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|=ypOt Q@ |vD@t uw}UQoQ w |]NQ}e uw}UQoQ 'xv=oOvJ |]N uw}UQoQ 'xO=U |]N
u}kkLt 'Qo}O |wU R= "CU= xOW x�=Q= |}=yVwQ =yv; V}=B |=Q@ xm �� xDi=}s}taD |]N
|=yCi}W hWm QO pQDvm |=yQ=Owtv OQmrta Ow@y@ |=Q@ |irDNt 1|k}@]D |=yVwQ

pQDvm Q=Owtv Q@ X=N Qw]x@ R}v Q=DWwv u}= QO "Ov=xDiQo Q=m x@ pOt |=yQDt=Q=B QO xOt; O}OB
|]N |=yp}=iwQB V}=B |=Q@ 2�MEWMA� xQ}eDtOvJ |}=tv uwRwt lQLDt u}ov=}t

Ow@y@ =Q VwQ OQmrta |R=UQ=wty ?} Q[ uOQm|k}@]D =@ w xOW RmQtDt xv=oOvJ
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|}=tv uwRwt lQLDt u}ov=}t 'p}=iwQB '|k}@]D pQDvm Q=Owtv %|O}rm u=oS=w
"xr=@vO pw] \UwDt 'xQ}eDtOvJ

xtOkt "1
KQ]t |]NQ}e p}=iwQBl} CQwYx@hrDNt |=yjta w u=B w�v |=yxDND |Owta

[4]"OW
V}=B |=Q@ xrtHR= �� =yp}=iwQB `=wv= |=Q@ |OOaDt |=yVwQ u}kkLt
|=yp}=iwQBV}=B [8w7]'xv=oOvJ|]N|=yp}=iwQBV}=B [6w1]'xO=U|]N|=yp}=iwQB
|=yp}=iwQB V}=B w [11]l}DUHr |=yp}=iwQB V}=B [10w9]'|}xrtHOvJ |]N
V}=B |=yVwQ w =yp}=iwQB `=wv= XwYNQO "Ov=xO=O xaUwD ��[13w12]|]NQ}e
C=}@O= Qo}O hQ] R= [16�14]"CU= xOW QWDvt |OOaDt Cq=kt w C=ar=]t =yv;
OyO|t u=Wv xQ}eDtOvJ w xQ}eDtlD|i}m |=yxYNWtV}=B |=Q@ pQDvm |=yQ=Owtv
u}@ |v=tR |xrY=i '(n) 5xvwtv xR=Ov= pt=W pQDvm Q=Owtv |=yQDt=Q=B xJv=vJ xm
?} Q[ p=Ft u=wvax@� =yQDt=Q=B Q}=U =} '(k) 7pQDvm OwOL ?} Q[ '(h) 6=yxvwtv
pQDvm |=yQ=Owtv 'OwW xDiQo Q_v QOC@=F �EWMA pQDvm Q=Owtv QO 8|R=UQ=wty
=Pr "OvyO|tv u=Wv OwN R= |@ wN OQmrta \UwDt =D lJwm C=Q}}eD hWm QO
|=yQ=Owtv OQmrta =D OW KQ]t u}kkLt\UwD �|k}@]D VwQ� u=wvaCLD |WwQ
xDU@ u=wD|t =Q pQDvm |=yQ=Owtv |=yQDt=Q=B xmCU=vat u=O@ u}= "OwWC} wkD pQDvm
|=yQ=Owtv� =Q |k}@]D |=yVwQ x@ RyHt pQDvm |=yQ=Owtv "O=O Q}}eD \}=QW x@
OQwt |Q=}U@ |k}@]D pQDvm |=yQ=Owtv Q}N= |=yxyO QO "Ovt=v|t �9|k}@]D pQDvm
[23�17]"CU= xOW x�=Q= R}v |Dq=kt =yQ=Owtv u}= XwYNQO "Ov=xDiQo Q=Qk xO=iDU=
|Ov@`tH xm xDiQo Q=Qk Q_v Ot R}v =yp}=iwQB V}=B |xRwL QO |k}@]D |=yVwQ
'p}=iwQB ẁv ?ULQ@ \@DQt Cq=kt pwOH u}= QO "CU= xOW x�=Q= 1 pwOH QO =yv;

