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Abstract—This article investigates the effects of symmetrical and
unsymmetrical voltage sags on an important characteristic of torque
pulsation of synchronous machines. Voltage sags may cause high
torque pulsations, which can damage the shaft or equipment con-
nected to it. Duration, magnitude,and initial point-on-wave of the
voltage sag are the major characteristics that can influence the syn-
chronous motors torque transients. The effect of the characteristics
on the severity of the transient torque is clarified parametrically, and
the critical characteristics of each type of voltage sag are extracted.
A theoretical analysis is first presented to determine the severest con-
ditions. In this analysis, for each type of voltage sag, the stator flux
trajectory in complex coordination is traced to monitor its variation
during and after sag. By this method, the effects of different sag types
can easily be compared during the sag and at the sag ending instant. To
justify the theoretical analysis, simulations of a typical synchronous
motor are carried out that confirm the theoretical analysis.

1. INTRODUCTION

Voltage sags (dips) are one of the most frequent phenomena in

power systems. The definition of voltage sag is a momentary

reduction (10 to 90%) in the RMS of supply voltage, which

lasts from half a cycle at power supply frequency to 1 min

[1–3]. Voltage sags are so common for the essence of their

originators that are faults in power systems and starting large

loads [4–7]. In brief, when a fault occurs in a power line,

consumers on all other feeders that feed from a common bus

with a faulted line observe voltage sag.

If an electrical machine is subjected to voltage sags, high

torque peaks may develop [8–10]. In the case of synchronous

machines, these torque pulsations may pull the motor out of

step or damage the motor shaft or equipment connected to

it. To inhibit these conditions, protection equipment discon-

nects the motor from the supply. On the other hand, in some
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applications, the continuity and smoothness of the process is

important. By tuning the settings of the protection devices,

dispensable disconnections can be avoided. In these cases, the

torque pulsation severity should be evaluated to recognize the

sags on which the motor can ride.

In [11], the authors modeled a synchronous machine con-

sidering different conditions of saturation. Due to saturation,

the transient torque peak decreases slightly. However, the crit-

ical duration of symmetrical voltage sags is illustrated only

by simulation without any illustration of critical character-

istics of voltage sags by mathematical equations. Recently,

the effects of symmetrical and unsymmetrical voltage sags on

synchronous machine stability, concerning the part of voltage

sag characteristics only by simulations of three typical syn-

chronous machines, were addressed [12].

In this article, in both theoretical analysis and simulation,

the saturation effect is not included, since the exact magnitudes

of flux and torque oscillations are not intended to be estimated.

But these quantities for different sag types could be compared.

The main point of this article is that the mathematical equa-

tion of a state variable of machine (flux), including the voltage

sag characteristics parameters, is extracted for different volt-

age sags types. Using these equations, the critical voltage sags

specifications could be concluded easily. First, a qualitative

method called “stator flux trajectory analysis” is presented to

show the phenomenon occurring in a synchronous motor dur-

ing voltage sags. In the proposed method, stator flux changes

are analyzed in two axial complex coordinates, and severities

of torque transients are estimated. The method gives the crit-

ical sags, and the severity of the sag types can be compared

with each other. Second, simulations are performed on a typ-

ical synchronous motor in MATLAB/Simulink software (The

MathWorks, Natick, Massachusetts, USA), and different types

of voltage sags are applied to the motor to justify the proposed

method.

This article is organized as follows. Sections 2 and 3 present

the voltage sag classifications and their general equations in

d-q axial coordination. To estimate the torque peak pulsations,

the theoretical analysis is given in Section 4. Section 5 presents

simulation results, and finally, Section 6 draws the conclusion.

