL1 values for simultaneous shifts in the mean of two out of three quality 
characteristics in opposite direction 

Different 
scenarios 

(0 –.5 θ3) (0 θ2 –.5) (–.5 θ2 0) (–.5 0 θ3) (θ1 0 –.5) (θ1 –.5 0) 
Control 
chart 

θi = .5 7.8 7.85 12.83 9.39 10.12 8.54 T2 

 3.96 3.99 4.47 3.99 4.65 5.2 MEWMA 

θi = 1 2.34 2.46 3.35 2.59 4.16 5.13 T2 

 2.53 2.59 2.85 2.52 3.32 3.64 MEWMA 

θi = 1.5 1.3 1.37 1.57 1.33 2.49 2.81 T2 

 1.99 2.03 2.15 2.01 2.67 2.9 MEWMA 

θi = 2 1.05 1.08 1.14 1.06 1.79 2.04 T2 

 1.65 1.71 1.82 1.69 2.30 2.45 MEWMA 

θi = 2.5 1.01 1.01 1.03 1.01 1.46 1.64 T2 

 1.32 1.38 1.5 1.33 2.06 2.18 MEWMA 

θi = 3 1.001 1.003 1.001 1.0004 1.32 1.42 T2 

 1.1 1.14 1.22 1.1 1.89 1.97 MEWMA 
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The results of Table 5 show that in all small shifts except the simultaneous shifts of  

(0 –.5 1) and (0 1 –.5) in the mean vector, the MEWMA control chart performs better. 

Note that the standard deviations of the second and third quality characteristics are higher 

than the first quality characteristic and simultaneous opposite shifts in the mean of quality 

characteristics lead to increasing in shift and as a result the better performance of the T2 

control chart. However, in all medium to large shifts, the T2 control chart outperforms the 

MEWMA control chart. 

Table 6 ARL1 values for simultaneous shifts in the mean of all quality characteristics 

Different 
scenarios 

(–.5 θ2 θ3) (θ1 –.5 θ3) (θ1 θ2 –.5) (θ1 –.5 –.5) (–5 θ2 –.5) (–.5 –.5 θ3) 
Control 
chart 

θi = .5 7.03 5.95 4.79 8.31 6.37 4.36 T2 

 3.67 3.67 3.33 4.14 2.43 3.08 MEWMA 

θi = 1 2 1.97 1.64 3.58 2.16 1.71 T2 

 2.35 2.38 2.24 3.09 2.43 2.23 MEWMA 

θi = 1.5 1.17 1.2 1.14 2.16 1.27 1.14 T2 

 1.87 1.9 1.79 2.54 1.96 1.85 MEWMA 

θi = 2 1.02 1.04 1.02 1.67 1.05 1.03 T2 

 1.48 1.56 1.43 2.21 1.66 1.5 MEWMA 

θi = 2.5 1.001 1.005 1.003 1.39 1.01 1.003 T2 

 1.16 1.24 1.16 2 1.33 1.19 MEWMA 

θi = 3 1 1.001 1.0004 1.29 1.0004 1 T2 

 1.03 1.07 1.04 1.82 1.11 1.05 MEWMA 

The results of Table 6 show that in all small shifts the MEWMA control chart performs 

better. However, in medium to large shifts except (1 –.5 –.5) shift, the T2 control chart 

outperforms the MEWMA control chart and this is due to small standard deviation of first 

variable as well as small shifts in second and third quality characteristics in one direction. 

6 Conclusions and recommendations for future research 

Control charts to monitor multivariate and multi-attribute quality characteristics are 

significantly developed by many authors. However, sometimes, quality of a product or a 

process is characterised by the combination of correlated variable and attribute quality 

characteristics. The main contribution of this paper is proposing a method to monitor this 

type of processes. Therefore, we used NORTA inverse technique to design a scheme in 

monitoring multivariate-attribute processes. NORTA inverse method decreases the 

skewness of original data and transforms the combined variable and attribute data to 

multivariate normal distribution. The performance of the transformation technique is 

evaluated using hypothesis normal test in simulation studies. 

Then, multivariate control charts including T2 and MEWMA were used to monitor the 

transformed quality characteristics. In addition, we evaluated the performance of the 

proposed method with applying T2 and MEWMA charts by using simulation studies in 

terms of ARL criterion. For this purpose, three numerical examples were illustrated. In 

the first example a bivariate quality characteristic with correlated normal and Poison 
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distributions was studied. In the other two examples, three mixed quality characteristics 

were simulated. The results showed, when the mean vector changes, ARL1 value for both 

charts are satisfactory. However, the performance of the MEWMA chart is better where 

there is a small and medium shifts in the mean vector. 

We suggest using the other transformation techniques to monitor multivariate-

attribute processes. Furthermore, the performance of other multivariate control charts 

such as multivariate cumulative sum (MCUSUM) in monitoring transformed data can be 

investigated in future research. The effect of autocorrelation structure and large number 

of quality characteristics can also be considered in this case. 
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