"OQ=O |}xOQDUo OQ@ Q=m |DavY hrDNt |=yOv}=Qi V}=B QO 4|Q=t; Ov}=Qi pQDvm
w CU= RmQtDt pQDvm |=yQ=Owtv Q@ 'SPC |xRwL QO xOWs=Hv= |=yVywSB QDW}@
`} RwD |xr}Uwx@ |@U=vt Qw]x@ Ov=wD|t pwYLt =} Ov}=Qi l}C}i}m xm xOW ZQi
l} C}i}m '=yOQ@ Q=m R= |Q=}U@ QO =t= &OwW h}YwD |i}m xYNWt OvJ =} l}
Q}eDtl} u}@ |]N |x]@=Ql} |xr}Uwx@ u=wD|t =Q Ov}=Qil} OQmrta =} pwYLt
�p}=iwQB� =Q x]@=Q u}= u}kkLt "OQm h}YwD QDy@ pkDUt Q}eDt OvJ =} l} w MU=B
=} l} w MU=B Q}eDt u}@ |Dw=iDt uw}UQoQ |=yx]@=Q '=yp}=iwQB V}=B QO "Ovt=v|t
uw}UQoQ 'xO=U |]N uw}UQoQ Q}_v 'CU= xOW xDiQo Q_v QO pkDUt Q}eDt OvJ
|=ypOt Q@ |vD@t uw}UQoQ w |]NQ}e uw}UQoQ '|}xrtHOvJ =} xv=oOvJ |]N
uw}U=Q@}r=m x@ \w@ Qt |=yEL@ QO =yp}=iwQB OQ@ Q=m u} QDW}@ "xDi=}s}taD |]N
`}=vY QO uw}U=Q@}r=m |UQQ@ QO |]N |=yp}=iwQB V}=B |=yOQ@ Q=m R= |m} "CU=
'=yp}=iwQB V}=B R= xO=iDU= =@ u}vJty [1]"CU= xOW |iQat |O=yxt}v CN=U
|xO=t wO ?}mQD QO |]N uw}U=Q@}r=m |=y|vLvt �uOw@ pQDvm CLD� |Q=O}=B
uw} |Q=ovnvQ |]N uw}U=Q@}r=m QO u=QoVywSB [2]"CU= xOW |UQQ@ |}=}t}W
V}=B R= uw}U=Q@}r=m ?U=vt ?w=vD w Q=R@= MU=B *|Q=O}=B V}=B Qw_vtx@ |L]UOvJ
QO Q}eDt l} |Q}oxR=Ov= =yp}=iwQB OQ@ Q=m R= Qo}O |m} [3]"OvOQm xO=iDU= =yp}=iwQB
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|L=Q] ẁv |k}@]D VwQ p}=iwQB ẁv |rQDvm Q=Owtv R=i p=U w xr=kt u=wva
|Q=t; |R=UQ=wty ?} Q[ xO=U |]N EWMA3 2 [24]

|Q=t; �Q}eDt |Q}oxvwtv |xrY=i xO=U |]N EWMA3 2 [25]

|Q=t; Q}eDt |Q}oxvwtv |xrY=i xv=oOvJ |]N MEWMA 2 [7]

|Q=t; Q}eDt |Q}oxvwtv |xrY=i xO=U |]N ELR 2 [26]
� variable sampling interval

|Q}F-=D (n) Kw]U O=OaD Q}}eD xm OvDUy C}Y=N u}= |=Q=O w OvwW|t h} QaD 3 w
%OQ=Po|tv Q=Owtv |q=@ pQDvm OL |wQ
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�̂j � �

�
; (2)
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�
; (4)

�̂j = (XTX)�1XTyj ; (5)
`@=D F (0; v) w OQ=Ov=DU= p=tQv |atHD `} RwD `@=D Twmat ��1(0) u}vJty
'CU= |Q=t; pQDvm CLD Ov}=Qi xm |Dkw "CU= |O=R; xHQO � =@ =m QwPHt `} RwD
T} QD=t w QiY u}ov=}t Q=OQ@ =@ xQ}eDt p+1 p=tQv `} RwDl} zj |i}m |xYNWt
MEWMA pQDvm Q=Owtv |xQ=t; "OQ=OP =
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Tv=} Q=wm
%OwW|t h} QaD u}vJ

wj = �zj + (1� �)wj�1; j = 1; 2; :::; (6)
QiY Q=OQ@ =@ Q@=Q@ =Hv}= QO u; Q=Okt wCU= |Oa@ p+1 u} R=e; Q=OQ@wo u; QO xm
|v=tR MEWMA pQDvm Q=Owtv "CU= |}=tv |R=UQ=wty ?} Q[ R}v � &CU=