2. SAG TYPES AND CLASSIFICATION

Severity of voltage sag effects on equipment depends on its

specifications. Sag magnitude and duration are major specifi-

cations. In this study, it is assumed that the implemented sags

are rectangular. In addition, it is assumed that the sag type

does not change when the faults are cleared [13]. Voltage sags

can be either symmetrical or unsymmetrical. If the individ-

FIGURE 1. Phasor diagram of voltage sag types for s = 0.5.

ual phase voltages are equal and the phase angle relationship

is 120◦, the sag is symmetrical; otherwise, the ssag is un-

symmetrical. A three-phase short circuit or starting of a large

load can produce symmetrical sags. For symmetrical sags, the

magnitude of sag is the remaining RMS voltage in per unit

or the percent of rated voltage expressed by s. On the other

hand, single-phase-to-ground and phase-to-phase faults cause

unsymmetrical sags. Unsymmetrical sags can be divided into

different types based on the difference in phase voltage mag-

nitude and/or phase angle between them. For unsymmetrical

sags, s is a coefficient that appears in voltage equations and

causes a difference in their magnitude and/or phase angles. For

both symmetrical and unsymmetrical sags, sag duration is the

time interval between sag beginning and ending.

In different references, based on the defined indices, several

classifications have been done for voltage sags. The authors in

[14] classified voltage sags based on fault type and transformer

connections. This article deals with the main types: A, B, C,

and D. Figure 1 shows their phasor diagrams for s = 0.5.

It should be pointed out that load and transformer connec-

tion type can change the sag type a load experiences.

3. SAGS TYPES EQUATIONS IN d-q-AXES

COORDINATION

To apply different types of voltage sags on a synchronous ma-

chine model, the sag type voltage equation must be computed

in d-q form (in the synchronous reference frame) using Park’s

transformation [15]. It is assumed that at the instant when the

sag begins, the voltage of phase a is expressed by

va(t) = Vm cos(ωt + θ0). (1)

The other phases should modify by ±120 shifting. θ0 is the

voltage phase angle at the sag beginning instant. By applying

Park’s transformation, symmetrical sag equations will be as

follows:

T ype A

⎧

⎨

⎩

vq (t) = sVm cos θ0

vd (t) = −sVm sin θ0

v0(t) = 0

, (2)

D
o
w

n
lo

ad
ed

 b
y
 [

A
re

f 
D

o
ro

u
d
i]

 a
t 

0
0
:0

8
 1

3
 S

ep
te

m
b
er

 2
0
1
4

 



Alipoor et al.: Identification of the Critical Characteristics of Different Types of Voltage Sags for Synchronous Machine Torque Oscillations 1349

and for unsymmetrical sags,
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

vq (t) = Vm

3
X (s) cos θ0 cos 2ωt

+ Vm

3
X (s)(− sin θ0) sin 2ωt + Vm

3
Y (s) cos θ0

vd (t) = Vm

3
X (s) cos θ0 sin 2ωt

+ Vm

3
X (s) sin θ0 cos 2ωt + Vm

3
Y (s)(− sin θ0)

v0(t) = Vm

3
Z (s) cos(ωt + θ0)

; (3)

X (s) and Y (s) are functions of s such that their equations for

different sag types are as follows:

TypeB :

⎧

⎨

⎩

X (s) = s − 1

Y (s) = s + 2

Z (s) = s − 1

, (4)

TypeC :

⎧

⎨

⎩

X (s) = 3
2

(1 − s)

Y (s) = 3
2

(1 + s)

Z (s) = 0

, (5)

TypeD :

⎧

⎨

⎩

X (s) = 3
2

(s − 1)

Y (s) = 3
2

(s + 1)

Z (s) = 0

. (6)

The voltage equations in d-q coordination make clear that

for unsymmetrical sags, sinusoidal terms with double fre-

quency will appear; these terms affect torque pulsations, as

shown later.

4. THEORETICAL ANALYSIS

In this section, a simplified theoretical analysis is performed to

obtain a qualitative understanding of the phenomena occurring

in a synchronous motor during symmetrical and unsymmetri-

cal sags. In the analysis, the flux variations are calculated in

a complex plane (with d and q as axes) using the voltage sag

equations. For simplicity, the stator resistance and saturation

are neglected and rotor speed is assumed constant during the

entire duration of the sag. As a general form, the symmetrical

and unsymmetrical sags equations are different; therefore, the

analysis is divided into two separate sections.