%xm OyO|t Q=OWy
Uj = wT

j �
�1wj > L �
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; (7)

pQDvm CLD xr=@vO pw] \UwDt xm OwW|t s}_vD |Qw] L(> 0) 7 |x]@=Q QO
|=Q@ |rm VwQ xU Q[=L p=L QO CU= QmP x@ sRq "O}; CUO x@ |Y=N
VwQ [30�27]'hwmQ=t |xQ}HvR VwQ %R= Ov=CQ=@a xm OQ=O OwHw ARL |x@U=Lt
|=Q@ =Hv}= QO =t xm |WwQ [35�34]"|}xv=}=Q |R=Ux}@W VwQ w [33�31]|Q}op=QoDv=
u}= Q@ xwqa "CU= |}xv=}=Q |R=Ux}@W VwQ 's} Q}o|t Q=mx@ ARL |x@U=Lt

[36]"CU= xOw@ xHwD OQwt R}v |Qo}O |@} QkD |=yVwQ '=yVwQ

lQLDt u}ov=}t pQDvm Q=Owtv %|O=yvW}B VwQ "3
10|k}@]D |xQ}eDtOvJ |}=tv uwRwt

|=Q@ |k]vt Q=Okt l} O}=@ u=L=Q] MEWMA pQDvm Q=Owtv l} |L=Q] |=Q@
u}ov=}t pQDvm Q=Owtv QO |R=UQ=wty?} Q[ "Ovvm ?=NDv= (�) |R=UQ=wty?} Q[

|Ov@xDUO |L=Q] ẁv w R=i ẁv 'pQDvm Q=Owtv ẁv 'xOW xDiQo Q=m x@ |k}@]D VwQ
"Ov=xOW

2 w 1 R=i wO QO =yOv}=Qi V}=B |=Q@ pQDvm |=yQ=Owtv R= xO=iDU= |rm Qw]x@
w Ov}=Qi |Q=O}=B |UQQ@ hOy w Ov=swrat=v Ov}=Qi |=yQDt=Q=B 1 R=i QO "OQ}o|t CQwY
QOCi}WhWm 2 R=i R= hOy xmCU= |r=L QO u}= "CU= swrat=v |=yQDt=Q=B OQw;Q@
Q=DWwv u}= RmQtD "OwW|tZQi swrat Ov}=Qi |=yQDt=Q=B wCU= umtt u=tR u} QDOwR
xv=oOvJ |]N |=yp}=iwQBV}=B |=Q@MEWMA[7] pQDvm Q=Owtv Q@ X=N Qw]x@
'MEWMApQDvm Q=Owtv |R=UQ=wty ?} Q[ uOQm |k}@]D =@ w xOw@ 2 R=i QO
"CU= xOW xO=O Ow@y@ uw}UQoQ |=yQDt=Q=B QO Ci}W hWm QO VwQ OQmrta
=@ xr=@vO pw] \UwDt |xU}=kt w |R=Ux}@W R= xO=iDU= =@ |O=yvW}B VwQ OQmrta
xDiQo Q=Qk |UQQ@ OQwt |OOa p=Ft wO j} Q] R=MEWMA pQDvm Q=Owtv OQmrta

"CU=
[7]xQ}eDtOvJ|}=tv uwRwtlQLDtu}ov=}tpQDvm Q=Owtv OQwtQO =OD@= Q=DWwvu}= QO
uOQm|k}@]D|=Q@|O=yvW}B OQm} wQ3VN@ QOTBU"�2VN@� OwW|t xO=OK}[wD
|O=yvW}B VwQ OQmrta R}v 4 VN@ QO "OwW|t x�=Q= MEWMA pQDvm Q=Owtv
Oy=wN x�=Q= |Q}oxH}Dv 'C}=yv QO w "OwW|t xU}=kt [7]|k}@]D Q}e pQDvm Q=Owtv w

"OW

xQ}eDtOvJ |}=tv uwRwt lQLDt u}ov=}t pQDvm Q=Owtv "2
p}=iwQBV}=B |=Q@MEWMA[7] pQDvm Q=Owtv XwYNQO |L}[wDVN@ u}= QO
|iO=YD |xvwtv u}t=j xm OwW|t ZQi VwQ u}= QO "OwW|t x�=Q= xv=oOvJ |]N
l} Xj w xOy=Wt nj pt=W |Q=OQ@ yj u; QO xm 'CU= (Xj;yj) CQwYx@
'CU= |Q=t; pQDvm CLD Ov}=Qi xm |Dkw "CU= (nj > p) 'nj � p T} QD=t