4.1. Symmetrical Voltage Sag (Type A)

Prior to the sag and in a complex plane with d- and q-axes

as coordinates, the internal voltage of the machine in the syn-

chronous reference frame can be expressed as

Es = j Vme j(θ0+δ). (7)

The synchronous reference frame is assumed to lead the

stator reference frame by angle γ . Consequently, the internal

voltage of the machine in the stator reference frame is given

by

E s
s = j Vme j(θ0+δ)e j(ωt+γ ), (8)

where superscript s denotes the stator reference frame. The

modulus of the stator flux linkage prior to the sag is ψs0 = Vm

ω
.

The stator flux in stator reference frame is thus expressed as

ψ s
s = ψ s

d + jψ s
q = ψs0e j(δ+γ )e j(ωt+θ0). (9)

The sag occurs at t = 0. The initial fluxes in the syn-

chronous and stator reference frames are then

ψs(t=0) =
Vm

ω
e j(δ+θ0), (10)

ψ s
s(t=0) =

Vm

ω
e j(δ+θ0+γ ). (11)

During the sag, the internal voltage of the machine can be

given by

E s
s(dur.sag) = jsVme j(θ0+δ)e j(ωt+γ ). (12)

The change in the flux can be obtained by integration of the

voltage wave:

�ψ s
s(dur.sag) =

∫ t

0

E s
s dt

=
sVm

ω
e j(θ0+δ+γ )(e jωt − 1). (13)

The resulting flux is thus obtained by adding the change to

the initial value. This results in Eq. (14):

ψ s
s(dur.sag) =

Vm

ω
e j(θ0+δ+γ )(1 − s)

+
sVm

ω
e j(θ0+δ+γ )e jωt . (14)

To find the stator flux in the synchronous reference frame,

transformation coefficient e− j(ωt+γ ) can be used:

ψs(dur.sag) =
Vm

ω
e j(θ0+δ)

(

s + (1 − s) e− jωt
)

. (15)

Equation (15) is described by a constant term and a rotating

term in the negative direction. The constant term is multiplied

by s, which shows the average value of flux reductions during

the sag. The rotating term causes flux changes in d-q-axes

coordination and, according to Eq. (16), leads to a rise in

torque pulsations [8]:

Te =
3P

4ωb

(

ψd Iq − ψq Id

)

,

Te =
3P

4ωb

(

ψsψd f

Ld

sin δ + ψ2
s

(

1

Lq

−
1

Ld

)

sin 2δ

)

. (16)

According to Eq. (15) and for specified values of θ0 and

δ, the flux path during the sag will follow a circle and moves

one turn in each cycle. The starting point is initial flux point.

The center of the circle is the point where if the sag dura-

tion lasts enough, the flux will reach it (ψs(t=∞) = sψs(t=0)).

The radius of the circle initially will be the distance be-

tween initial flux and ψs(t=∞), named ρ A
d , and then reduces
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FIGURE 2. Flux path for sag type A, 10% sag of duration 2.5

cycles during (solid line) and after the sag (dashed line).

with armature time constant. During the sag, the sever-

ity of torque pulsations depends on this radius. The big-

ger radius of the circle is, the severer the torque pulsations

are:

ρ A
d =

Vm

ω
(1 − s). (17)

Figure 2 shows the flux path (solid line) according to Eq.

(15) for s = 0.1, θ0 = 0, and δ = 30◦. Duration of the sag is

assumed to be 2.5 cycles (ωt = 5π ). The exponential decay

of the modulus is not, however, predicted by the simplified

theory, as the stator resistance was neglected. Note that the

radius of the circle only depends on s and is independent of θ0

and δ.

When the voltage is restored, the flux at each point tends to

go back to the initial point. Again, the flux will point along a

new circle. The larger the distance is between flux at the instant

of voltage restoration and initial flux, the bigger the new circle

radius and the severer the torque pulsations are.

If the duration of voltage sag is a multiple of the period-time

of the supply (ωt = 2kπ , where k is an integer), the stator flux

will be

ψ s
s =

Vm

ω
e j(θ0+δ+γ ), (18)

which is the same as the initial flux. This means that no

additional transients would occur if the voltage was restored

at that instant. On the other hand, if the duration of the voltage

sag is assumed as α plus any number of full periods,

ψ s
s(t=tsag ) =

Vm

ω

(

1 − s + se j(α+2kπ)
)

. (19)

When the voltage is restored, the internal voltage of the

motor will be given by

E s
s = j Vme j(θ0+δ)e j(ωt+γ ). (20)

The flux change is thus equal to

�ψ s
s(a f tersag) =

∫ t

t= α
ω

E s
s dt

=
Vm

ω
e j(θ0+δ+γ )

(

e jωt − e jα
)

, (21)

and the resultant flux is

ψ s
s(a f tersag) =

Vm

ω
e j(θ0+δ+γ )

[

(1 − s)
(

1 − e jα
)

+ 1
]

. (22)

Performing the transformation in the synchronous reference

frame yields

ψs(a f tersag) =
Vm

ω
e j(θ0+δ)

[

1 + (1 − s)
(

1 − e jα
)

e− jωt
]

.

(23)

This equation is similar to the expression for the stator

flux during the sag in Eq. (15). An important difference is the

rotating term amplitude, which is equal to the new circle radius

ρ A
r :

ρ A
r =

∣

∣(1 − s)(1 − e jα)
∣

∣ = 2(1 − s) sin
α

2
. (24)

Note that the new circle radius is again independent of θ0

and δ. The point corresponds to the maximum value of ρ A
r ,

i.e., α = 2kπ + π , and produces the severest torque pulsa-

tions (called critical symmetrical sag). In this situation, the

flux at the ending of the sag has the maximum distance from

the initial value, and the torque pulsations after the voltage

restoration are maximal. Figure 2 shows the flux path (dashed

line) according to Eq. (23). As seen, the new circle radius is

two times ρ A
d . Obviously, in real machines, the flux cannot

reach to this level due to saturation. But by such analysis,

one can find out the severity of sag with these specifications.

Another interesting point is α = 2kπ + π
3

. In this condition,

ρ A
d = ρ A

r that means the severity of torque pulsations at the

sag beginning and ending are equal.

4.2. Unsymmetrical Voltage Sags

In this section, the theoretical analysis is generalized for the

unsymmetrical sags. According to Eq. (3), the internal voltage

in the synchronous reference frame can be written as

Es(dur.sag) = j
Vm

3
Y (s)e j(θ0+δ) + j

Vm

3
X (s)e j(−θ0+δ)e− j2ωt .

(25)

In the stator reference frame, this voltage is given by

E s
s(dur.sag) = j

Vm

3
Y (s)e j(θ0+δ+ωt+γ )

+ j
Vm

3
X (s)e j(−θ0+δ)e− j(ωt−γ ). (26)
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The flux change can be obtained by integrating the voltage

during the sag:

�ψ s
s(dur.sag) =

∫ t

0

E s
s dt =

Vm

3ω
Y (s)e j(θ0+δ+γ )(e jωt − 1)

−
Vm

3ω
X (s)e− j(θ0−δ−γ )(e− jωt − 1). (27)

The resulting flux is thus obtained by adding the changes

to the initial value:

ψ s
s(dur.sag) = ψ s

s0 + �ψ s
s =

Vm

ω
e j(θ0+δ+γ )

+
Vm

3ω
Y (s)e j(θ0+δ+γ )(e jωt − 1)

−
Vm

3ω
X (s)e− j(θ0−δ−γ )(e− jωt − 1). (28)

The flux in the synchronous reference frame will then be as

follows:

ψs(dur.sag) =
Vm

3ω
Y (s)e j(θ0+δ) +

Vm

3ω
(3e j(θ0+δ) − Y (s)e j(θ0+δ)

+X (s)e− j(θ0−δ))e− jωt −
Vm

3ω
X (s)e− j(θ0−δ)e− j2ωt .