%OwW|t xDWwv u}vJ xv=oOvJ |]N p}=iwQB
yj = Xj� + "j ; (1)
|iO=YD Q=OQ@l} =y"j w |Oa@ p?}=Q[ Q=OQ@� = (�1; �2; :::; �p)T u; QO xm
sy w pkDUt xm OvDUy�2I Tv=} Q=wm T} QD=t w 0 u}ov=}t =@ xQ}eDtOvJ p=tQv
ZQa QDt=Q=B uDiQo Q_v QO |=Q@ 'OwW OQ=w C=@U=Lt QO |rrN xm u}= uwO@ "Ov=`} RwD
xi=[= Xj T} QD=t uwDU u}rw= x@ =Q 1nj�1 |vwDU Q=OQ@ 'C=@U=Lt QO -=O@t R=
Q}O=kt |=Q@ =yXj w n |w=Ut w Q@=Q@ =ynj xm CU= xOW ZQi =Hv}= QO "s}vm|t
1 |x]@=Q |xv=oOvJ |]N p}=iwQB xm |v=tR "OvDUy X Q@=Q@ w C@=F j hrDNt
(�) OQ=Ov=DU= h=QLv= w (�) uw}UQoQ?} Q[ p pt=W QDt=Q=B p+1 OwW|tV}=B
CQwYx@ |i}m |xYNWtl} [7]VwQ u}= u=L=Q] "OvwW pQDvm u=tRty Qw]x@ O}=@
pQDvm MEWMA Q=Owtv =@ =Q u; w xOQm h} QaD =Q zj = (zj(�); zj(�))

2 |=yx]@=Q CQwYx@ ?}DQDx@ zj(�) w zj(�) |i}m |xYNWt u}= QO "Ovvm|t
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Q}t= w '  = (3 5; 3 5; 7) 'xi = (2; 4; 6; 8) '�1 = 2 '�0 = 3 '�2 = 1
p}=iwQB |x]@=Q xH}DvQO "CU= xOW ?=NDv= 0 2 =@ Q@=Q@ (�) |R=UQ=wty ?} Q[

%OwW|t xO=O u=Wv u}vJ
yij = 3+ 2xi + "ij ;

Q=Owtv |=Q@ w 13 Q@=Q@ AMEWMA pQDvm Q=Owtv |=Q@ |R=Ux}@W =@ L Q=Okt
CLD |xr=@vO pw] \UwDt =D CU= xOW ?=NDv= 11 84 Q@=Q@ MEWMA pQDvm
"OwW 200 Q@=Q@ w u=Um} AMEWMA w MEWMA VwQ wO Qy QO pQDvm
AMEWMA w MEWMA |=yQ=Owtv pQDvm R= GQ=N |xr=@vO pw] \UwDt
R= ,qwtat |Q=t; Ov}=Qi pQDvm ẁ[wt C=}@O= QO xm � |R=Ux}@W 10'000 |xr}Uwx@
CLD �OW Oy=wN sm |=]N =@ |H}=Dv x@ QHvt xm xOW xO=iDU= |R=Ux}@W O=OaD u}=
"CU= xOW xYqN 2 pwOH QO w x@U=Lt �0 w �1 '� QO xOW O=H}= |=yCi}W
xm s}=xOQm ZQi =OD@= pQDvm OL ?} Q[ Q=Okt s}_vD |=Q@ |R=Ux}@W u}= QO
TBU 'CU= xO=Ov MQ Ov}=Qi QO |r}rO=@ h=QLv= I}y wCU= |Q=t; pQDvmCLD Ov}=Qi
QO |Q}oxvwtv x@ ẁQW 'pQDvm OL ?} Q[ |=Q@ XNWt Q=Okt l} uO=O Q=Qk =@
R= GQ=N |Q}oxvwtv Q=@ Qy xQ=t; Q=Okt xm u}= =D =Q =yQ=QmD O=OaD w s}=xOQm |R=Ux}@W
|HwQN u=wvax@ =Q pta u}= Q=QmD Q=@ 10'000 u}ov=}t w C@F OQ}o@ Q=Qk pQDvm OL
CLD ARL Q=Okt x@ L hrDNt Q}O=kt QO =]N w |aU =@ w xDiQo Q_v QO ARL
|=yQ=Owtv ARL |vLvt 'p=Ft u}= QO u}vJty "s}=xOQm =O}B CUO 200 pQDvm
R= ZQa QO xOW O=H}= |=yCi}W CLD AMEWMA w MEWMA pQDvm
x�=Q= 3 =D 1 |=ypmW QO ?}DQDx@ xO=U |]N p}=iwQB Q=}at h=QLv= w ?}W '-=O@t
ARL |=y|vLvt x@ \w@ Qt p=mW= Kw[w Qw_vtx@ xmCU= QmP x@ sRq "CU= xOW
xO=iDU= ARL |=Hx@ log(ARL) R= =yy QwLt |wQ � w �0 '�1 QO Ci}W
AMEWMA |O=yvW}B |k}@]D pQDvm Q=Owtv xm OyO|t u=Wv G}=Dv "CU= xOW
"Ovm|t pta [7] MEWMA pQDvm Q=Owtv Ovv=ty lJwm |=yCi}W hWm QO
Q=}at h=QLv= w ?}W '-=O@t R= ZQa QO nQR@ =D \UwDt |=yCi}W hWm QO |rw