(29)

Equation (29) indicates that stator flux in the synchronous

reference frame consists of one constant term and two rotating

terms. The velocity of one of the rotating terms is twice that

of the other one.

For different sag types, by substituting X (s) and Y (s) from

Eq. (5) and rearranging them gives

Type B: ψs(dur.sag)=
Vm

3ω
e jδ

[

(s + 2)e jθ0+2(1−s) j sin θ0e− jωt

+(1 − s)e− jθ0 e− j2ωt

]

, (30)

Type C: ψs(dur.sag)=
Vm

2ω
e jδ

[

(s+1)e jθ0+2(1−s) cos θ0e− jωt

−(1 − s)e− jθ0 e− j2ωt

]

, (31)

Type D: ψs(dur.sag)=
Vm

2ω
e jδ

[

(s+1)e jθ0+2(1−s) j sin θ0e− jωt

+(1 − s)e− jθ0 e− j2ωt

]

. (32)

Note that unlike symmetrical sags, the initial point of a

wave is a parameter that can influence the flux changes. As

an example, Figure 3 shows the flux path (solid line) accord-

ing to Eqs. (30)–(32) for sag types B, C, and D of magni-

tude s = 0.5, duration of 5.5 cycles, θ0 = 30◦, and δ = 0◦.

Note that unlike symmetrical sags, the flux trajectory is not

a circle and depends on the constant and rotating terms

coefficients.

FIGURE 3. Flux trajectory during (solid line) and after

(dashed line) sags of magnitude s = 0.5, duration 5.5 cycles,

and initial point-on-wave 30◦: (a) type B, (b) type C, and (c)

type D.

Equations (30)–(32) are too intricate, which can be used

for comparison of sag severity and specifying the most unfa-

vorable initial point-on-wave. Therefore, the equations were

written in polar coordinates (ρ and θ ). By this conversion,

one can easily determine the critical sags. Furthermore, sags
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severity comparison can be performed by a simple parameter.

A typical example of this conversion is given in Appendix A;

ρB
d =

2Vm

3ω
(1 − s) [sin θ0 − cos(θ0 − θ )] , (33)

ρC
d =

Vm

ω
(1 − s) [cos θ0 − cos(θ0 − θ )] , (34)

ρD
d =

Vm

ω
(1 − s) [sin θ0 − cos(θ0 − θ )] . (35)

It is clear that the maximum ρ for sag types B and D is

obtained when the initial point-on-wave is an odd multiple of

90◦ (va(t) is crossing zero), while the maximum is obtained

for sag type C when θ0 is equal to an even multiple of 90◦

(va(t) is extremum). On the other hand, knowing the initial

point-on-wave, the equations allow a clearer comparison of

the severity of the different sag types at sag beginning instant.

In fact, during the sag, severity of torque pulsations depends

on radius ρd . The bigger the radius is, the severer the torque

pulsations are.

After voltage restoration, the flux points along a circle. The

radius of the circle can be obtained by the following steps:

• set ωtequal to α + 2kπ in Eq. (28) and compute ψ s
s(t=tsag );

• compute ψ s
s(a f tersag) = ψ s

s(t=tsag ) + �ψ s
s ; �ψ s

s can be ob-

tained from Eq. (21);

• determine ψs(a f tersag) = ψ s
s(a f tersag)e

− j(ωt+γ ).

The result is given as follows:

ψs(a f ter.sag) =
Vm

3ω
e jδ

[

3e jθ0 +

[

(3 − Y (s))(1 − e jα)e jθ0

+X (s)(1 − e− jα)e− jθ0

]

e− jωt

]

. (36)

Equation (36) shows that if the duration of unsymmetrical

sags is a multiple of the period time of the supply, the stator flux

will be the same as the initial flux and no additional transients

would occur. For other durations (ωt = α + 2kπ ), the radius

of the circle is obtained by the following equations:

ρB
r =

4Vm

3ω
(1 − s) sin

α

2
cos

(

θ0 +
α

2

)

, (37)

ρC
r =

2Vm

ω
(1 − s) sin

α

2
sin

(

θ0 +
α

2

)

, (38)

ρD
r =

2Vm

ω
(1 − s) sin

α

2
cos

(

θ0 +
α

2

)

. (39)

Figure 3 shows the flux path (dashed line) according to

Eqs. (37)–(39) for sag types B, C, and D. Equations (37)–(39)

show that at the voltage restoration instant, higher torque peaks

are produced when the sag duration is half a period plus any

FIGURE 4. (a) Stator flux magnitude versus time and (b) stator

flux in complex coordination in the synchronous reference

frame during and after a symmetrical sag of amplitude s = 0.5

and duration of five cycles.

number of full periods. Thus, the critical sags are produced in

the following conditions:

Types B and D: θ0 = 90◦, ωt = 2kπ + π ;

Type C: θ0 = 0◦, ωt = 2kπ + π .

Comparison of the sag types at the sag beginning and ending

can be also carried out by the two parameters ρd and ρr .

5. SIMULATIONS

To justify the theoretical analysis, a salient-pole 4150-kVA

synchronous machine is modeled using the generalized Park’s

model [15] in MATLAB/Simulink based on [16]. The machine

has one damper winding in the d-direction and one in the
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FIGURE 5. Torque peaks during (dashed line) and after (solid

line) symmetrical voltage sag versus sag duration for symmet-

rical sag.

q-direction. The machine mathematical model details can be

found in [15]. The motor parameters and rated quantities are

given in Appendix B.

Before voltage sag, the motor draws 1 p.u. of real power

in nominal terminal voltage and at unity power factor. During

voltage sag, load torque and excitation voltage are assumed to

be constant.

Figure 4 shows stator flux in the synchronous reference

frame during and after a symmetrical voltage sag of amplitude

s = 0.5 and a duration of five cycles occurs at motor terminals.

As expected, during the sag, the flux has followed a cir-

cle and, after voltage restoration, pointed along a new circle.

Since the sag duration is a multiple of the period time of the

supply, at the voltage restoration instant, the flux is close to its

initial position, and hence, the severity of torque pulsations is

minimal.

Figure 5 shows the torque peaks after the sag ending as a

function of voltage sag duration. For comparison, the torque

peak at sag beginning is also presented (s = 0.5). As seen,

there is a sinusoidal-like dependency to the sag duration. The

FIGURE 6. Torque peaks during the sag for different unsym-

metrical sag types versus initial point-on-wave.

FIGURE 7. Torque peaks at the sag ending for different un-

symmetrical sag types versus initial point-on-wave and sag

duration.

worst case is clearly voltage sag lasting on half a cycle, where

the torque peak is about 3.7 p.u.

As mentioned, for unsymmetrical sags, the torque peak

at the sag beginning is affected by the initial point-on-wave

and sag depth. Figure 6 shows the torque peaks versus θ0 for

different unsymmetrical sag types of amplitude s = 0.5. The

points correspond to the torque pulsations peak can easily be

obtained from this figure.

At the sag ending, the torque peaks also depend on the dura-

tion of the sag. Figure 7 shows the three-dimensional surfaces

of the torque peaks versus θ0 and ωt for sag types B, C, and D.

The figure depicts that the critical sags are as follows:

Types B and D: θ0 = 90◦, ωt = 2kπ + π ,

Type C: θ0 = 0◦, ωt = 2kπ + π ,
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FIGURE 8. (a) Stator flux in complex plane in the synchronous

reference frame and (b) electromagnetic torque of the motor

subjected to sag type B of duration 2.5 cycles and initial point-

on-wave 90◦.

which are the same as the values predicted by the theoretical

analysis. Finally, Figure 8 shows flux and torque at the critical

conditions for unsymmetrical sag type B (s = 0.5).