"Ovm|t pta [7] MEWMA pQDvm Q=Owtv R= QDy@ xO=U |]N p}=iwQB
xO=iDU= =@ =Q AMEWMA wMEWMAVwQ wO OQmrta p=Ft u}= QO "2 p=Ft
xOW x�=Q= p=Ft R= Qw_vtu}O@ "s}yO|t Q=Qk|UQQ@ OQwt xv=oOvJ|]N p}=iwQBl} R=
'P = 5 p=Ft u}= QO "CU= xOW xO=iDU= [37]XwYN u}= QO Qo}O |}xar=]t QO
'�1 = 2 '�0 = 3 Q@=Q@ xv=oOvJ |]N p}=iwQB |=yQDt=Q=B �2 = 1 w n = 8

xO=U |]N p}=iwQB -=O@t R= ZQa QO xOW O=H}= |=yCi}WARL |vLvt "1 pmW
"�0 + �� x@ �0 R=

u}= Q=Okt xJQy wCU= 1 w QiY u}@ |OOa xQ=wty xQ}eDtOvJ |}=tv uwRwt lQLDt
|=yCi}WhWm QOMEWMA pQDvm Q=Owtv 'OW=@ QDl}ORv QiY OOa x@?} Q[
QO Q=Owtv OW=@ QDl}ORv 1 x@ OOa u}= xJQy TmaQ@ &Ovm|t pta QDy@ lJwm

"OQm Oy=wN pta QDy@ nQR@ |=yCi}W hWm
xm CU= � lJwm w nQR@ Q}O=kt u}@ ?U=vt |Q=Okt ?=NDv= '|rY= hOy
=@ =Q (�) C@=F |R=UQ=wty ?} Q[ Q=Okt u=wD|t xO=U |rL x=Q u=wvax@ xH}DvQO
u} Ro}=H pOt |=yQDt=Q=B QO |v}@V}B |=]N x@ xDU@=w |R=UQ=wty ?} Q[ l}
?} Q[ u}= OyO|t MQ pOt |=yQDt=Q=B QOlJwm |=yCi}W |Dkw xm |Qw]x@ 'OQm
pOt |=yQDt=Q=B QO nQR@ |=yCi}W xm |DQwYQO w OQ}o@ OwN x@ |mJwm Q=Okt R}v
|=yCi}W sy u=wD@ j} Q] u}= R= =D OwW nQR@ |R=UQ=wty ?} Q[ Q=Okt 'OvyO MQ
O}=@ ?} Q[ u}= 'u}= Q@ xwqa "OQm hWm QD`} QU =Q nQR@ |=yCi}W sy w lJwm
MEWMA |k}@]D pQDvm Q=Owtv |xQ=t; =Pr &OQ}o@ OwN x@ 1 w QiY u}@ |Q=Okt
|=Q@ lJwm Q=Okt l} ?=NDv= =@ xm |Qw]x@ 'OwW|t h} QaD 8 |x]@=Q CQwYx@
pQDvm Q=Owtv x@ x}@W lJwm |=yCi}W hWm QO |O=yvW}B VwQ OQmrta �

?} Q[ Q=Okt pOt |=yQDt=Q=B QO Ci}W V}=Ri= =@ w OwW|t [7] MEWMA

%O@=} Ow@y@ VwQ OQmrta =D �O@=}|t V}=Ri=� OwW|t p}OaD R}v |R=UQ=wty
wj = �zj + (1� �)wj�1; j = 1; 2:::; (8)
9 |x]@=Q |xr}Uwx@ xm CU= � O}OH |R=UQ=wty ?} Q[ w 0 Q=Okt Q@=Q@ w0

%O};|t CUO x@ Q} R CQwYx@
� = 1� 1� �

max(1; (zTj �wT
j�1)��0 5)

; (9)
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1. adaptive
2. multivariate exponentially weighted moving average

(MEWMA)
3. average run length (ARL)
4. statistical process control (SPC)
5. sample size
6. sampling interval
7. control limits coe�cient
8. smoothing constant
9. adaptive control chart
10. adaptive multivariate exponentially weighted moving average

(AMEWMA)
11. prediction error
12. design matrix
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