6. CONCLUSION

A simplified theoretical analysis is presented to investigate the

effects of different types of voltage sags on synchronous mo-

tors torque pulsations. The method can easily specify the most

unfavorable conditions during and at the ending instant of the

different sags types. During a sag, the effects of symmetrical

sags depend on the depth of the sag, while for unsymmetrical

sags, the initial point-on-wave and depth of the sag can in-

fluence the synchronous motor torque peaks. For sag types B

and D, initial point-on-waves of an odd multiple of 90◦ have

the severest torque transients, while for the sag type C, initial

point-on-waves of an even multiple of 90◦ have the severest

torque transients. At the voltage restoration instant, for both

symmetrical and unsymmetrical sags, when unsymmetrical

sags have their worst condition for initial point-on-wave, the

maximum torque peaks occur when the sag duration equals

multiples of a full period of the supply plus half a cycle. The

proposed theoretical method can also be applied to compare

the effects of different sag types on the torque peaks. To justify

the theoretical analysis, simulations were performed, and the

results show the accuracy of the proposed method. By iden-

tifying the critical voltage sags, sags that produce hazardous

torque oscillations could be prevented from reaching the mo-

tor. Also, machines can be made more robust by design and

tests carried out for and under the most severe condition. Fur-

thermore, a fine tuning of protection system can be achieved

to avoid unnecessary outages.
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APPENDIX A

Expressing Eq. (30) in the form of a + ib (real and imagi-

nary parts) gives

ψ B
d =

Vm

3ω
e jδ [(s + 2) cos θ0 + 2(1 − s) sin θ0 sin ωt

+(1 − s) cos θ0 cos 2ωt − (1 − s) sin θ0 sin 2ωt

+ j((s + 2) sin θ0 + 2(1 − s) sin θ0 cos ωt

−(1−s) cos θ0 sin 2ωt−(1−s) sin θ0 cos 2ωt)].

(A1)

Flux components at the x- and y-directions will then be as

follows:

ψ B
x − 3 cos θ0 =

2Vm

3ω
e jδ(1 − s) sin ωt

× [sin θ0 − cos θ0 sin ωt − sin θ0 cos ωt] .

ψ B
y − 3 sin θ0 =

2Vm

3ω
e jδ(1 − s) cos ωt

× [sin θ0 − cos θ0 sin ωt − sin θ0 cos ωt] .

(A2)

By squaring and rearranging the above equations, the flux

equation in polar coordinates is given by Eq. (A3):

�B2

X + �B2

Y =

(

2Vm

3ω
e jδ(1 − s)

)2

[sin θ0 − cos(θ0 − θ )]2 ,

(A3)

where
⎧

⎪

⎨

⎪

⎩

�B
X = ψ B

x − 3 cos θ0

�B
Y = ψ B

y − 3 sin θ0

θ = arctan
�B

Y

�B
X

, θ = ωt − π
2

.

Equation (A3) has a circular form for which its radius ρ

changes by θ0 and ωt :

ρB
d =

2Vm

3ω
(1 − s) [sin θ0 − cos(θ0 − θ )] . (A4)

APPENDIX B

Ratings and parameters of the 4150-kVA synchronous mo-

tor are stated in Table B1 [17].

Quantity SYMBOL Value Unit

Speed n 1800 r/min

Inertia J 960 kgm2

Voltage line–line Ull 10.5 kV

Apparent power S 4150 kVA

Current I 228 A

Power factor cos φ 0.9 Capacitive

Pole pairs P 2 —

Inductance d Ld 151 mH

Transient inductance d L′d 25 mH

Subtransient inductance d L′′d 17 mH

Inductance q Lq 75 mH

Subtransient inductance q L′′q 26 mH

Armature time constant Ta 0.1 sec

Field winding time constant Td0 4.33 sec

TABLE B1. Rated data and parameters of synchronous machine.
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